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PREFACE TO THE SIXTH EDITION 


An attempt has been made in the present volume to produce a 
text-book which covers in a general way the main ground included 
in the title without going into too great detail in any one particular 
branch. 

The author has endeavoured to combine theory with practice, 
since a certain amount of the former is necessary to understand 
properly the application to practical work. The success with which 
the earlier editions have met has led the author to expand the 
original work, and include in it many of the more important of the 
latest developments, but the general plan of adhering to principles, 
rather than the describing of particular types of machinery and 
apparatus, has been maintained. 

The ground covered enables the work to be used as a text- 
book in connection with courses preparing for National Certificates 
and Diplomas in Electrical Engineering, both “ Ordinary and 
‘‘ Higher,’* as well as to serve as an aid to students in the study of 
the principles of alternating currents generally. Students preparing 
for the Degree of B.Sc.(Eng.), and similar examinations, will also 
find it of help, whilst engineers whose regular student days are 
over may use it to refresh their memories when called upon to solve 
problems which are out of their normal course of work. 

The necessity for keeping the volume within due bounds has 
enforced a careful pruning of all the sections that do not represent 
the latest practice, but it is hoped that it is thoroughi / up-to-date. 

The notation used is, in the main, that recommended by the 
International Electrotechnical Commission. 

The great majority of the illustrations have been specially 
prepared for this book, and the author takes this opportunity of 
thanking The British Thomson-Houston Co., Ltd., The Cambridge 
Instrument Co., Ltd., Messrs. Everett Edgciunbe and Co., Ltd., 
Metropolitan- Vickers Electrical Co., Ltd., Messrs. H. Tinsley and 
Co., the Electrician, and the Institution of Electrical Engineers for 
their kindnesi^ in supplying the blocks from which the remaining 
illustratioijs have been taken. 

Philip Kemp. 

The Polytechnic, Regent Street, 

London, W.I. 

September, 1941. 
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CHAPTER I 


GENERAL CONSIDERATIONS OF ALTBRNATINO E.M.F. AND CURRENT 

Production of Electromotive Force. — When an electrical con- 
ductor cuts a magnetic field there is an E.M.F. induced in the 
former, the magnitude of which is proportional to the rate of 
cutting lines of flux. Since both the paths of the electric current 
and the magnetic flux are closed loops, this is equivalent to saying 
that when the number of linkages is changed an E.M.F. is induced 
in the electric circuit, a linkage meaning one line of flux linked 
with one turn. In a number of problems it will be more convenient 
to speak of a change of linkages rather than the cutting of a magnetic 
flux, since the latter may be linked with more than one turn. Thus 



(a) (b) (c) 


Fio. 1.— Linkages. 

ten linkages may be produced by ten lines of flux linked with one 
turn as in Fig. 1 (a), or by five lines of flux linked with two turns 
as in Fig. 1 (6), or by one line of-fiux linked with ten turns as in 
1 (<5), or by any such combination. 

The idea of linkages certainly gives a truer idea than that of 
flux cut by a conductor, since, in the latter case, one has to be 
careful to remember the return circuit both of the electric current 
and the magnetic flux. Notwithstanding this disadvantage, it will 
still be f o\ind expedient to consider a large number of problems from 
the point of view of cutting flux, but the student should make him- 
self familiar with both conceptions. In the case where an electrical 
conductor not forming part of a complete circuit moves across a 
magnetic field, it will have an E.M.F. induced in it, but no current 
will flow and no work will be done on the conductor, which will 
consequently exert no reaction on the magnetic field. If the circuit 
be closed, current will flow which will endeavour to set up its own 
magnetic field, producing a reaction upon the main field. This 
B 
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efieot is seen in the distortion of the magnetic flux in direct current 
dynamos and motors, and is particularly important in alternating 
current work. 

Law of a Simple Alternating E.M.F. — When a conductor rotates 
with a constant angular velocity in a uniform magnetic fleld, as 
indicated in Fig. 2, it cuts the flux at varying rates depending upon 

the instantaneous direction of motion. 
The induced E.M.F. is therefore of a 
varying character as well. When the 
conductor is passing the centre of the 
pole, it is moving momentarily at 
right angles to the field and is cutting 
the flux at its maximum rate; its 
maximum E.M.F. therefore occurs at 
this point. When the conductor has 
advanced 90® from this point, it is, for a moment, moving parallel 
to the field, and has no E.M.F. induced in it. To obtain the value 
of the induced E.M.F. at any point throughout the complete revolu- 
tion, it is necessary to determine that component of the velocity 
which is at right angles to the magnetic field. A knowledge of the 



Fio. 2. — Generation of Alternating 
E.M.F. 



direction in which the magnetic field is being cut is also necessary, 
as this determines the direction of the induced E.M.F. If the con- 
ductor is rotating with a constant peripheral velocity of v cm. per 
second, represent in Fig. 2 by AB, then AC represents the useful 
component and is equal to t; sin 6, 6 being the angle moved through 
taki^ the vertical line as the starting point. Let I equal the length 
of the conductor in cm. and B the density of the piagnetic flux in 
lines per square cm., then the E.M.F. induced in the conductor at 
any instant is equal to Blv sin 0 x 10''^ volts. The only quantity 
which varies throughout the revolution is sin 0, and therefore the 
induced E.M.F. obeys a simple sine law as represented in Fig. 3. 
This diagram also shows a simple graphical method of constructing 
a sine wave. A circle is construct^ as shown, and radiating lines 
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are drawn every 30®. From the points a, 6, c, d, etc., horizontal 
lines are drawn until they intersect the ordinates Erected at 0®, 30®, 
60®, 90®, etc. The intersections give points on the required curve. 

Law of a Simple Alternating Current. — If the ends of the above 
active conductor are connected to the ends of a simple resistance, a 
current will flow the value of which at any instant is equal to the 
resultant E.M.F. divided by the resistance. If the resistance is 
constant and no other E.M.F. acts upon the circuit, the current will 
be exactly proportional to the E.M.F. and will follow the same law. 

Alternating Magnetic Flux. — Whenever a current flows in a 
circuit, it always sets up a magnetic flux linking with the electric 
circuit. The magnitude of this flux is proportional to the strength 
of the current, assuming no iron to be present, for when the current 
is zero the flux which it sets up is zero, and when the current reaches 
its maximum value the flux does likewise. Thus an alternating flux 
is produced by an alternating current, both following the same 
law, and the number of linkages of lines with turns is continually 
changing. But a line of flux is imagined to grow from point size 
by gradually swelling, and thus getting larger. It certainly does 
not grow after the fashion of a broken thread, gradually encircling 
the conductor by moving end on, for a line of flux is always a closed 
loop. Bearing this fact in mind, it is easy to realize that during 
the production of a line of flux it must cut the conductor which 
produces it at some time during its generation. The result of this 
action is to generate an E.M.F. in the conductor. This can be|, 
summarized by saying that when the current changes the flux also} 
changes, and thus the conductor is cut by its own flux, resulting inj 
a self-induced E.M.F. proportional to the change of linkages per i 
second. The direction of this self-induced E.M.F. is such as to 
oppose the change. This effect can be seen in a D.C. circuit, par- 
ticularly in the shunt field circuit of a dynamo or motor where, 
when the E.M.F. is first applied, the induced voltage opposes the 
rise of the current, thus retarding its growth ; similarly, when the 
circuit is opened, the induced voltage tries to keep the current 
flowing and produces a vicious spark at the opening contacts of the 
switch. 

If the magnetic circuit consists of non-magnetic materials, the 
flux which is set up is proportional to the current and obeys the 
same law, whether this be a simple sine law or not; and if the 
resistance of the circuit is constant, the resultant E.M.F. producing, 
the current also obeys the same law. But the resultant E.M.F.) 
is obtained from a combination of the applied voltage and the self- j 
induced back voltage due to the conductor cutting its own magnetic! 
flux. There is, however, no guarantee that this latter voltage obeys' 
the same law as the current, and consequently it cannot be said! 
that the applied voltage follows the same law as the current. The 
presence of iron in the magnetic circuit exerts a further disturbing 
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influence. As a matter of fact, there is very often a considerable 
difference in practice in the laws followed by the current and the 
applied voltage. It should, however, be borne in mind that the 
\ resultant E.M.F. acting upon the circuit, the current which it pro- 
duces when the resistance is constant and the magnetic flux which 
- is set up when no iron is present, aU obey the same law, whatever 
it may be. 

Frequency. — For a particular circuit, the instantaneous value 
of the current, or the voltage, may be plotted against time as a 
base. This curve may be an ideal sine wave, or it may take some 



such form as is indicated in Fig. 4. It is said to be periodic, i.e. 
it keeps on repeating itself over and over again. The whole series « 
of events included from a given point to the next similar point in [ 
the sanie direction is called a period or a cycle. For example, the 
seriwToFevents^^S^ch occurs between A and C or between B and D 
is a complete cycle, whilst the time taken to accomplish this is called 
the periodic time. The number of complete cycles per second is 
called ihefrequervcy. The frequency of both current and voltage is, 
of course, the same. The wave form, as it is called, may vary con- 
siderably from the ideal sine wave, and in old-fashioned alternating 
current machinery it often was very far indeed from the desired 
shape, but in modem machinery, owing to the advance in methods 
of design, a good approximation to the ideal sine wave is usually 
achiev^, although it may not be exactly correct in a mathematical 
sense. With the ordinary forms of alternating current generators 
both halves of the wave must be identical, i.e, any two points situated 
180^ apart must have the same value. 

Non-slnusoidal Wave Form.— In order that the wave fonh shall 
be sinusoidal, i,e, follow a sine law, it is necessary that the conductor 
should out the magnetic flux at a rate proportion to sin 6, the speed 
being constant. Now consider the elementary alternating current 
generator shown in Fig. 6, where there is one turn moun^ on an 
iron core in the field of an electro-magnet excited by means of a 
direct current. The magnetic flux in this case may be considered 
to be radial across the air-gap, and as the conductor rotates with 
constant speed it outs the flux at a constant rate whilst under the 
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influence of the pole. Throughout the remainder of the revolution 
the conductors axe not in the magnetic field at all, thus generating 
no voltage during these periods. A rectangular wave form of 
E.M.F. is obtained as shown in Fig. 6. In between this and the 
original sine wave obtained from the arrangement shown in Fig. 2 





Seconds 


Fio. d.»B^DKular Wave Fonn. 


there are an infinite number of possibilities, and it is from these 
that the wave forms obtained in practice are built up. 

In the majority of problems it will be necessary to make the 
calculations on the assumption that the quantities concerned follow 
a sine law, since the mathematics would otherwise be complicated to 
an undesired extent. Nevertheless, it must not be forgotten that 
the actual wave forms dealt with nearly always depart, to a more or 
less extent, from the ideal wave form. 

Examples. 

(1) By the aid of a graphical construction draw a sine wave 
having a maximum value of 100 units, and determine its amplitude 
at 20®, 136®, and 320® from the commencement. 

(2) A conductor 10 cms. long revolves in a magnetic flux the 
density of which is 10,000 lines per cm.*. The peripheral speed is 
10 metres per second. What is the maximum value of the induced 
E.M.F.1 

(3) Why is the wave form of current and voltage not always 
the same! 
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MAXIMUAf, R.M.S. AND AVERAGE VALUES 

Variation of an Alternating Current. — In dealing with alternat- 
ing currents, it is at once necessary to fix upon a unit of current 
which must obviously have some differences from the ampere as 
used in direct current work. The current is varying at a very 
rapid rate, and although its value at any one instant can be compared 
with the direct current ampere, yet it is not self-evident what is 
the resultant effect. Take, for example, a circuit the frequency of 
which is 50 cycles per second, the current obe 3 dng a sine law and 
rising up to an instantaneous maximum of 10 amperes. The current 
rises from zero to its maximum value in the time taken to execute 
one-quarter of a cycle, that is in ^J^th second. Starting from an 
instant when the current is zero, the value of the current is 6, 7*07 
and 8*66 amperes at times equal to ^^^^th and second 

respectively. Moreover, after ^ ^^th second has elapsed, the current 
has reversed and is following the same procedure in the opposite 
direction for ^^th second. If, then, a moving coil ammeter is 
placed in circuit, with the object of measuring the current, it wiU 
endeavour to indicate all these different values of the current from 
instant to instant, including those where the current is flowing in 
the opposite direction. But, owing to the mechanical inertia of 
the moving system of the instrument, it cannot follow out all the 
rapid variations of the current, with the result that the pointer 
merely remains in the mean of the positions that it would like to 
take up. Since, however, there is as much current flowing in one 
direction as in the other, it follows that this mean position is the 
zero of the scale, independent of the actual value of the current. 
Thus an ordinary moving coil anameter is useless for the purpose of 
measuring an alternating current., nor is it desired, at this present 
juncture, that the various instantaneous values should be re- 
corded. 

Maximum Value. — Since it would be extremely inconvenient to 
have to designate the value of an alternating current by stating its 
various values from instant to instant, apart from the practical 
difficulty of carrying this out, it ie necessary to choose one repre- 
sentative value to specify the strength of the current. The first 
that suggests itself for this purpose is the maximum value, but there 

6 
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are obvious objections to this immediately currents of different 
wave forms are considered. Take, for example, the two currents 
of different wave form indicated in Eig. 7. They have the same 
maximum value, but there is obviously more current flowing in the 
first case than in the second, so that it is not desirable to represent 
these two currents by the same number. Therefore, the maximum 
value of the current is not a suitable measure of it unless the wave 
form is known, and this latter condition puts it out of court so far 
as practical purposes are concerned. 

Average Value. — The next representative value that suggests 
itself is the average or mean value. Since both the positive and 
negative ^ halves of the wave are equal, the average value taken over 
a complete cycle is zero, as W6is previously seen when discussing 
the action of the moving coil ammeter. This will not do, but it 
would be possible to consider the average value taken over a half- 




FlG. 7. — Values of (Current)*. 

period, since this would have a quite definite numerical meaning. 
Following out this idea, suppose that the current represented in 
Fig. 7 (b) is passed through a simple resistance, the instantaneous 
value of the power being represented by iV, where i is the instan- 
taneous value of the current and r is the resistance. This power 
is varying at a very rapid rate, since, in a circuit the frequency of 
which is 50, the power rises from zero to a maximum value in 
secbnd. In the great majority of cases, it is the average value of 
the power over a given time that is desired, and consequently the 
average value of tV over a complete cycle must be determined. 
Since r is a constant, the power at any instant is proportional to 
The curve of is shown in Fig. 7 (6), having been obtained by squaring 
all the ordinates of the current curve. The average power is equal 
to (average value of i^) X r, and on measuring the average value of 
from the curve this is found to be 50, whilst the average value of 

^ The term “ negative ” ia vised merely to indicate the fact that the current 
is flowing in the opposite direction, and has no absolute meaning. 
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% is found to be 5*30. Thus if r be 1 ohm, the true value of the 
average power is 60 watts, whilst the value of the expression 

(average value of current)^ X r = 6*30* x 1 = 28-1.^ 

From this it follows that if the average value of the current, 
taken over a half-period, is to be the representative value chosen, 
then the power in watts must be represented by an expression of the 
type 

watts = k X 

where h is some constant. Moreover, if different wave forms be 
considered, it will be found that the value of k changes, so that 
again it is necessary to know the wave form in order to determine 
the power in the circuit, rendering the average value of the current 
also impracticable as a representative value. 

Root-Mean-Square Value. — From the above it is seen that the 
value of the current desired is such that the power expended in a 
simple resistance shall be given by the expression /V independent 
of wave form. This means that the average value of the squares 
of the various instantaneous values of the current is to be multiplied 
by the resistance. 

In D.C. work the watts are given by the expression /dV, where 
Id is the direct current. 

In A.C. work, the average watts are to be given by an expression 
average value of (i*) X f , 

where i is the instantaneous current. If r be given the same value 
in each case, then in order that the power shall be the same in both 
cases it follows that 


/d* = average value of (i*). 

^ It is now seen that the representative value of the alternating 
: current, which has the same effect as a direct current in producing 
power in a circuit, is given by the expression 

V (average value of t*), 

and when this expression has a certain value it means that the 
current has the same power effect, or heating effect, as a direct 
current of the same value, whilst the watts are given by the expres- 
sion /V without the introduction of any constant, I being the 

V (average value of i*). 

The foregoing argument has made no assumptions as to wave 
form and, indeed, is true for all periodic wave forms, so that it is 

^ The student is warned to distin^ish carefully between the (average value 
of current)* and the average value of (current)*. 
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not necessary to know the various instantaneous values in order to 
determine the resultant value of any current. 

This value of the current is known as the “ Root-Mean-Square ”1 
or “R.M.S.** value, the name expressing its meaning. It is alsol 
sometimes known as the effective value and as the virtual value, ; 
although the first name is by far the most commonly used. 

Current indicated by Ammeters. — ^At first sight the above chosen 
representative value appears somewhat complex, but it is only an 
appearance. This is seen when the action of various ammeters is 
considered (see pages 144 et aeq.). Take, for example, the hot wire 
ammeter ; the heating at any instant is proportional to the square 
of the current, and it is to the average value of this quantity that 
the indications of the instrument are proportional. When such 
an ammeter is connected in an alternating current circuit it would 
register an amount proportional to the mean square of the current 
and the square root of the deflection would be proportional to the 
R.M.S. current. Consequently the hot wire ammeter indicates that 
value of the current which it is desired to know. In the actual 
instrument the scale is not exactly a square scale, being somewhat 
modified by the construction and control, but this does not affect 
the fact that it is the mean square of the current to which the 
deflection is proportional. 

Similarly, when considering a moving iron ammeter, it is again 
seen that the torque at any moment is proportional to the square 
of the instantaneous current. The current induces a certain pole 
strength in the moving iron wliich is proportional to the current < 
provided the iron is not saturated, whilst the solenoid itself can be 
replaced by an equivalent magnet having a pole strength propor- 
tional to the current. The force of attraction or repulsion is pro- 
portional to the product of these pole strengths and, consequently, 
to the square of the current. Modifying factors are again introduce 
in practice, due to the construction and method of control, but the 
main fact still remains, viz., that the instrument pointer takes up a 
mean position indicating the average value of the square of the 
current. Thus a moving iron ammeter indicates the R.M.S. current. 

A dynamometer type instrument also gives indications which 
are proportional to the products of the currents in the moving coil 
and in the fixed coil and registers accordingly the R.M.S. current. 

Thus it is seen that, instead of the R.M.S. value of the current 


being a somewhat obscure quantity, it is actually the value recorded 
by the ordinary types of ammeters. 

Representative Value of Voltage. — ^The question of settling a 
unit of E.M.P. can now be dealt with in the same way as for current. 
Imagine an alternating voltage applied to a simple resistance. 


e* 

The instantaneous value of the power is — , where e is the instan- 


taneous value of the voltage and r is the resistance. The average 
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value of the power is the average value of — . Suppose that a direct 

pressure of Ed be applied to a similar resistance of r ohms. In this 
E ^ 

case the power is and it is desired that the power in both cases 
shall be the same. From this it follows that 


Ed^ average value of 

r r 

or that Ed=^ V (average value of e^). 

Thus it is seen that the R.M.S. value of the voltage ( = is 
also the representative value which enables the expression 


average watts == 


(R.M.S. volts)^ 
Resistance 


E^ 

r 


to remain true without the addition of any multipl3nng constant. 
No assumption with regard to wave form has been made, and conse- 
quently the above expression holds good for any periodic wave form. 

Voltage indicated by Voltmeters. — With regard to the indica- 
tions given by various voltmeters, it should be remembered that in 
all electromagnetic instruments it is the current which produces the 
deflection, and since the instruments previously discussed indicate 
the R.M.S. current, they will also indicate the R.M.S. voltage. 

Graphical Method of Determining R.M.S. Value. — Let the wave be 
represented by A YB in Fig. 8. The R.M.S. value can be determined 



by the following construction. A vertical is erected at 0, midway 
between the two zero points, intersecting the graph of the wave at 
r. The base line AB is next divided into a number of equal 
divisions, and in the centre of each division a mid-ordinate is erected. 
These mid-ordinates can conveniently be taken at 0 = 10°, 30°, 60°, 
etc., up to 170°. There are thus four on each side of the original 90° 
ordinate. It is not necessary actually to draw these ordinates, it 
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being sufficient to mark their points of intersection on the graph. 
A point 7j is now chosen on the base line situated m units to the right 
of 0, where m is any arbitrary constant of convenient value. A set 
square is now laid on the graph in such a manner that the point of 
the right angle coincides with the point F on the graph, one side of 
the set square being adjusted to lie along the line FZ. The point 
of intersection of the other side of the set square and the base line 
is marked at X. 


The two triangles ZOF and FOX are similar, so that 


^_0J[ 

OF“~dX 


and, therefore 


0F2 = OZ X OX = m X OX. 


Therefore OX = . 

m 

This procedure is repeated for all the other chosen ordinates, thus 

obtaining a number of points of intersection on the base line. Since 

the same number of measurements are taken from the right and 

from the left of 0, the mean position of these points gives the distance 

1 .. 1 • w mean square value rn, • • 

OM which IS equal to . The set square is again 

placed on the graph, and adjusted so that one side passes through 
Z and the other through if. It is now moved about until the point 
at the right angle lies in the central ordinate OF. This point is 
represented by R in the diagram. 

As before, OE^ = OZ x OM 

mean square value 

= m X 

m 

= mean square value, 

and OR = V mean square value. 

The R.M.S. value is thus obtained by simply scaling Oi?, and is 
independent of the value of m. The value chosen for m does, how- 
ever, affect the accuracy and the convenience. It should be so 
chosen that the angle XZ F is from 45*^ to 60°. 

Ohm’s Law for Alternating Current Circuit — Ohm’s Law holds 
good for an alternating current circuit where the R.M.S. values of 
the current and voltage are employed.^ It obviously holds good 
when the maximum values are considered and also in the case 
of the average values, because if the circuit consists of a simple 
resistance the current is directly proportional to the voltage at 

^ In order to avoid confusion it should be noted that the usual way of 
expressing Ohm’s Law as applied to alternating currents is to state that 
IS > 

/ = where Z is the impedance (seepage 21 ), but / = - is strictly correct if E 

be the resultant voltage ^Img on the circuit. 
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any instant and the two wave forms are similar. The ratio of the 
average value to the maximum is the same, therefore, for both 
current and voltage, and since Ohm's Law holds good for maximum 
values it also holds good for average values when the current and 
voltage wave forms are similar. 

Relationship between Maximum, Average, R.M.S. and Instan- 
taneous Values. — In the succeeding pages, whenever the term 
“ current ” or “ voltage ” is used without any further qualification, 
it is the R.M.S. value which is meant, other values being defined 
specifically when they are used. 

It is desirable to know the mathematical relationship that exists 
between the maximum, average, R.M.S. and instantaneous values 
of the current and voltage ; but it is only necessary to consider one 
of them, since what applies to the current also applies to the voltage. 

In the case of a current obeying a sine law, the instantaneous 
value of the current is given by the expression 

t = /m sin 0, 

where i is the instantaneous value of the current, Im the maximum 
value and 0 the angle passed through from the commencement when 
the current was zero and beginning to rise in the positive direction. 

The average value, ^ taken over half a period, is 

lav = Im X average value of sin 0 
= ImX- 

TC 

= 0-637 Im. 

2 

The value - = 0-637 can be verified by drawing a sine wave and 

measuring the average height graphically. 

The R.M.S. value of a sine wave can be determined by drawing 
the curve of sin^ 0 and measuring the average height graphically. 
The square root of this quantity is the R.M.S. value and is equal to 

^ The average height of a sine wave is given by the area divided by the 
base and is equal to 

- ain $ dO 
irJ 0 

■B ^ — 008 ir ) — ( — COS 0) J 

-J[( + i)-(-i)] 
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— = X maximum value 

V2 

= 0*707 X maximum value. ^ 


Form Factor. — It has been shown that 


and 


Therefore 


and 


lav — ~ Im or Im — rz Ia\ 


1 — ^2 ~ 


21 — - lav 


The ratio — ^ ^ i — is called the Form Factor and is equal 

average value 

to 1*11 in the case of a sine wave. The student will find it a useful 
exercise to draw some particular wave form and determine its form 
factor. As an example, this will be done for the wave shown in 
Fig. 9. In order to find the average value, divide the base into, 
say, twelve sections and take the ordinate in the middle of each 
section. A fruitful source of error is to take the ordinates at 0, 1, 2^ 
etc., dividing by 13. Another source of error is to take the ordinateai 
at 1, 2, 3, etc., whereas they should be taken at 0*6, 1*5, 2*5, etc.) 
The form factor can now be worked out in the form of a table a£< 
follows : — 


* The R.M.S. value can be determined in a simple manner by means of 
the calculus, thus : — 


Average value of sin* ^ q ^ ^ 


(uid R Jd.S. value 

/ 1 

•= V 2iJ 

1 ” sin* $ dd 

' 0 


“ »/aJ 



-^41 




Ll-o-o + o] 



>•707. 
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No. of Ordinate. 

Value of Ordinate. 

Square of Ordinate. 

1 

1 

1 

2 

2 

4 

3 

2 

4 

4 

2 

4 

5 

2 

4 

6 

X 

1 

Sum total 

10 

18 

Average 

1-67 

3 

R.M.S 


\/3= 1-73 


Form factor 


R.M.S. 

average 


1-73 

1-67 


104. 


If twice as many mid-ordinates are taken, the values of the 
first and second are 0-5 and 1-5 respectively. The sum total of the 
squares of the ordinates is now 37, and the R.M.S. value works out 


to Vn - 


The form factor now becomes 1*06 (to 3 figures) 


The mathematically correct value is 1*058 (to 4 figures). This 
shows the importance of taking as large a number of ordinates as 
possible. 

As a general rule, the wave may be assumed to be flatter than a 
sine wave if the form factor is less than 1*11 and more peaked if 
this ratio is greater than 1*11. 



Examples. 

(1) Determine the R.M.S. value of a semicircular wave, the 
maximum value of which is 100 units. 

(2) Calculate the form factor of a triangular wave. 

(3) The following values refer to a certain current wave. Draw 
the wave and calculate its R.M.S. and average values. 


$ 

0^ 

0 

O 

40° 

60° 

80° 

100° 

120° 

140° 

160° 

180° 

i 

0 

17*1 

17*1 

30*1 

60*6 

115*6 

132*7 

103*7 

47*2 

0 







CHAPTER III 


INDUCTANCE, REACTANCE AND IMPEDANCE 


Back E.M.F. set up due to Alternating Current. — When a vary- 
ing current flows in a circuit it soi^s up a varying flux which is in 
phase with the current, t.e. it goes through similar phases at the 
same instant, such as, for example, the maximum value. The 
form of the circuit can be so arranged that the flux is negligible 
in strength although it can never be eliminated entirely. If a 
portion of a circuit be wound in the form of a coil, then the flux set 
up by each turn, due to the passage of the current, can be made to 
link with all the other turns and thus set up a considerable number 
of linkages, the effect being increased considerably if an iron core 
is placed in the coil. Such a coil is known as a choking coil, and / 
may be either air-cored or iron-cored. [ 

The alternating current causes the flux to alternate with it, and 
consequently the linkages vary from instant to instant. This sets 
up an E.M.F. in the coil the direction of which is such as to oppose 
the change, the effect being somewhat akin to inertia. If the flux 
set up is proportional to the current, then the back E.M.F. which 
is general is proportional to the rate at which the current is 
changing and is numerically equal to 


linkages set up per ampere X change of amperes per second 

- — 


volts. 


Inductance. — The number of linkages set up per ampere is a 
definite quantity for a given coil, and if the core be made of a pon- 
magnetic material it is strictly a constant, but if an iron core be intro- 
duced this quantity varies to some extent, depending upon the 
saturation of the iron. For example, if the current be increased to 
ten times its former value, the total linkages may only be increased 
seven times, and thus the linkages per ampere will only be 0*7 times 
• their former value. In the majority of elementary calculations, 
however, this quantity is assumed to be a constant for a given coil, 
and is known as the indnctance or the coefficient of self-induction, 
the former term being the one most used at the present time. 

On the practical system of units, the unit of inductance is the 
Henry, which is the inductance of a coil setting up 10® linkages per 

16 
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ampere. If, therefore, the current varies at the rate of one ampere 
per second in such a coil, there will be an E.M.F. of one volt set up. 
The inductance of any other coil, measured in henries, is 

number of linkages set up per ampere 
iQ8 


As an example, the flux will be determined in a choking coil 
having 100 turns and an inductance of 0*2 henry, when a current of 
5 amperes is passing. 


Linkages per ampere = L X 10® 


Total linkages 
Total flux 


= 0-2 X 10® 

= 6 X 0-2 X 10® 
= 5 X 0*2 X 10® 
100 


= 10® lines or 1 megaline. 


Rato of Change of Current, — The next thing to determine is the 
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rate of change of the current in the circuit. This depends upon 
three things, the maximum value of the current (/m), the wave 
form and the frequency (/). Fig. 10 represents the current curve 
where the wave form is sinusoidal. The rate of change of the 
current at any instant is measured by the slope of the curve at 
that particular point. At 0°, this is equal to AB amperes per 90°. 
Scaling this of! the diagram, it is found to be 1*57 X Im amperes 
per 90°, or 6*28 X Im amperes per cycle, or 314 x Im amperes 
per second, assuming a frequency of 50. 

At 60°, the slope of the curve is CD amperes per 90°. Scaling 
this off the diagram, it is found to be equal to 0*785 X Im amperes 
per 90°, or 157 x Im amperes per second. Repeating this again at 
210°, the slope is found to be 4 x 50 x EF x Im (= 272) amperes 
per second, but this time the current is changing in the reverse 
direction, so that this statement means that the current is decreasing 
at the rate of 272 amperes per second. Plotting a number of values 
obtained in this manner, the curve of change of current in amperes 
per second is obtained. On examination, this curve is seen to be a 
sine curve also, but is 90° ahead of the current curve. In reality 
it is a cosine curve. This establishes the fact that if the current 
varies according to a sine law, the rate of change of current also 
obeys a sine law. The maximum value of the rate of change curve 
occurs when the actual value of the current is zero. If a horizontal 
line is drawn through the vertex of the current curve, it is seen that 
the maximum slope is OH amperes in OH degrees. On scaling off 
the diagram, OH will be found to be one radian or 57*3° approxi- 
mately. Therefore, the maximum value of the rate of change of 
current is Im amperes per radian, or 2TzIm amperes per cycle, since 
there are 2ti radians in 360°. Measured in amperes per second, this 
is equal to 2Tc//m, where /is the frequency.^ 

To prove that the maximum rate of change of the current is 1^ 
amperes per radian, consider the line 00 which is a tangent to the 

sine curve. For very small angles, the sine of an angle and its 

radian measure have the same value, so that the tangent 00 also 
represents angle plotted against angle. Taking the maximum 
height of the sine curve as unity and measuring horizontally in 
radian measure, it is seen that the tangent 00 rises to a height of 

* This can be determined by the calculus as follows : — 

t = Im sin 6 
di d(I«, sin B) 

“ di 

- 7 V V ^ V 

- Jm X X 

= Im COS B X ^ 

The maximum value ^ 

C 



18 


ALTERNATING CURRENTS 


CH. 


one unit when the base line OH is one radian. Therefore the 
maximum rate of change of a sine curve is one unit per radian, and 
if the maximum height be made equal to amperes, then the 
maximum rate of change is equal to 7^ amperes per radian, or 
amperes per cycle, or amperes per second. 

The horizontal scale in Fig. 10 is measured in degrees, correspond- 
ing to the angle moved through by a conductor rotating in a magnetic 
field. Let the angular velocity of this conductor be to radians per 
second. Then at the end of t seconds, the conductor will have swept 
out an angle 0 = radians. But in one second the total angle 
moved through is 27 t/ radians, where / is the frequency, so that 

CO = 27t/. 

Reactance. — It has been shown that a voltage is set up in an 
alternating current circuit equal to 

linkages set up per ampere . , . 

o ^ (change of amperes per second) volts. 

Tliis minus sign denotes the fact that it is a back voltage. The 
maximum value of this voltage is given by the expression 

E'm ——Lx 2nfl,n volts 
and the value at any other instant by 

e' = — - 2nfLI,n cos (Jit volts 

= — 2nfLIm sin {(^t + 90®) volts. 

This back voltage has to be overcome by the application of an equal 
and opposite forward voltage having a value 

e == 2TzfLIm sin (o>^ + 90®) volts. 

This voltage is seen to vary according to a sine law also, but it 
is not in phase with the current. When mt is 0°, the current is zero ; 
but this voltage has its maximum value at this instant, since 
sin (co^ + 90®) is equal to unity. The voltage is said to had the 
current by 90°, or the current is said to lag behind the voltage 
by 90®. The R.M.S. value of the applied voltage is obviously 
equal to E — 2nfLI, where 1 is the R.M.S. value of the current. 

When the circuit contains nothing but resistance, the voltage is 
given by the expression 

E = E X 1. 

If the circuit has no resistance, but is linked with a magnetic 
flux, the applied voltage is given by the expression 

E = 2Tt/L X 7. 

Thus the quantity 2nfL can be considered as being in some 
respects analogous to resistance, inasmuch as the current has to 



in INDUCTANCE, REACTANCE AND IMPEDANCE 19 

be multiplied by it in order to obtain the voltage. Strictly speak- 
ing, it is mere in the nature of an E.M.F. than a resistance, but 
owing to the similarity of the equations E = RI and E — 2tzJLI, 
it is usually considered as a kind of resistance. 

The quantity L is called the Inductance and is measured in 
henries, whilst the quantity ^ir/L is called the Reactance ^ and is ( 
measured in apparent ohms. They are not true ohms, because ! 
they do not result in the production of heat in the circuit, but have i 
the appearance of being ohms because they are the ratio of the \ 
volts to the amperes. 

Very often the inductance is given in milli-henries, t.e. thou- 
sandths of a henry, in order to avoid dealing with very small num- 
bers. For example, if L = 10 milli-henries and / = 50 cycles per 
second, the reactance is equal to 

X = 27c X 60 X 

= 3*14 apparent ohms. 

Circuit containing Resistance and Reactance. — The previous 
example has not taken into consideration the effect of resistance, 
but it must be borne in mind that it is theoretically impossible to 
have a circuit without resistance and also without reactance, since 
wherever there is a current of electricity there must always be a 
magnetic flux set up linking with the circuit. The reactance may 
be negligible in a large number of cases, but in very few circuits 
is the effect of resistance negligible in comparison with the re- 
actance. It is therefore necessary to study the circuit when both 
are present in appreciable proportions. 

Consider a circuit consisting of an ordinary choking coil having 
a resistance R and an inductance L. In order to force an alternating 
current of I amperes through this circuit, a voltage must be applied 
in order to overcome the resistance (RI volts), and, in addition, a 
further voltage volts) must be applied in order to overcome 

the reactance. The former voltage is in phase with the current, 
whilst the latter leads it by 90"". At any instant represented by 
the point P (Fig. 11) there will be required a voltage PQ to over- 
come the resistance and a voltage PR to overcome the reactance. 
The total voltage required at this instant is given by PS = PQ + PP, 
the current being PT, Repeating this for all other points through- 
out the cycle, a curve representing the resultant applied voltage is 
obtained as shown. The effect is just as if the reactance were 
concentrated at one part of the circuit and the resistance at another, 
the two being placed in series. The resultant voltage also follows 
a sine law, since it is the sum of two sine waves. The maximum 
value is less than the sum of the maximum values of the two com- 

^ When a circuit possesses capewsitance as well as inductance, another term 
must be added to the expression for the reactance as shown on page 56, 
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ponents, but is greater than either of them taken separately. 
Another point to notice is that the resultant voltage is neither 
exactly in phase with the current, nor does it lead by 90®, being 
somewhere in between these two limiting values, the angle of lead 
of the voltage becoming greater the more the reactance predominates 
over the resistance, and approaching more and more nearly to zero 



Fia. 11. — Current and Voltage Curves In a Circuit containing Resistance and Inductance. 


as the resistance is increased. If the resistance and reactance were 
equal, the current would lag behind the voltage by 45®. 

Phase Difference between Current and Voltage. — The exact angle 
of phase difference between the current and voltage can be deter- 
mined in general terms by the application of a little trigonometry. 
The total voltage required to overcome the effects of resistance and 
reactance combined is equal to 

Rim sin (ot -f Xlm cos cot 


where X = 2TzfL. 

Multiplying and dividing by we get 

Voltage required 

- ( VShTP) ( ™ “‘ + vfiM- x- '• “')• 

Let ^ = tan a. 


Then 


008 a = 


R 


and sin a = 


+ X* 


VW+x^ 

Thus the voltage required 

= ( V.^ + X*) (Im sin cdi cos a -f /m cos co< sin a) 
« (Vis* + X*) X Im Bin (tot + a). 
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Obviously the curve representing this quantity is a sine curve, 
not in phase with the current, but leading it by an angle a, 

where a = tan~ ^ 

K 

Thus a can be calculated for every value of X and R and will always 
lie between the limits of 0° and 90®. 

Instead of saying that the voltage leads the current, it is more 
usual to say that the current lags behind the voltage, the two 
statements being synonymous. 

Impedance. — The expression representing the current in a simple 
scries circuit is 

i = Im sin ot. 

If nothing but resistance is present the voltage is 
e = Rim sin cof. 

If reactance only is present the voltage is 
e = Xlm sin + 90®). 

If both resistance and reactance are present the voltage is 
e = ( + X^) Im Bin (mi + a). 
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Fia 12. — Effect of Resistance, Frequency and Inductance upon Impedance. 

The quantity 's/R'^ + X^ is called the Impedaiice and obviously 
depends on both the resistance and reactance of the circuit, although 
it must be borne in mind that it is not the arithmetic sum of the 
two. The impedance is the ratio of volts to amperes and will be 
denoted by the symbol Z. 

? = Z = + Z* = + (2Tr/L)». 

Fig. 12 shows the way in which the impedance varies with the 
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resistance, frequency and inductance for a particular circuit, and 
also how the angle of lag depends upon these quantities. 

Iron Cored Choking Coils. — The addition of an iron core to a 
choking coil results in a great increase in its inductance, but, un- 
fortunately, this does not now remain constant, but depends to 
some extent upon the value of the current flowing. At first, as 
the current is gradually increased, the fiux is proportional to the 
current and the linkages per ampere remain constant. When the 
iron becomes saturated, however, the flux increases at a slower 
and slower rate compared with the current, and the linkdges per 
ampere become less. Thus the inductance actually is reduced 
when the iron gets saturated. This is unfortunate, since it means 
that the choking coil has a reduced value when on full load at the 
very time when, presumably, it is desired to give its full value. The 



Fio. 13. — Inductance of Iron Cored Choking CoHb with and without an Air-gap. 


actual amount of the change depends upon the shape of the B~-H 
curve of the iron, as illustrated in Fig. 13. The inductance is 
proportional to the rate of change of linkages (or flux) with current, 

AB 

and its average value is therefore proportional to tan a = 

On 

(The angle a is not the geometrical angle, since the scales of AB 
and OB are different.) As the current is increased, the point A 
moves up the curve, and tan a decreases. Thus the change in the 
slope of the line OA is an indication of the amount of change in the 
average inductance. More accurately, the inductance at any 
point is proportional to the slope of the curve at that point. Thus 
the inductance is high at the commencement, afterwards dropping 
to a very low value. As soon as the current drops, the inductance 
rises a^ain. 
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This change in inductance is greatly minimized by the intro- 
duction of an air-gap in the magnetic circuit. In such a case a 
certain number of ampere-turns are required to force a given flux 
through the iron part of the circuit, and an additional number of 
ampere- turns are required to force this flux across the air-gap. The 
latter ampere-turns are strictly proportional to the flux, since the 
permeability of air is constant. It is possible, therefore, to draw 
a line such as OD, called the air line, to represent the ampere-turns 
or magnetizing current required to force the flux across the air- 
gap. The total ampere-turns for a given flux now consist of two 
components, (1) those required for the iron part of the circuit, 
OB = CAy and (2) those required for the air-gap, CD. The sum 
of these is CEy thus giving a point, Ey on the required curve. This 
procedure can be repeated for different values of the flux, so enabling 
the complete curve OE to be constructed. The inductance of the 
choking coil with an iron core and an air-gap is now given by tan 
EF 

p = and it is seen that the change in the angle p for different 

positions of E is much less than in the previous case when no air- 
gap was included. In fact, p may almost be regarded as constant. 
Stability has been obtained at the sacrifice of the actual magnitude 
of the inductance, since tan p is smaller than tan a, but the choking 
coil is very much smaller than would have been the case had an air 
core only been used. 

Mutual Inductance, — Two circuits are frequently placed so that 
when a current is passed through one of them the flux set up by 
it becomes linked with the other. This alternating flux induces 
a voltage in the second circuit in the same way that a back E.M.F. 
is induced in an ordinary inductance. In the case of the two 
circuits, a voltage is induced in either one when the current changes 
in the other and the circuits are said to possess Muiiml Inductance 
(M). This quantity is comparable with inductance, sometimes 
called Self-Inductance (L) to distinguish it, and is measured in the 
same units. 

Two coils are said to possess a mutual inductance of one henry 
if 10® linkages are set up in one coil due to a current of one ampere 
in the other. If the two coils have the same number of turns, it 
can be proved that the same current in either coil will set up the 
same number of linkages with the other coil. If the two coils have 
different numbers of turns, let these be represented by Tj and Tg 
respectively. When one ampere is passed through the first, 
ampere-turns are set up. Assuming the flux to be proportional to 
the ampere-turns, and that all the flux links with both coils, this 
flux can be represented by == kTiy which links with the second 
circuit and gives rise to linkages. If the original 

current of one ampere had been passed through the second circuit, 
it would have set up ampere-turns. The flux corresponding to 
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this traverses the same path as before, and is <J >2 == The 

linkages produced by this flux in conjunction with the first circuit 
are OgTi = kT^T^y the same as before. The flux set up per ampere 
is different, but the linkages are the same. The same is true if only 
a portion of the total induced flux links with both coils. In con- 
sidering the mutual inductance of a pair of coils, it is therefore 
immaterial which coil is supplied with current and which has the 
voltage induced in it, or, in other words, which is the primary and 
which the secondary. 

In an ordinary inductance the induced voltage is 90® out of 
phase with the current, so that in a pure reactance the applied 
voltage leads the current by 90®, but in a circuit which possesses 
mutual inductance with respect to a second circuit, the voltage is 90"" 
out of phase with the current in the second circuit. In a general 
case, the latter may have any phase whatsoever with respect to the 
current in the first, so that the voltage set up by mutual inductance 
may have any phase, and in certain cases it may therefore tend to 
neutralize the effects of self -inductance. 

When two coils possess mutual inductance, there is also a certain 
proportion of flux which links with one coil and not with the other, 
so that the two circuits each possess self-inductance as well. 

Relation between Self- and Mutual Inductance. — If two coils, 
each possessing appreciable self-inductance, are placed near to one 
another, all or a portion of the flux set up by one coil may link 
with the turns of the other coil. This is the flux associated with 
mutual inductance. The remainder of the flux, linking only with 
the coil that produces it, gives rise to self-inductance only. These 
fluxes are represented diagrammatically in Fig. 14. 



Fig. 14.— Fluxes associated with Sell- and Mutual Inductance. 


Consider first the case where the whole of the flux links with 
all the turns of both coils. If no current is flowing in the second 
coil (assumed to be on open-circuit), the current necessary to set 
up the flux, 0,n» is amperes flowing through the first coU. This 
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coil therefore possesses (by definition) a self-inductance of L, = 


henries. 


/j X 108 

Similarly, if the first coil be open- circuited and a current 
passed through the second coil of such a magnitude as to set up 

O T 

the same fiux then ^ ^ 


M = 


henries. 

^2 X 10® 

Again by definition, the mutual inductance, M, is equal to 
henries and also M = _ — x henries. 


/i X 108 


A X 108 


Multiplying these two equations together, we get 

d) To O T. 




X 


X 10® 

/l X 10® /g X 108 

= 


X 


X 10® 
<^rra\ 


and M = 

Consider next the more general case where only a part of the 
flux set up by one coil links with the turns of the other coil. 

The flux set up by ampere-tums in the first coil is (see 
Fig. 14) O,;, + Here, O;,, is the flux mutually linking both 
coils, whilst <I>x, is that portion of the flux which only links with 
the turns of the winding producing it. This flux may be called 
the primary leakage flux. 

In the same way the flux O,,, + is set up by ampere- 
tums in the second coil, O,,, being the same mutual flux as before, 
and d)^, being the secondary leakage flux. 

With the second coil on open-circuit, the first coil possesses a 
self-inductance of 




8 "I 


I I X 10® 
/, X 10® 


/, X 10® 




where L,^ is the primary leakage self-inductance. 

Similarly, the second coil possesses a self-inductance of 


Lg — j 


2 X 10® 


+ 


I. X 10® 


+ ■^*,1 


“ X 10® 

where L,, is the secondary leakage self-inductance. 
The mutual inductance, M, can be written 
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Therefore 

iheretore M - ^ jq® /, X 10® 

“ /i X 10® ^ I^x 10® 

= Ljj) X (Lj Jjg^) 

and M = V (Lj — L,,) X (L^ — A,,). 

The above expression can be written 

M =kVL;L^, 

where A; is a constant called the coupling factor and whose value lies 
between the limits of unity and zero. 

Skin Effect. — When an alternating current passes through a 
conductor it does not distribute itself uniformly throughout the 
cross-section, but tends to concentrate itself in those portions of the 
conductor which are situated nearest the surface. This is called 
the skin effect, and in certain cases may be of very appreciable 
magnitude. In order to see the reason for this effect, consider the 
case of a solid conductor of circular cross-section, and imagine that 
it is replaced by a large number of small conductors in parallel, 
the total cross-sectional area being unchanged. This bundle of small 
conductors must be bunched together so that they occupy the 
same space as the original conductor, each one carrying a small 
fraction of the total current. The flux set up by a surface element 
of current will link with the whole conductor, but some of the flux 
set up by an internal element of current will not extend to the 
surface of the conductor. Thus the surface portions of the con- 
ductor will be linked with less flux than the more central portions 
and will have less inductance per unit of cross-sectional area. This 
naturally leads to an unequal distribution of the current, the density 
of which gradually diminishes as the distance from the surface of 
the conductor increases. The current tends to avoid the central 
portions of the conductor. However, the watts lost in a particular 
conductor for a given current are always greater for a non-uniform 
than for a uniform distribution of current. To demonstrate this, 
take the case of a conductor having a resistance of R ohms and 
carrying a current of / amperes and suppose that this conductor be 
divided up into n equal parallel filaments. The resistance of one 
of these filaments is nR ohms, and for a uniform distribution of the 
current the total watts lost would be 

n X nR = PR watts. 

Next, consider the case of a non-uniform distribution where each 
one of half the filaments carries a current of (- + /') amperes. 
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whilst each of the other half carries a current oi{^ — amperes. 

The total current is I amperes the same as before, but the total 
watts dissipated in the non-uniform case would be 

I X (s + '')■”« + I(i 

=" 4 "' 4 :+-) 


= PE + nH'^R watts. 

Thus the watts lost in a conductor due to ohmic resistance depend 
upon the distribution of the current and are a minimum when the 
distribution is uniform. If no disturbing factors entered into the 
case the current would naturally distribute itself uniformly, but 
when this condition is destroyed an increased power is necessary 
to drive the current through a given conductor. But if the watts 
are still considered as being equal to PRy then R must be given a 
higher value, due to the lack of constancy of the current density. 
The effect is dependent on the frequency, the effective resistance 
increasing as the frequency goes up. It is very marked in the case 
of iron and steel conductors, because a greater proportion of the 
flux set up actually confines itself to the conductor due to its mag- 
netic properties. This is the reason why the voltage drop in steel 
rails is so much larger With alternating than with direct currents. 
The effect is also very noticeable in radio circuits, the high frequency 
resistance, as it is termed, often being many times its low frequency 
value. Indeed, at radio frequencies, the resistance of a conductor 
is defined as equal to the watts dissipated in it divided by the square 
of the current. 

Analogy of Inductance and Inertia. — A self-induced E.M.F. always 
opposes any change in the current which produces it. It is therefore 
impossible for an instantaneous change to take place in the strength 
of the current, all such changes being necessarily of a gradual 
character. It takes a definite time for the current to rise after 
the application of an E.M.F., and a definite time for it to die away 
after the E.M.F. has ceased to act. The analogy of the inductance 
of a circuit to the mechanical inertia of a body is suggested. A 
choking coil may be likened to a flywheel. Neglecting resistance 
on the one hand and friction on the other, it is seen that a certain 
amount of energy is required to start the current or the rotation as 
the case might bo. When the full current is flowing or when full 
speed is attained, no further supply of energy is required to main- 
tain the conditions. If a small amount of resistance or friction be 
present, a certain amount of power must be supplied continually to 
overcome these losses. When the flywheel stops, it gives out the 
whole of its kinetic energy. Similarly, when the current in the 
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choking coil dies down to zero, it gives out all the energy which had 
previously been supplied to it when the current was started. 

Examples. 

(1) Determine the instantaneous value of an E.M.F. of 100 volts, 
after 0 001 second has elapsed. The voltage starts from zero and 
the frequency is 50. 

(2) The current in a circuit obeys the law i == 100 sin cof, the 
frequency being 25 cycles per second. How long will it take for 
the current to rise to 50 amperes ? 

(3) An A.C. reaches a maximum value of 100 amperes, the 
frequency being 50. Determine the rate of change of the current 
in amperes per second when (a) t = 0-00166 sec., (6) t = 0*01 sec., 
and (c) t = 0-015 sec. 

(4) A choking coil has a resistance of 2 ohms and an inductance 
of 0*015 henry. What is the p.d. across its ends when a current of 
10 amperes passes through the coil at a frequency of 50 ? 

(5) A circuit possesses a resistance of 20 ohms and an inductance 
of 0-1 henry. Determine the angle of lag of the current (a) when the 
frequency is 50 and (6) when it is 25 cycles per second. 



CHAPTER IV 


VECTOR REPRESENTATION 

Vector Representation. — Imagine a point P moving with a 
circular motion around a point 0 called the origin, the distance OP 



being constant. Let PQ = RO be the vertical height of the point 
after an angle 0 has been swept out. Then 


OP 


= sin 0, 


and since OP is constant, PQ is proportional to sin 0 and 

PQ — OP sin 0. 

Thus if OP is made equal to the maximum value of some quantity 
which is varying according to a sine law, PQ will represent its 
instantaneous value. 

In order to represent a sinusoidal quantity, it is only necessary 
to draw OP to a scale equal to the maximum value. Then as OP 
rotates round 0 as centre, the vertical height of the point P above 
the horizontal axis will trace out all the instantaneous values 
throughout the cycle for one complete revolution of OP. Thus in 
the case of an alternating voltage obeying the law 

6 = P sin 0, 

E is made equal to OP, 0 is the angle made by OP with the horizontal, 
and e is the instantaneous voltage equal to PQ, The line OP is 
called a vector^ and voltage is called a vector quantity. By means 
of this method of representation all that is necessary to specify a 
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voltage fully is a line representing to scale the maximum value. 
There is no necessity even to draw in the vertical and horizontal 
axes unless it be desired. Now imagine the vector to rotate in a 
counter-clockwise direction at such a speed that it makes one 
complete revolution for every cycle. The vertical projection of 
OP at any instant of time will represent the value of the voltage at 
the same instant, provided the zero position of OP corresponds with 
the zero value of the voltage. If the whole diagram be imagined 
to rotate in the reverse direction with a speed of one revolution per 
cycle, or, if it be preferred, if the observer be imagined to rotate 
forward with the same speed, the line OP will appear to be fixed in 
position, whilst the axes will appear to be travelling in a clockwise 
direction at the rate of one revolution per cycle. Although OP is 
now apparently fixed in space, its actual position may be anywhere 
depending upon the relative times when OP and the axis pass the 
same point. The position of OP at any instant with respect to its 
zero position is called its 'phase. 

Any quantity which varies according to a sine law can be repre- 
sented in this way and is called a vector quantity, but there are 
only four of these with which the student need concern himself at 
present, viz,, alternating voltage, current, M.M.F., and magnetic 
flux. 

Vector Diagram. — When the various quantities in a circuit are 
represented after this manner in one diagram, the latter is called 
a vector diagram, or, by some writers, a clock diagram. Since these 
are frequently drawn wdthout the axes being put in, it is necessary 
to indicate which is the moving end and which the origin. For this 
purpose it is the convention to draw an arrow head on the moving 
end, which is always made to rotate in a counter-clockwise direction. 
In order to diflerentiate further between voltage, current, ampere- 


Voltage 

Current 


Flux 


{ Ampere- 
tum or 
M.M.F, 



Fig. 16. — Convention of 
Arrow Heads. 


Fig. 17. — Simple Vector 
Diagram. 


turn and flux vectors, different types of arrow heads will be used 
throughout this book as indicated in Fig. 16. 

Fig. 17 shows an example of a simple vector diagram where the 
current and voltage are represented simultaneously, the current 
lagging behind the voltage by an angle <l> which remains constant. 
01 is drawn to a scale of amperes and OE to a scale of volts, using 
R.M.S. values. 

Vector Sum of Two Quantities. — Suppose there are, in a particular 
instance, two alternating voltages acting in series, one leading the 
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other by a fixed angle a [see Fig. 18 (a)]. When the second vector 
has moved through 0® from the start, the first will have moved 
through (0 + At this moment the instantaneous value of is 
the vertical projection ON , that of being the vertical projection 
OP. The resultant instantaneous value is ON + OP = OR. 
Similarly, the resultant horizontal projection is OM -f OQ = OS. 
The vector giving OR and OS as its vertical and horizontal pro- 
jections at this instant is OAV, which is obviously the diagonal of 
the parallelogram the sides of which consist of OE^ and OE^. The 
corresponding sine curves are drawn to the right of Fig. 18 (a) and 
serve to emphasise the relationship existing between the vector 
representation and the graphical representation. A vector diagram 



Fio. 18. — Vector Sum of Two Voltages. 

of this kind is frequently drawn as shown in Fig. 18 (6) for the sake 
of convenience, just as in drawing a diagram for the parallelogram 
of forces. Thus voltages, and, of course, currents and fluxes, 
can be added vector ially just the same as forces or other vector 
quantities. 

Resolution of Vectors. — Vectors can be resolved along any two 
axes in a similar way to which they are compounded, the majority of 
cases where this is done requiring a resolution into two components 
mutually at right angles. Take, for example, the case shown in 
Fig. 19 where (a) the current and (6) the voltage are resolved into 
two components, one in phase with the voltage and current respec- 
tively and the other 90® out of phase. The component in phase is i 
called the active component, whilst that out of phase by 90® isj 
called the reactive component there being, as will be shown later, ! 
no net transference of power associated with it. AU-the power in 
the cifMit must be associated, therefore, with the other component, 
which is called the active component. Thus both currents and 
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voltages can be split up into active and reactive currents and 
voltages. Take, for example, the case shown in Fig. 19 (a). The 
total current is split up into an active current of magnitude I cos 
and a reactive current of magnitude I sin the angle <j> being fixed. 



Fig. 19. — Resolution ot Vectors. 


Since the scales to which the vectors are drawn are arbitrarily 
chosen, the lengths of the vectors may be made to represent the 
R.M.S. values of the current and voltage, instead of the maximum 
values ; it merely means a different scale. 

Vector Diagrams of Simple Series Circuit. — In the case of a circuit 
consisting of a simple resistance, the vector diagram would be as 
shown in Fig. 20 (a), the current being in phase with the voltage, 
£ whilst in the case of a simple reactance 

( the vector diagram would be as shown 
in Fig. 20 (6), the current lagging 90® 
^ 7^ 0 voltage. The actual inclina- 

(a) (6) tion of the lines does not matter; it is 

FiG. 20.-vector Diagram, of angle between the various com- 

Simple Series Circuit. ponents which IS defimte. It must be 
borne in mind that the voltage here 
represented is only the voltage overcoming resistance or reactance, 
as the case may be, and does not in any way refer to the total 
E.M.F. acting in the circuit. 

In the case of a circuit containing resistance and reactance 
in series, the voltage over the combination must be sufficient to 
overcome both effects, t.c. the vectorial sum of RI and 2tzJLI as 
shown in Fig. 21. From this diagram it is obvious that 


Er = y/{RI)^+\2nfLlf‘ 

= + (27r/L7 

= IZ, 

where Z is the impedance and is equal io ^/E^ {2nfL)^. 

Impedance Diagram. — In Fig. 21 we have a right-angled triangle 
the sides of which are^ual to RI, XI and ZI, X being the reactance 
and equal to 2nfL, The value of / is the same in all three expres- 
sions, since it is a series circuit, and thus another triangle can be 
constructed, similar to the first, by dividing each side by the current 
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/. This new triangle is shown in Fig. 22 and is called the impedance 
diagram. Since it is similar in shape to the vector diagram of 
voltages and currents, the angle <j> also represents the angle of lag 
jB X 

in the circuit. Thus ^ = cos ^ and ^ = tan </). The angle of lag of 

X 

the current behind the voltage is therefore given by tan"^ p. 



Two Impedances in Series. — In the case where there are two 
impedances in series, each consisting of resistance and reactance 
in different proportions, the vector diagram takes the form shown 
in Fig. 23, the resultant voltage being given by ZJ. If every 
line in the diagram be divided by the current, an impedance diagram 
is obtained, similar in every geometrical respect to the vector 
diagram. In order to determine the value of two impedances 
in series, it is necessary to know the relative amounts of resistance 
and reactance in each. The resultant impedance can also be calcu- 



Fio. 23. — Vector Diagram of Two 
Impedances in Series. 



Fio. 24. — Vector Diagram of Two 
Impedances in Parallel. 


lated by means of the various trigonometrical relations, instead of 
using the graphical method adopted above. 

Two Impedances in Parallel. — In calculating the resultant value 
of two impedances in parallel, a vector diagram of currents is 
drawn with reference to the applied voltage. In Fig. 24 each 
current is shown split up into its active, and reactive components, 
Iip and l 2 p being in phase with the voltage, whilst In and I^i are 
lagging by 90®. The resultant current is given by /, the total 
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active current by 7]^ + /^p, and the total reactive current by In + l 2 x • 
The angle of lag of the total current is given by 


^ = tan ^ 


( hi + /2i Y 


The resultant impedance is given by y, where I is the resultant 
current. 

Admittance. — The reciprocal of impedance is called admittance 
and hence 

Current = Admittance x Voltage, 
or 7 = YE, 


where Y is the admittance in mhos. 

When dealing with a number of circuits in parallel, it is usually 
best to work from the point of view of the various admittances, 
adding them together to get the total admittance. This addition 
must be performed vectorially. Having determined the total 
admittance of the circuit, the resultant impedance is found by 
taking the reciprocal. 

Summarizing the above, the combined impedance is the vector 
sum of the component impedances in series circuits, whilst the com- 
bined admittance is the vector sum of the component admittances 
in parallel circuits. 

Conductance and Susceptance. — Just as impedance can be 
resolved into two components at right angles to one another, so 
can the admittance be split up in the same 
way. The component in phase with the 
E.M.F. is called the conductance, O, and cor- 
responds to the resistance, whilst the reactive 
component is called the susceptance, B, and 
corresponds to the reactance. The unit in 
which these new quantities are measured is 
the mho, and they can be represented 
graphically in a triangle as shown in Fig. 25, which should be 
compared with Fig. 22. From this it is seen that 



FiQ. 25. — Admittance 
Triangle. 


(Admittance)* = (CJonductance)* + (Susceptance)* 
or r* = + 5*. 


Also 


0=Ycoa<f> 


I R R 

Z~ Z*~ R^ + X*' 


£ - r sm ^ X z'^Z*""W+ X* 


and 
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Numerical Example. — An example, containing both impedances 
in series and in parallel, is illustrated in Fig. 26. The impedance of 
the R = 20, X = 3Q branch is 36*0 
apparent ohms, and its admittance 

is consequently = 0 0278, whilst 

tan a = I? and a = 56-3°. The im- 
pedance of the i? = 5, Z = 60 branch 
is 60-2 apparent ohms and its admit- 
tance is 


R‘20 X-30 

r'NSN — 


R^5 X60 


Tan P = ^ and p 


: 85-2^. The con- 


ductance, G, is 

0-0278 cos 56-3^ + 0-0166 cos 85-2° 
= 0-0167. 

The susceptance, B, is 

0-0278 sin 56-3° + 0-0166 sin 85-2° 
= 0-0397. 

The resultant admittance is there- 



fore 


VO-01672 ^ 0-03972 
= 0-0430, 



corresponding to an impedance of 

rrTTiQb ~ apparent ohms, whilst the angle y is 
v*U4oO 


Fig. 26. — Admittance and Impedance 
Diagrams. 


tan 


, 0-0397 


0-0167 
= 67-2°. 


Next consider the impedance diagram, adding the resultant im- 
pedance already obtained to that in series with it. A line is drawn 
at 67-2° below the horizontal to represent the impedance of 23-3 
apparent ohms. The impedance line for the R = 60, X = 15 
branch is inclined at an angle 8 to the horizontal such that tan 8 
= ; thus 8 = 14-0°. The resultant horizontal component in 

the impedance diagram, or the equivalent resistance, is 

23-3 cos 67-2° 60 

= 69-0. 


36 ALTERNATING CURRENTS ch. iv 


The resultant vertical component, or the equivalent reactance, is 

23-3 sin 67-2° + 15 
= 36-5. 


The resultant impedance is therefore 


The angle € is 


VeOO* + 36-52 
= 78-1 apparent ohms. 


tan“^ 


36-5 

69-0 


= 27-9". 


These results could, of course, have been obtained by scaling 
ofif the diagram, but unless great care is taken as to accuracy it is 
preferable to work out the figures by calculation. 

In most cases it is easier to work out problems by means of 
vector diagrams rather than by the more tedious method of drawing 
the various sine curves. It must be remembered, however, that 
the vector diagram is based upon the assumption that the various 
quantities concerned obey the simple sine law. 


Examples. 

(1) Two E.M.F.’s each of 100 volts are 60" out of phase and act 
on a circuit possessing a resistance and reactance of 8 and 6 ohms 
respectively. Determine the magnitude of the current. 

(2) Two impedances each of 100 ohms are connected in series. 
Their resistances are 10 and 90 ohms respectively. Determine the 
combined impedance. 

(3) A choking coil having an impedance of 25 ohms and a 
resistance of 15 ohms is connected in parallel with a non-inductive 
resistance of 10 ohms. Determine the total admittance, conductance 
and susceptance. 

(4) An admittance of 0-2 mho is connected in parallel with a 
pure reactance, the susceptance of which is 0-15 mho. The com- 
bined admittance is 0-314 mho. What is the magnitude of the 
resistance in the circuit ? 

(5) Determine the combined impedance of a resistance R and a 
reactance X connected in parallel. 
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POWER AND POWER FACTOR 

Power in a Circuit. — The power developed in a circuit at a 
given instant of time is equal to the product of the instantaneous 
values of the current and voltage. If the current and voltage are 
obeying a simple sine law, it follows that the magnitude of the 
power developed varies from instant to instant. The simplest 
case to consider is that of a circuit containing nothing but resistance, 
the current being in phase with the voltage. The power curve 
(see Fig. 27) is obtained by multiplying the instantaneous values 
of current and voltage thoughout the cycle. It will be noticed that 
this power curve never falls below the zero line, although it touches 
it at the moments when the current and voltage are zero. Further- 
more, the watt curve obeys a sine law with a displaced axis, the 
frequency being double that of the current or voltage. This can 
be shown mathematically as follows. Let the voltage and current 
at any instant be represented by Em sin and Im sin respectively. 
Tlie expression for the watts is therefore 


E tnl }yi sin^ (jit — Effilm ^ cos 2cof). 


Thus the power consists of two components, viz., \EmIm and 
- \EmI m COS 2a)f. The former component is independent of the 
particular instant of time, whilst the latter obviously obeys a sine 
law of double frequency. The watt curve is really a sine wave 
displaced from the original axis by an amount \E„Jm* Since the 
average value of a sine or a cosine taken throughout a complete 
period is zero, the average value of the power is equal to iEmlm, 
Em and Im being the maximum values of the voltage and current 
respectively, and since the maximum values are equal to \/2 times 
the R.M.S. values, the average power becomes 

} {V^E X V 2 I) = El, 

thus obtaining the same expression as with direct currents. 

Power In a Reactive Circuit. — When a circuit contains both 
resistance and reactance, the current lags behind the voltage by 
an angle </), the value of which depends upon the relative magnitudes 
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of the resistance and reactance. Figs. 28, 29 and 30 illustrate these 
conditions, the angle having values of 30°, 60° and 90° respec- 
tively. The watt curves are obtained in the same way as before, 

viz., by multiplying the instantane- 



ous values of current and voltage. 
Each of these curves cuts the zero 
line four times in every cycle, the 
points occurring when either the 
current or voltage is zero. Also, 
during those portions of the cycle 
where the current and applied vol- 
tage are acting in opposite direc- 


Fio. 27.— Power Curve, «= o“. tions the power is negative, which 



means that during these intervals 
the circuit actually is sending energy 
back to the source of supply. 

The expression for the power is 
given by 

Em sin <i>f X Im sin — <^). 

Expanding this expression it 


Fio. 28.— Power Curve, » 30®. becomes 



Emim sin of [sin of cos ^ — 

cos of sin (f>\ 

= EmIm[Bm^ of cos (f) — 

sin of cos of sin <^] 
= Emlm[i cos — I cos 2 of COS (f) 

— J sin 2of sin <f>] 

= Emlm[i cos <f> — i COS (2of — (^)]. 

Since the average value of a cosine, 
taken throughout a complete period, 
is zero, the average value of the 
above expression is 

\Emlm COS 
or El COS <^, 

considering R.M.S. values. 


Fio. 30.— Power Curve, - 90®. Power FactoF.— Since the value 

of cos if) can never be greater than 
unity, it follows that the power developed in a circuit can never be 
greater than El, although it may be less. Obviously the amount 
of power developed, when the current and voltage are fixed, depends 
upon the angle of phase difference between the current and voltage. 
The factor by which the volt-amperes must be multiplied in order 
to arrive at the watts is called the power factor, the value of which 
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may be anything from unity to zero. Also, it is equal, numerically, 
to cos (f> in the case where the simple sine law is obeyed, but where 
this law is not obeyed it is impossible to speak of the angle of lag 
with any definite meaning, since it may be different at various 

parts of the cycle. However, the ratio — rr— still is chilled 

volt-amperes 

the power factor, and an equivalent sine wave may be substituted 
for the actual wave, the angle of lag, being made such that cos <{> 
is equal to the power factor. The product of volts and amperes is 
termed the apparent power, which is measured in volt-amperes. 

Power Curves for a Reactive Circuit.— Figs. 27-30 show the 
power curves for four circuits where the current lags behind the 
voltage by 0°, 30°, 60° and 90° respectively, the maximum value 
of current and voltage being the same in each case, and the sine 
law obeyed throughout. It will be noticed that as the angle of lag 
increases the proportion of the watt curve below the zero line 
increases, indicating that the circuit is returning to the source of 
supply a larger fraction of the energy supplied to it. It follows, 
therefore, that the net power absorbed by the circuit is less for the 
same volts and amperes. This is consistent with the fact that the 
power factors in the four cases are cos 0°, cos 30°, cos 60° and cos 90°, 
or numerically, I -000, 0-866, 0-500 and zero. The particular case 
of Fig. 30 is worthy of note. The current here is a purely reactive 
one, lagging by 90°, the power factor is zero and the net amount of 
power supplied is zero. This does not mean that the value of the 
power at any instant is zero, but means that the circuit gives back 
to the source of supply as much energy as it receives, and therefore 
the net transference of power is zero. This is indicated in the watt 
curve by the portions below the zero line being equal to the portions 
above the zero line. 

The watt curve is the same shape and size for all values of 
but the amount by which the axis of the curve is displaced from 
the true zero line depends solely upon the value of For example, 
when (f) is zero and the power factor consequently unity, the watt 
curve is wholly on one side of the true zero line, just touching it 
twice every cycle. When <l> is 60° and the power factor 0-5, the 
average height of the power curve is 

\EmJm COS 60° = ^EfnXrny 

this being the amount by which the axis of the curve is displaced 
from the true zero line. The maximum height of the curve in this 
case is therefore 

\Efnlm “h \Emlm — ^Entlmy 

and the curve falls below the true zero line by an amount lEmlm- 

Power Curves for Non-sinusoidal Wave Form. — When the wave 
forms of the current and voltage are not sinusoidal the shape of 
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the power curve reflects these irregularities, being obtained as before 
by the multiplication of the instantaneous values of current and 
voltage. The average height of this curve represents the average 
value of the power. When the voltage wave form contains irregu- 
larities the current wave form will usually differ in shape, as shown 
in Fig. 31, which illustrates a typical non-sinusoidal case. 



FiQ. 31. — Power Curve for Non-slnufloidal Wave Form. 


Measuremeots of Power by Means of a Wattmeter. — The simplest 
method of measitring power is by means of a wattmeter (see page 
151). A wattmeter has two elements, one of 
which acts like, and is connected as, an am- 
meter, being called the current coil^ whilst the 
other acts like, and is connected as, a voltmeter, 
being called the voltage coil. Fig. 32 illus- 
trates the method of connecting a wattmeter 
so as to measure the power in a circuit. 

The wattmeter, used in conjunction with an 
ammeter and a voltmeter, presents the simplest method of measuring 
the power factor of a circuit, for 

, ^ watts 

power factor == — 

^ volts X amperes 

Three Voltmeter Method of Measuring Power.— This is an in- 
structive method of measuring the power in a circuit without the 
use of a wattmeter. Suppose that it is required to measure the 
power absorbed by a partially inductive resistance. A non-inductive 
resistance of somewhere about the same value is chosen, connected 
in series with the unknown inductive resistance, and an alternating 
E.M.F. applied to the circuit. The voltage drop over each com- 
ponent part and over the whole circuit must be measured, and also 
the current flowing. Fig. 33 shows the diagram of connections of 
the circuit and explains the symbols used. It also shows a vector 




Fig. 32. — Wattmeter 
Connections. 
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diagram of the circuit. The power absorbed in the unknown 
inductive resistance is obviously 

AV^ cos ‘ 

(f> being the angle of lag in the inductive resistance. 

From the geometry of the figure we have 

732 = 7*2 + 7^2 + 27*7i cos ^ 

= + 

Therefore ^ (F,* - - Fj*) 



Fig. 33. — Three Voltmeter Method of Measuring Power. 


If the value of the resistance R is known there is no necessity for 
the ammeter A , although usually it is desirable to have it in circuit 
to avoid overheating. The reason why the resistance R should 
be chosen so as to be of the same order of magnitude as the unknown 
resistance is to get the vectors 7^ and 7* approximating to one 
another in magnitude and thereby getting the best experimental 
accuracy with given instruments. 

With the addition of a wattmeter to measure directly the power 
consumed by the unknown inductive resistance, this forms a very 
valuable experiment for students to perform in the laboratory. 
By varying the value of the resistance R and adjusting the appli^ 
voltage so as to keep the current constant, a number of observations 
of the power absorbed by the unknown inductive resistance can 
be obtained. These should, of course, all agree with one another. 
The resistance of the unknown inductive resistance can be obtained 
by dividing the power absorbed by the square of the current. The 
value of the resistance obtained in this manner may be larger than 
the true ohmic resistance, since there may be an appreciable power 
expended due to iron loss consisting of hysteresis and eddy currents. 
The reactance can also be determined from the observations already 
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made. Referring to the vector diagram in Fig. 33, it is seen that 
the voltage overcoming the reactance is given by 

AX = W - {Ar)*, 

where r is the equivalent resistance determined as shown above. 
The reactance can therefore be determined as follows : — 

^ VFi* - (Arf 

JL- j 

The power factor of the inductive circuit can be obtained without 
the use of the ammeter at all, and without knowing the value of 
the resistance R, for 


p 

power factor = 

2V~V, 


Three Ammeter Method of Measuring Power. — ^The principle 
involved in this method of measuring power is very similar to that 
in the three voltmeter method, the difference being that, instead 
of having two component voltages and their vector sum, there are 
two component currents and their vector sum. For this purpose 
it is necessary to have two parallel circuits and to measure the 
currents in the two branches as well as the total current. Fig. 34 




FlQ. 34. — Three Ammeter Method of Measuring Power. 


shows a diagram of the circuit and the necessary instruments, 
together with a vector diagram showing how the various quantities 
are related together. As before, L, r is an unknown inductive 
resistance, whilst R is a nondnductive resistance, which, if its value 
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is known, renders the voltmeter V unnecessaiy ; otherwise R must 
be determined from observations of V and Ag. 

From the geometry of the vector diagram we get 

-<48* = ^2^ + + 2A2A1 cos 

(/> being the angle of lag in the branch inductive circuit. The 
power in the inductive resistance is given by 

P^ = A^V cos <f>. 

Therefore A^^ = Ag* + 

and ^1*) 


whilst the power factor of the inductive circuit is given by 


h.- 

A,V 




2A^A^ 


X 


1 

A,V 


and may be determined without the use of the voltmeter at all. 

As in the previous case, it is desirable to have the magnitudes 
of Aj and A 2 more or less of the same order. Knowing the watts, 
volts and amperes in the inductive resistance, it is a simple matter 
to determine the reactance and the equivalent resistance. 

The student can check this reasoning experimentally by inserting 
a wattmeter in the circuit so as to measure the current through and 
the volts across the inductive resistance. By keeping the voltage 
constant and varying the value of J?, a number of observations can 
be made, all of which should, of course, give the same value for the 
power absorbed in the partially inductive resistance. 

A point of practical importance in carrying out either of these 
tests is that the instniment losses must be negligible, i.e. the volt- 
meter must take a negligible current and the ammeters must absorb 
a negligible voltage. A disadvantage of both methods is that 
the results depend upon the differences of the squares of the ob- 
served quantities and this tends to magnify the experimental 
errors. 

Active and Reactive Components. — Very frequently it is de- 
sirable to consider the current as split up into two components, 
one in phase with the voltage and the other 90® out of phase, or, as 
it is sometimes termed, in quadrature with the voltage. In certain 
cases it is the voltage 'which is thus resolved, but the method of 
treatment is just the same. 
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Fig. 35 shows the vector diagram of a circuit where the current 
is lagging by an angle behind the voltage. The current is resolved 
into two components as indicated above. The magnitude of that 
component of the current in phase with the voltage is /p == / cos 
whilst the magnitude of the component in quadrature with the 

voltage is A = I sin <^. When the former 

[p component is multiplied by the voltage 

^ ^ it gives the total power in the circuit 

and is called the active component, be- 
cause all the watts in the circuit are 
associated with it. There is no net power 
associated with that component of the 
current which is in quadrature with the 
voltage, for the expression for the 
instantaneous value of the power, as far as this component is 
concerned, is, 



Fio. 35. — Active and Reactive 
Currents. 


Em sin X /m sin sin (ci>< — 90®) 

= — \EmIm sin 2co^ sin <f>. 

Since the average value of sin 2 cot is zero, there is no net power. 
This component of the current is therefore called the reactive, or 
wattless, component. 

Energy Stored in the Magnetic Medium. — Whilst there is no con- 
tinued expenditure of energy involved in the passage of a current 
through an inductance, yet there is a quite definite, though small, 
amount of energy expended in building up the field, the whole of 
which is returned to the circuit when the field is destroyed. This 
energy is stored up in the magnetic medium and can be calculated 
in the following way. 

Consider a theoretical circuit having an inductance of L henries 
and absolutely no resistance, and that an E.M.F. is applied to it 
in such a manner that the current increases at a constant rate. 
Then 

E = LI\ 


where E is the instantaneous value of the applied E.M.F. and 7' 
is the rate of growth of the current measured in amperes per second 
(see page 16). Since both L and 7' are assumed constant, the 
applied E.M.F. must also be constant. In other words, a constant 
voltage suddenly applied to a circuit containing only inductance 
would produce a uniformly increasing current, this going on in- 
definitely. Since the resistance cannot be eliminated in actual 

E 

practice, the current tends towards a limiting maximum value 

Returning to the theoretical case with no resistance, suppose that 
the voltage be applied until the current reaches the value of 7 
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amperes. The time necessary for this is j, seconds and the average 
power expended during this interval of time is 

E X U, 

since E is constant throughout and is the average current. 

The total energy supplied is 

iEl X p 

= \Lri X p 

= \LP joules.^ 

The total energy stored up in the magnetic field is independent 
of the rate at which the field was produced, and so it does not matter 
whether it was produced at a uniform rate or not. 

As an example, the energy stored up in the magnetic field of a 
circuit having an inductance of 0*2 henry, when a current of 5 
amperes is flowing, is 

i X 0*2 X 5* = 2*5 joules. 

The whole of this energy is restored to the circuit when the magnetic 
field is destroyed. 

If a sinusoidal E.M.F. be applied to a pure reactance having an 
inductance of L henries the resulting current will lag by 90°. The 
magnetic field is completely built up in the interval between the 
times when the current is zero and at its maximum value of Im 
amperes. During this interval the voltage is decreasing from the 
maximum value of Em volts to zero. The expression for the power, 
taking the time when the current is zero as a starting point, is 

Em sin (cot + 90°) X Im sin cot 
= InfLIm^ sin cot sin (cot -f 90°) 

= nfLIm^ sin 2cot. 


^ This can be determined quite simply by the aid of the caloulus, as 
follows : — 

r 


ei » p = Lt I 
j pdt = j Li di. 


Integrating between the limits 0 and / 
Energy «= 
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The maximum value of the instantaneoua power is, therefore, 
izfLIm^ watts, 

and hence the average value of the power during the interval 
taken is 

2 

- X nfLlm^ watts (see page 12) 

7U 

= 2fLIm^ watts. 

Since the duration of this interval of time is seconds, the 
total energy supplied in building up the field is therefore 

2fLU X i 
= iLIm^ joules. 


Examples. 

(1) A coil having an inductance of 0-05 henry and a resistance 
of 0‘6 ohm has a pressure of 100 volts at 60 cycles applied to it. 
Calculate the power absorbed and the power factor. 

(2) An iron cored choking coil has a non-inductive resistance of 
3 ohms connected in series with it, the voltage drops being 66 and 
60 volts respectively. The applied pressure is 104 volts. What is the 
power absorbed by the choking coil and what is its power factor ? 

(3) Two circuits are connected in parallel across A.C. mains at 
100 volts. One circuit takes 6 amperes at 0'6 p.f. lagging, whilst 
the other takes 10 amperes at 0*8 p.f. lagging. Determine the 
current in the main circuit and the power factor of the arrangement. 

(4) A choking coil has a resistance of 5 ohms and a reactance of 
12 ohms, and has an E.M.F. of 78 volts (R.M.S.) applied to it at 
40 cycles. What is the energy stored in the electromagnetic field 
at the instant that the applied voltage is 88 volts and increasing in 
magnitude i 
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CAPACITANCE AND CONDENSERS 

Condensers. — Two conducting bodies separated by a dielectric 
are said to possess capacitance and the combination is called a 
condenser. There are usually a number of plates of conducting 
material separated by thin sheets of dielectric, alternate plates 
being connected together electrically so as to form two groups. 
In this case the areas of the two sets of plates are equal. If a 
difference of potential be applied to the two conducting bodies, no 
current actually flows through the condenser, unless the insulation 
be broken down, but the conducting plates become charged. This 
means that a certain definite quantity of electricity is stored up 
on the plates, one of which is positively and the other negatively 
charged, these charges being equal. The amount of charge which a 
condenser takes in given conditions depends upon its dimensions 
and the material of the dielectric, being proportional to the area of 
the conducting plates and inversely proportional to the thickness 
of the separating dielectric. If a number of condensers be taken, 
having equal dimensions but with various materials as the dielectric, 
it will be found that they take different charges for the same potential 
difference. This is due to a property of the dielectric called its 
permittivity corresponding in some ways to specific resistance in 
the case of a conductor. The permittivity of air is taken as unity. 

Unit of Capacitance. — The charge which a given condenser 
stores up is proportional to the charging voltage. Since the charge 
consists of a quantity of electricity, it is measured in coulombs on 
the practical system of units. Thus we have 

Q = CE, 

where Q is the charge measured in coulombs, E is the charging 
voltage, and C is some constant. If a particular condenser takes a 
charge of one coulomb when a potential difference of one volt is 
applied, the value of the constant C is also unity. Such a condenser 
is said to possess unit capacitance, and the name of the unit is the 
farad. Thus the capacitance of any condenser is given by the 
expression 



^ Older names for the same property are didectric constant and specific 
ind/uctwe capacity. 
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case of the charge flowing into or out of the condenser as the case 
may be. 

The effect of an alternating E.M.F. on a condenser will now be 
discussed, a sinusoidal wave form being assumed. 

Let the applied E.M.F. be represented by 

Em sin oit. 

As shown on page 16, the maximum rate of change of voltage is 
Em volts per radian or 2nfEm volts per second, and is positive when 
the actual value of the voltage is zero and increasing. But since 

Q = CE, 

Current = rate of change of Q 

= C X rate of change of E. 

Therefore 

In = C X maximum rate of change of E 
= C X 2KfEm. 

Considering R.M.S. values 

1 = 2nfCE.^ 

On examining the curves in Fig. 36, which represents the condi- 
tions in a capacitive circuit, it is seen that the charging current leads 



Fig. 36. — Power and Energy Curves for a Condenser Circuit. 

^ The current o&d. be calculated by meeuis of the calculus, thus : — 

^ <U 
cU 

^diEf^BUi <i)t) 
dt 

S3S taCEf^ cos cuf 

SSI 2irfGEt^ sin (cof -f 90®). 

This shows that the current leads the voltage by 90®. 
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the voltage by 90°, being exactly opposite in this respect to an in- 
ductance. The reason for this is that, in an inductance, the applied 
voltage is equal and opposite to the back voltage set up, this being 
proportional to the rate of change of the current, whilst, in a con- 
denser, the current is proportional to the rate of change of 
voltage. 

Physical Meaning of Charging Current. — At the commencement of 
the cycle, when the value of the voltage is zero, the rate at which 
the voltage is increasing is a maximum, and consequently the rate 
at which the charge is increasing is a maximum. The current 
flowing into the positive plate is, therefore, a maximum at this 
instant. During the progress of the next quarter of a cycle the 
rate at which the voltage is increasing continually diminishes and 
the current flowing into the positive plate continually decreases 
until, at the moment when the voltage is no longer increasing, the 
current falls to zero. All this time current has been flowing into 
the positive plate of the condenser which contains its maximum 
charge at the moment when the current ceases to flow in. Thus, 
at the moment of maximum voltage the charge on the plates is a 
maximum, but the current is zero. As the voltage begins to de- 
crease, the charge also begins to decrease, and this results in an 
apparent current flowing the other way through the condenser. 
Really it is the charge flowing out of the plates. The voltage 
continues to decrease at a greater and greater rate and, conse- 
quently, the current continues to increase. This goes on until the 
voltage has fallen to zero and the condenser is completely dis- 
charged. The voltage now begins to rise in the other direction and 
the complete chain of events is repeated in the next half-cycle. 
In a complete cycle, the condenser is twice charged and discharged, 
once in each direction. 

Power and Power Factor of Capacitive Circuit. — It has been shown 
that the current leads the voltage by 90°, and if the voltage is 
represented by the expression 

e = sin co^ 

the current is represented by the expression 
i = Jm sin (cot + 90°). 

The instantaneous value of the power is represented, therefore, 
by the expression 

ei = EmJm sin cot sin (cot + 90°) 

= \EmIm sin 2cot. 

Since the average value of sin 2cot, taken throughout a complete 
cycle, is zero, it follows that the average power supplied to the 
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condenser is zero. The power factor of a circuit containing only 
capacitance is, therefore, also zero. This can be realized when it is 
remembered that no heat is produced and no work done. As a 
matter of fact, in commercial condensers, there is a slight energy 
loss in the dielectric, but the mechanism of this action is somewhat 
Complicated and lies outside the scope of this book. There is also 
a minute PR loss, due to the fact that the current has to flow over 
the plates which have a definite ohmic resistance. The result of 
these two actions is to raise the power factor from zero to a value 
which usually lies between 0*003 and 0*01. For ordinary purposes, 
the power factor can be taken as zero. 

As in the case of an inductance, although the average power 
supplied is zero, the power at a given instant may have quite a 
definite value. The power curve of a condenser is shown in Fig. 36. 
It is seen that the condenser is receiving charge up to the moment 
when the voltage attains a maximum and that it is being supplied 
with energy during this interval. During the next quarter of a 
cycle, the voltage falls to zero and the condenser is discharged. 
The power curve shows that during this interval the condenser 
delivers back to the line the same amount of energy that it previously 
received, and this chain of events is continually repeated. The 
fourth curve in Fig. 36 shows the amount of energy stored up in 
the condenser at different moments throughout the cycle. 

Energy of Charge. — In order to determine the energy associated 
with the charge, assume that a uniformly increasing voltage is 
applied at the rate of E' volts per second for a period of t seconds. 
The total voltage applied, Ey is equal to E't, If the capacitance of 
the condenser be C farads, then the charge on the plates is equal 
to CE coulombs. Since the rate of change of voltage is constant 
the current is constant and equal to 


7 Q CE 
1 = ^ = — amperes. 
t t 


The average power supplied is 
iE X 1 


CE 

= iE X watts. 

t 


The total energy supplied is 


iE X t 

= iCE^ joules.^ 


^ Taking the case when a sinusoidal E.M.F. is applied, this can be proved 
by means of the calculus as follows ; — 

Instantaneous power = ei = sin 2<o4 

where <o == Stt/ and t = time in seconds. 
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In Fig. 36 the height of the energy curve at the end of a quarter 
of a cycle is equal to \CEn? joules. It is immaterial whether the 
voltage is applied at a uniform rate or not, the energy associated 
with a given charge being dependent only on the magnitude of the 
applied voltage and independent of the rate at which it is applied. 

When the applied voltage obeys a sine law the instantaneous 
value of the power is given by 

ei — iErrJm sin 2o)< 

= iEm X oiCEm sin 2oit 
= \(iiCEn? sin 2co^ watts. 

The maximum value of the power is, therefore, 

\<iiCEtt? watts 

and the average value, taken over a quarter-cycle, is 

2 2 

- X \tsiCEn? = - X nfCEm^ watts. 

TZ 1Z 

The total energy supplied in a quarter of a cycle is 

- X nfCEm^ X 
TT 4/ 

= iCEm^ joules. 

Dependence of Current on Voltage, Capacitance and Frequency.— 

If any two of these quanti- 
ties be kept constant and 
the third one varied, the 
current will be directly 
proportional to the quan- 
tity which is varied. Fig. 
37 shows the relations 
which exist in a particular 
circuit, the data being 
given in the diagram. 

0 25 60 75 100 Volte for/ - 50, 6’ » 10 

0 2*5 5-0 7-5 10 for / =* 50, £ *= 100 Volte. 

0 12-5 26 37-5 50 Cycles per Second for E » 100 Volts 

and C •“ 10 fiF, 

Fia. 37. — Dependence of Current on Voltage, Capacitance and Frequency. 

Energy supplied during a qucirter of a cycle 

TT rt 

*= I eidt J ^ i^m^m sin 2wt dt 

r 1 

' L “ 4^^**^*" 2c£)f J 

2a> 

= 2irJCEfn = (jjCEfn, 

« iCE„*. 


But 

Therefore energy 
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The capacitance of a number of condensers in parallel is the sum 
of their individual capacitances, but condensers in series, or in 
cascade, as it is sometimes called, obey a law of the following 
type 

1 - 1 I ... 

resultant capacitance Ci 


Impedance of a Capacitive Circuit. — The relation between current 
and voltage in a capacitive circuit is given by 

I = 2nfCE, 

and since the impedance of a circuit is given by the ratio of volts 
to amperes, it follows that 


J- 

/ ”" 2nfC 


OiC 


The formula is similar to the corresponding one for a purely in- 
ductive circuit with the important exception that 2nfC comes in 
the denominator whilst 2nfL comes in the numerator of the respective 

expressions. The quantity is called the capacitive reactance, 

to distinguish it from the quantity 2TzjL which should now be called 
inductive reactance,^ 

This relationship enables us to calculate the capacitance of the 
circuit if the voltage, current and frequency are known ; for accurate 
measurements, however, this method is not to be commended, as 
the presence of a condenser in the circuit has the effect of magnifying 
any distortion of the current wave form, and the factor 2k is only 
correct in the case of a sine wave. 

Circuit containing Resistance and Capacitance. — In order to force 
a current through a circuit containing both resistance and capacitance 
in series, a voltage must be applied capable of overcoming both 
the ohmic resistance and the impedance of the condenser. The 
magnitude of the former component is /i? volts and is in phase with 
the current, whilst the magnitude of the latter component is 

X / and lags behind the current by 90®. The resultant 

ZkjC 

voltage which has to be applied is the vector sum of these two 
components and lags behind the current by some angle less than 
90°. 

Fig, 38 shows graphs of these various quantities and also a 

^ In practice the word inductive is often dropped except when it is specially 
desired to avoid confusion. 
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vector diagram of the circuit. It is seen that the resultant voltage 
E is equal to 


\/ Ei^ + ^0^ 



= 7 



The impedance Z is equal to 




Fig. 38. — Voltage Curves for Circuit Containing Keslstance and Capacitance, 


As an example, take the case of a circuit consisting of a resistance 
of 40 ohms in series with an adjustable condenser, the voltage being 
100 and the frequency 50. When the value of the condenser is 
60 [lF the current is 

^ 100 

= 1‘507 amperes. 


The voltage across the resistance is 

77^ = 40 X 1*507 
= 60*3 volts. 

The voltage across the condenser is 

10 « 


Eg = 


27r X 50 X 60 
= 79*9 volts. 


X 1-607 



VI 


CAPACITANCE AND CONDENSERS 


66 


The values of the current and impedance for various values of 
the capacitance are shown graphically in Fig. 39. 



Fig. 39. — Variation of Current and Impedance with Capacitance. 

Circuit containing Resistance^ Inductance and Capacitance. — 

When a circuit contains all these three quantities, peculiar con- 
ditions are set up due to the various phase relationships. In the 
case of an inductance the current lags by 90® behind the voltage, 
whilst in the case of a capacitance the current leads by 90®. If these 
two are in series the current must have the same phase throughout. 



Fig. 40. — Voltage Curves for Circuit containing Eesistance, Inductance and Capacitance. 


and consequently the voltage must have a phase difference of 180® 
over these two portions of the circuit. This means that the two 
voltages are diametrically opposite and the combined voltage over 
the two is their arithmetical difference. It is quite possible for each 
of these component voltages to be considerably in excess of the 
impressed E.M.F. Fig. 40 shows the vector diagram and also the 
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various sine curves for a simple series circuit containing resistance, 
inductance and capacitance. The resultant voltage may lead or 
lag behind the current, this depending on whether the inductance 
or the capacitance predominates. The magnitude of the voltage 
absorbed by the inductance plus the capacitance is given by 


Combining this with the voltage absorbed by the resistance, 
we get, for the total applied voltage. 


The impedance of the circuit is therefore given by 


If 


2nfC 


is greater than 2tu/L, the quantity inside the bracket is 


negative and this signifies a leading current. However, the square 
of this quantity is always positive, so that the impedance can 
never be less than R, no matter what may be the values of 2nfL 


2nfC' 

Resonance. — ^When a circuit contains both inductance and 
capacitance it is said to possess resonance. The effects may be 
likened to those produced on a pendulum in which considerable 
vibrations can be set up by the successive application of very small 
blows, providing these blows are timed correctly. The frequency 
of the blows corresponds to the frequency of the applied voltage. 
In the case of the pendulum, if the blows are applied at a different 
rate the resulting swing will be considerably less, even though the 
impulses may be of greater magnitude. Similarly, in the electrical 
case, if the frequency be changed, the current will be considerably 
reduced. When the inductance and capacitance are in series, reson- 
ance is shown by the increased current taken and by the rise in 
voltage over the choking coil and the condenser when the frequency 
is adjusted to the correct value. In this case the circuit is said to 
possess voltage resonance. 
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It is obvious from the expression for the impedance that its 
minimum value occurs when 

Of course, a decrease in the resistance always lowers the impedance, 
and vice versa. The resonance is only affected by the inductive 
and capacitive portions of the circuit. With a given amount of 
inductance and capacitance there is one particular value of the 
frequency which will give maximum resonance. This is obtained 
when 


Then 


and 


1 

2nfC 

1 

2Tr/C’ 

LG 

1 


2nfL-~ = 0. 
2TzfL = ; 

(2nf)^ = 


^ 2nVLC 


Resonance of a lesser amount will occur at other frequencies. 

If a circuit contains a fixed amount of inductance and the 
frequency is kept constant, then maximum resonance can be ob- 
tained by varying the capacitance in the circuit. The necessary 
conditions are obtained when 

C 1 - 

{27t/)*L 

As an example, take the case of a series circuit containing a 
capacitance of 50 piF, an inductance of 0-2 henry and a resistance of 
5 ohms. The frequency for maximum resonance is 

1 

^ ^ 2W^ X 60 X 10-« 

= 50-33 cycles per second. 


At this frequency the impedance is exactly 5 ohms, so that if the 
voltage were 100 the current would be 20 amperes. 

The voltage across the condenser is given by 


Ec = 


/ 

2nfC 

20 X 10« 


2n X 50-33 X 50 


^ 1268 volts. 
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The voltage across the inductanoe is given by 
El. = 2nfLI 

= X 50-33 X 0-2 X 20 
= 1268 volts. 

If the frequency falls to 49, then the impedance would bo 




27r X 49 X 0*2 — 


27c X 49 X 60/ 


= 6*02 apparent ohms. 
The current would be 


7 ^ 

/ = ^ = 6^ amperes 

and would lead the voltage since is now greater than 2nfL. 

The voltage now across the condenser is 

^ 16*6 X 10« 

27r X 49 X 50 
= 1078 volts, 

and the voltage across the inductance is 

El = 2n X 4:9 X 0*2 X 16*6 
~ 1022 volts. 

The voltage across the two combined is 

1078 - 1022 
= 66 volts. 

The voltage across the resistance is 16*6 x 6 = 83 volts. 

- If the frequency were raised to 61 the impedance would be 




2rc X 61 X 0-2 - 


2k X 61 


: Y 

X 60/ 


= 6*28 apparent ohms. 


The current would be = 18*94 amperes. 

• 

A variation of the frequency in either direction brings about a 
reduction in the current. Fig. 41 shows how the inductive and the 
capacitive reactances vary with the frequency. The impedance is 
the difference of these two reactances (neglecting resistance). As 
the frequency is raised, the impedance faUs, becomes zero, and then 
rises again. The point of resonance occurs when the impedance is 
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zero. At lower frequen cies the resultant reactance is capacitive in 
nature anJ the current leads, wKIst at Tugher frequencies the 
resultant reactance is inductive in character and the current lags. 
At resonance, the voltage across each individual part of the circuit 
may be very greatly in excess of the total voltage applied. 



Fig. 41. — Effect of Frequency in Eesonating Circuit. 


In actual practice, it is impossible to avoid a certain amount of 
resistance, and so the impedance never really falls to zero. The 
ratio of the voltage across either the inductance or the capacitance 
to the total voltage applied to the circuit is called the step-up ratio 
of the circuit. 

Current Resonance. — The above example serves as an illustration 
of voltage resonance in a series circuit. When, however, a condenser 
is placed in parallel with a choking coil, with a fixed voltage across 
each, a local circulating current is set up producing what is known 
as current resonance. Fig. 42 illustrates such a circuit. A 



Fig. 42. — Circuit posscBsing Current Resonance. 


voltage, E, applied to the circuit produces, through the inductance, 
L, a current 

1l = 
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lagging 90® behind the voltage, and, through the condenser, (7, a 
current 

Ig = ^nfCEf 


leading the voltage by 90®. The resultant current is the numerical 
difference of these two components and is given by 

/ = - /c 

If perfect resonance takes place in an ideal resistanceless circuit, 
then 7 = 0, and the circuit behaves as a perfect insulator. 

Therefore 2^L ~ ^ 

^ "" 2n\/LC 

as before. 

If only partial resonance takes place, i.e. if the above equation 
is not fulfilled, then the current supplied from the source is the 
difference of the currents in the two branches. Assuming that 
the current in the inductive branch is the larger, then the difference 
between this and the main current is 

= Ic. 

The conditions correspond to a circulating current equal to that 
in the weaker branch, together with a current from the supply 
to make up the current in the stronger branch. This external 
current leads or lags by 90® ; the former if the current in the con- 
denser predominates, and the latter if the current in the choking 
coil predominates. 

In practice there is usually an appreciable amount of resistance 
in the inductive circuit, and an example will be worked out in 
order to illustrate the procedure in this case. The circuit in the 
example on series resonance is chosen for this purpose, the con- 
denser being in one branch and the inductance and resistance in 
series in the other branch. At a frequency of 60*33 the current 
through the condenser is 

lc = 2nX 60*33 X 60 X 10" « X 100 
= 1*681 amperes. 

The current through the inductive circuit is 

100 

It + B- ^ gg.33 ^ g. 2 )* 

= 1*676 amperes. 
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inductance is zero, and hence the magnetic field is zero and has no 
energy stored up in it. A quarter of a cycle later the field has 
reached its maximum value and has its maximum amount of energy 
stored up in it. But now the voltage across the condenser has 
dropped to zero and it is discharged. If perfect resonance is taking 
place, the^e two maximum amounts of energy are equal, for 


2nfL = 


1 

2nfG^ 


Multiplying each side by 


Therefore 


2nfLlm^ = 


In? 

2nfG 
(2nfGEm) 
^ 2nfG 
= 2nfCErr?. 
\LIrr? == \GEn?. 


2 


At intermediate points in the cycle there is energy present in 
both magnetic and electrostatic form, but the total quantity is 
always the same. For instance, when the voltage has the instan- 
taneous value of 

e = Em sin co<, 

the energy stored up in the condenser is 
\Ce^ = \GEtr? sin^ 

The current in the inductance is 

i == Ijn sin (of — 90®), 
and the energy stored up in the inductance is 

= iLIn? sin^ (co^ — 90®) 

= iLIn? cos^ <0^. 

But since iLIn? = iGEn? 

ilA^ =iGErr? cos* coi, 

and the total energy stored up in both condenser and inductance 
is, therefore, 

iCErn^ sin* + iGEn? cos* (d 
= iCEm^ (sin* < 0 ^ + cos* d) 

= iCEn?’ 


After the currents have been once started there is no further 
supply of power necessary. The condenser in discharging liberates 
sufficient energy to build up the magnetic field, and this in turn, 
on its collapse, provides the necessary energy to charge the con- 
denser. If resistance is present in the local circuit, energy is being 
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late the current, the voltage drop over the condenser and the 
maximum charge in the condenser in micro-coulombs, 

(2) A circuit consisting of a resistance of 6 ohms, an inductance 
of 0*05 henry and a capacitance of 200 jxF in series has 100 volts 
applied .to it at a frequency of 60. Calculate the impedance, the 
current and the voltage across the condenser. Repeat for a 
frequency of 60. 

(3) A circuit contains an inductance of 1-6 henries; what value 
of condenser will be necessary to bring the current in phase with 
the volts on a 60 cycle supply ? 

(4) An inductance of 0*407 henry and a capacitance of 100 fxF 
are connected in series and the frequency adjusted for perfect 
resonance. The R.M.S. voltage across the capacitance is 600 volts. 
What is the maximum amount of energy stored in the electromag- 
netic field of the inductance i 
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But the angle ACD is also equal to CD being a vertical line 
dropped from 0 on to AB. Thus 

AC X cos (f> = CD 

and the power becomes proportional to 

AB X CD, 

Since AB is constant, the power absorbed by the circuit is given by 
the vertical line CD to a suitable scale of watts. This scale having 
been determined experimentally for one value of the resistance, 
the power absorbed for all other values of the resistance can be 
scal^ off from the diagram. This power becomes a maximum 



D" [)' D B 


A C B 


IX JR 

Constant 


Fio. 45. — Circuit with Constant Keactance, 


when the point D is situated at D'^ midway along AB, the height 
C"D" being equal to the radius of the circle. Moreover, at this 
point the angle of lag is 46® and the power factor is, therefore, 

or 0*707. If the current and the voltage be measured under 

these conditions the power is given by 

El X 0*707, 


and this enables the scale of watts to be settled. The power factor 
CB 

is given by — 5 , and since AB is constant, CB is proportional to the 

power factor. The scale can be ascertained from the fact that at 
C'^ the angle of lag is 45®, and consequently C"B is 0*707. The total 

E 1 

impedance is equal to -j , and hence is proportional to 


If a wattmeter be included in the circuit, and the value of the 
resistance gradually reduced, the power will first be seen to increase, 
then attain a maximum value, and finally decrease again, even 
though the current is increasing throughout. The reason for this 
is that as the resistance is decreased the current goes up, but the 
power factor is reduced since the ratio of resistance to reactance 
is getting less. At first, the current increases at a greater rate than 
the power factor decreases, the power increasing, whilst beyond a 
certain point this is reversed and the power begins to decrease 
again. At the commencement, the current is small, but the power 
factor is high, whilst later on the current is large, but the power 
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where 


= EB X ^ 


cos a 


cos a 


+ EB 


ebL—^^ + l) 

\sin a — cos a / 


= EB X -r- 


sm a 


sin a — cos ct 
= EB X h, 

sin a AC 


sm a 


cos a 


EB 



AE 


Fig. 47.— Values of k - 

sin a — cos O' 

The quantity k = { . — ^ ) can be determined from the 

^ \sm a — cos a/ 

EB 

voltage ratio and this relationship is shown in Fig. 47. The 

reactance of the choking coil, therefore, is equal to the external 
resistance multiplied by the constant k which depends upon the 
ratio of the voltages over the resistance and choking coil. The 
observations must, of course, be taken at the point where the 
wattmeter reading is a maximum. 

Circuit containing Capacitance and Resistance.— The circle 
diagram in this case Ls similar to the previous ones, with the exception 
that the voltage over the resistance leads the applied voltage and con- 
sequently is drawn from the left end of the semicircle as shown in 
Fig. 48. Otherwise, this case can be treated in the same way as a 
pure inductance, since the energy losses in the condenser will be 
negligible. 

Two Impedances in Series. — ^If a constant impedance be con- 
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nected in series with a variable impedance, the latter being varied by 
means of its resistance only, the example resolves itself into a case 
of two constant reactances, a constant resistance and a variable 
resistance in series. The circle diagram for this circuit is illustrated 
in Fig. 49. AB, on which the semicircle ACB is erected, represents 



Fig. 48. — Circuit containing Capacitance and Resistance. 


the constant applied voltage. This base AB is divided at D so that 
where and are the reactances of the two imped- 

DIj 2 

ances, and a semicircle AED is erected on the base AD, Now any 

AE 

line drawn from A, such as AC, will be divided at E so that = 



A E C G B 

Vouer Vover VowrYomr 
X2 R2 E, 


Constant 


Fig. 49. — Two Impedances in Series. 

This can be seen from a consideration of the similar triangles 

AED and ACB. A vertical line BF is next erected at the point B, 

BF R 

its length being such that ^ , where R^ is the constant 

AJL/ ^ j 

resistance of the first impedance. A semicircle BOF is erected on 
BF intersecting the line CB at C. Since the angle QBF = a, 
therefore 


and 

Therefore 


OB = BF cos a 
AE == AD cos a. 

AE AD ” Xj 


Since it is a series circuit and AE represents the voltage across Xj, 
GB will represent the voltage across R^, and consequently CO will 
represent the voltage across the variable resistance i? 2 * The 
voltage across the variable impedance is given by EO and the voltage 
across the constant impedance by the vector sum of AE and OB, 
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Circle Diagram for Two Parallel Circuits. — If a circuit be built up 
of two parallel branches, each consisting of a resistance and a 
reactance, but connected so that the resistance of one branch is 
opposite to the reactance of the other, then a complete circle diagram 
can be drawn as shown in Fig. 50. 

The voltage across the two points C and D is given by the vector 




Fiq. 50. — Circle Diagram for Two Parallel Circuits. 

CD, its maximum value being equal to the applied voltage and 
occurring whenever G and D are at opposite ends of a diameter. 
The conditions necessary to make the voltage CD a maximum are 
that 

IiRi = 

and — 12-^2 



The phase difference between the voltage CD and the applied 
voltage can be adjusted to any value by regulating the amounts of 
resistance and reactance in the circuit. In order to obtain a phase 
difference of 90^", the resistance of each branch must be ‘made equal 
to the corresponding reactance. 

A similar circle diagram can be constructed for a circuit in which 
the choking coils have been replaced by condensers, the only differ- 
ence being that the reactive voltage is drawn to the right in the top 
half of the diagram, and to the left in the bottom half, since the 
current leads the voltage in a condenser. 

A further case of parallel circuits which may be considered is 
that wherein one branch consists of a choking coil and a resistance, 
whilst the other consists of a condenser and a resistance. The 
circle diagram for such a circuit is illustrated in Fig. 51. A point 
to be noted is chat this time the two resistances are opposite to one 
another, instead of being opposite to the choking coils. In this 
case, the conditions necessary to make the voltage CD a maximum 
are that 

1 1^1 = ^ 2^2 


and 
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If, in addition, — X-^ and, consequently, R^ — Xg, the figure 
ACBD becomes a square and the voltage across CD is 90° out of 
phase with that across AB, 

Again, if and X^ are made equal to \/3 X R^ and V3 X R^ 
respectively, the angles CAB and DAB will each be 30°, the triangle 
ACD will become equilateral, and the tliree voltages AC, CD and 
DA will all be 120° out of phase with each other. 

If, however, additional circuits are connected to these various 
points and current taken off, the relative phases of the voltages 
are affected and the above relations no longer hold good. 




Fig. 51. — Circle Diagram for Two other Parallel Circuits. 

Inversion. — In drawing the impedance diagram the line repre 
senting inductive reactance is drawn upwards, so that the impedance 
appears to be ahead in phase with respect to the resistance. The 
applied voltage is equal to IZ and assumes the phase indicated by 
the impedance line. In the corresponding admittance diagram 
the line representing the susceptance is drawn downwards, so that 
the admittance appears to lag behind the conductance. The current 
is equal to EY and assumes the phase indicated by the admittance 
line. Let these two diagrams be drawn together on the same base 
line as shown in Fig. 52, where OZ^ is intended to represent an 
impedance to a certain scale and OY^ its admittance, the scale of 
the latter being so chosen that the actual lengths of and OTj 
are the same. The angle above and below the horizontal is the same 
in each case. Another impedance of different magnitude and with 
a different phase angle is represented by OZ 2 , its admittance being 
OF 2 - The angles are again equal, but this time, since OZ<^ is larger 
than before, OFgj the reciprocal, is smaller than before. The 
points Fj, Fj, etc., are called the inverse points to Z^, Zg, etc., and 
the product OZ-^ X OFj = OZg X OFg is called the constant of 
inversion. 

In the case of a circuit containing a variable impedance, the ends 
of the impedance and admittance lines each trace out a locus, these 
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two being the inverse of each other. If now the admittance lines 
be drawn on the wrong side of the zero line, they will appear at 7^', 
Yj', etc. Assuming these two loci to be known, as shown in Fig. 52, 

any line drawn from the origin to the 
L impedance locus will also cut the 
admittance locus (the line must be 
produced if necessary) and the intercept 
n will give the value of the admittance 

^ocj^ directly. 

Simple Inversion Dia^am.— Con- 
' aider the case of a circuit consisting 

of a known constant resistance and a 

variable reactance in series. The locus 
impedance is a vertical straight 
^ line as shown in Fig. 53, the horizontal 

line OB, representing the constant resist- 
ance. It can be shown geometrically 
that the inverse of such a straight line 
no. 62.-inver8e Pointe. ^ circle passing through 0, its centre 
lying in OR or OR produced. The 
diameter of the circle can be chosen at will, this merely affect- 
ing the admittance scale and altering the constant of inversion. 
The inverse of the point is at 7, thus fixing the admittance 

scale, for OY and OR is known. For any value of the 


Fig. 62. — Inverse Points. 



Fio. 63.— Simple Inversion Diagram. Fig. 64.— Inversion Diagram for Constant 

Reactance. 

reactance such as RZ^ or RZ^, giving an impedance OZ^ or 
OZj, the corresponding admittance is OY^ or 07*. Inductive 
reckctances are drawn upwards and capacitive reactances downwards, 
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but it must be remembered that the admittances come on the wrong 
side of the line. This can be rectified if desired by re-drawing them 
in their correct position. 

Inversion Diagram for Constant Reactance. — The circuit is here 
supposed to consist of a constant reactance and a variable resistance 
in series. The constant reactance is represented by OX in Fig. 54 
and the resistance locus by a horizontal line to the right commencing 
at X. The impedance for any resistance is given by a line drawn 
from 0 to this locus, the value of the resistance being set off from X. 
As before, the inverse of the impedance is given by a circle passing 
through 0, but this time its centre lies in OX (or OX produced). The 
left-hand half of the circle is here omitted, for this would correspond 
to negative resistances. The admittance corresponding to any 
impedance OZ is given by 0 Y . 

Inversion Diagram for 
Two Parallel Circuits. — The i 


case wiU be considered of 
a constant reactance and 
variable resistance in series, 
and a constant impedance 
in parallel with the com- 
bination. The variable im- 
pedance is first inverted to 
obtain its admittance, after 
which the constant admit- 
tance is added (see page 36). 
The combination is then 
re-inverted to obtain the 
resultant impedance. 

First of all the impedance 
of the variable circuit is in- 
verted in the manner already 
described, thus obtaining the 
Yi locus shown in Fig. 55. 
To this must be added the 
constant admittance Y 2 ^ 011 - 
sisting of a conductance 0 
and a susceptance B, To 
effect this every point 
must be raised through a 
vertical distance B, and 





moved to the right by a 
horizontal distance 0, thus 


Fiq. 55. — Inversion Diagram for Two Parallel 
Circuits. 


obtaining the point The 

semicircle may now be re-drawn with every point displaced by a 
distance PiP2» but it is simpler to move the origin back to 0' by an 
equivalent amount. Lines drawn from 0' to the Y^ locus now repre- 
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sent the combined admittance of both branch circuits. Thus for 
any value of the resistance XRy the resultant admittance is 0' Y, 

The next step is to re-invert this admittance to obtain the 
final impedance. It can be shown geometrically that the inverse 
of points lying in a circle lie in another circle, the centres and 
the origin lying in a straight line. Again, when one circle is the 
inverse of another circle, a tangent to either circle passing through 
the origin is also a tangent to the other circle. is chosen as the 
centre of the final impedance circle, the scale being different from the 
original impedance scale, since the size of this new circle has been 
chosen arbitrarily. The resultant impedance corresponding to a 
value of the variable resistance equal to XR is given by O'Z, to the 
new scale, the inclination of this line to the horizontal also giving 
the correct phase angle. It should be emphasized that the “ near ** 
point on the Z locus is the inverse of the far ’’ point on the Y locus 
and vice versa. 

Inversion Diagram for Series-parallel Circuits. — In order to 
obtain the resultant impedance or admittance of a complex circuit 
with sections in series and in parallel, the admittance of two parallel 
branches is first obtained, after which this is inverted. The resulting 
impedance is then added to the portion in series with it. This inversion 
and re-inversion can be carried out as many times as is necessary. 

Examples. 

(1) A choking coil and a non-inductive resistance are connected 
in series across 100 volts, the voltage drops being 65 and 55 volts 
respectively. Determine the voltage across the choking coil for 
maximum power. 

(2) An inductive reactance of 5 ohms and a capacitive reactance 
of 8 ohms each have an adjustable resistance in series with them, 
and the two circuits are connected in parallel across 200 volts. 
Draw the circle diagram and determine the p.d. between the ter- 
minals of the inductance and capacitance which are not connected 
together, when each resistance is adjusted to 10 ohms. 

^ (3) A choking coil having a resistance and reactance of 3*85 

and 9*25 ohms respectively is connected in parallel with its duplicate, 
but in series with the latter is an adjustable resistance. Draw the 
inversion diagram and determine the combined impedance when the 
adjustable resistance is set to 20 ohms. 

> (4) Draw the inversion diagram for a condenser and resistance 

in series, the combination being in parallel with an inductance and 
resistance in series. 

(5) An air-cored choking coil has a reactance of 10 ohms and a 
'resistance of 2 ohms. It is connected in series with an adjustable re- 
sistance which can be varied between zero and 50 ohms. Draw the in- 
version diagram of the circuit and plot a curve showing the relation 
between current and angle of lag. Assume a supply of 100 volts. 
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Hysteresis. — The flux density which results, in a specimen of 
iron, from the application of a given magnetic force depends upon 
the previous magnetic history of the specimen. The B — H curve 
lies higher when taken with descending than with ascending values 
of Hy and if the magnetic force be reversed the flux density appears 
to lag behind the magnetic force. In fact, if the magnetic force 
be carried through some cycle, finally returning to the starting point, 
the curve connecting the flux density with the magnetic force will 
describe a figure which may or may not be a closed loop. If the 
specimen be taken through the same cycle of events a number of 
times it will eventually come into what is termed a cyclical state, 
and the complete B — H curve will then be a closed figure known as 
the Hysteresis loop. It is usually determined by magnetizing the iron 
to equal extents in either direction so that the hysteresis loop is 
symmetrical about the origin of the curve. This really amounts to 
an alternating flux with the same maximum in either direction. 

In changing the state of magnetization of the iron, some of the 
molecular magnets are displaced relatively to one another, and this 
results in a kind of molecular friction, heat being engendered. 
Hence energy must be supplied to the iron to provide for this 
wastage. It has been shown that a certain definite quantity of 
energy must be supplied in building up the magnetic field, but in 
the case of materials exhibiting hysteresis the whole of this energy 
is not given back to the source of supply, for 
when the magnetizing current has dropped to 
zero some magnetic flux still remains, retaining 
a certain amount of energy. Hence, during the 
complete cycle there is a net amount of energy 
supplied to the specimen, this energy being con- 
verted into heat, and it can be shown that the 
amount thus lost is proportional to the area of 
the hysteresis loop. 

In order to get the iron into a cyclical state so as 
to obtain a normal hysteresis loop, it is necessary 
to take the specimen through the complete cycle about fifty times, 
always taking care to travel round the loop in the same direction. 
Fig. 56 shows a typical example of a hysteresis loop when the 
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Fio. 56. — Hysteresis 
Loops. 
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specimen has been carried through a symmetrical and an un- 
symmetrical cycle. The hysteresis loss increases appreciably 
when the cycle is changed from a symmetrical to an unsymmetrical 
one, indicated by an increase in the area of the loop, although 
the maximum vertical height remains unaltered. 

Steinmetz’s Law. — Steinmetz enunciated the law, based on 
experimental observation, that the area of the hysteresis loop is pro- 
portional to the l*6th power of the maximum flux density, for 
moderately low flux densities, although this index has a larger 
value for higher flux densities. This figure is known as the 
Steinmetz index. For very accurate work, a slight correction has to 
be made, since the hysteresis loop has no appreciable area if the 
maximum flux density is not carried beyond about 100 lines per sq. 
cm,, and the corrected expression takes the form (B — 100)^, the 
index x being very slightly modified. The value of this correction 
becomes apparent when measurements at low flux densities are made, 
although for most practical purposes it may be neglected. This 
variation is sometimes allowed for by using different values of the 
index for different maximum values of the flux density, this rising 
to as high a value as 4 in extreme cases (see pages 83 and 236). 

The hysteresis loss per cycle is proportional to the volume of 
the iron or steel used, but it has been found that over very wide 
ranges the loss of energy per cycle is unaffected by change of fre- 
quency, from which it follows that the power loss in watts is directly 
proportional to the frequency. The final expression for the power 
wasted in hysteresis is 

P/t = hXvxfxB^X 10"’ watts, 

where A is a constant known as the hysteretic constant and usually 
has a value ranging from 0*0005 to 0-001 in the case of soft annealed 
plates, and where x has a value which ranges from 1*6 to about 4. 
The volume v is measured in c.c. 

In determining the area of the hysteresis loop, a first approxi- 
mation can be made by replacing the loop with a rectangle of equal 
width and height to the actual loop, as shown in 
Fig. 57. This is allowable, since the horizontal 
width of the loop is approximately constant through- 
out. The area of this rectangle is 2Bw, and is pro- 
portional to B^, from which it follows that w is 
proportional to B^~^, This is useful when it is desired 
to predetermine a particular loop, the loop at another 
^ , flux density being known. For example, if the 

mate Area of maximum value of B be increased by 10 per cent. 
Hysteresis Loop. ^ ^ valuo of 1*7, the horizontal width of the 

loop is increased in the ratio ’ = 1«07, or by 7 per cent. 

The hysteresis loss measured in watts per c.c. is shown graphically 
in Fig. 58, the bounding lines of the shaded portion representing 
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good and bad specimens of soft annealed iron plates. In order to 
determine the loss at other frequencies, the values obtained from 
the curve must be changed in the direct ratio of the frequencies. 


Ordinary 

sheet 

iron 


Lohys 


Stalloy 


0 2 4 6 8 10 12 14 

Kllolines per sq. cm. 

Fig. 58. — Hysteresis Loss in Iron. 

Rotating Hysteresis. — When the induced flux in the iron is of a 
rotating instead of an alternating character, the curves of hysteresis 
are modified to a very considerable extent as illustrated in Fig. 59. 




Kllolinea per sq. cm. 

Fig. 59. — Alternating and Rotating Hysteresis. 


A striking peculiarity about rotating hysteresis is that as the flux 
density is gradually raised the hysteresis suddenly disappears in 
the neighbourhood oi B = 20,000. In certain cases it may therefore 
be desirable actually to increase the flux density in order to bring 
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about a reduction of the hysteresis loss, although the exciting 
ampere-turns may be considerably increased thereby. 

Ageing of Iron. — It has been determined experimentally that the 
hysteresis loss in annealed iron stampings increases with lapse of 
time, this increase being as much as 50 per cent, in some cases of 
very old iron. The temperature at which the iron is worked is a 
very important factor, since this ageing, as it is called, only becomes 
of such a magnitude if the working temperature is allowed to exceed 
about 85° C. Consequently, in modern apparatus efforts are made 
to avoid higher temperatures than this. A suggested comparison 
of different brands of iron with respect to their ageing properties is 
the percentage increase of hysteresis loss caused by keeping the 
sample at a temperature of 100° C. for a period of 600 hours. With 
ordinary iron stampings, the ageing, measured on this basis, should 
be below 15 per cent. It can be reduced by suddenly cooling the 
plates from a red heat, whilst unannealed iron plates show scarcely 
any signs of ageing at all. 

A special silicon-iron alloy containing about 3i per cent, of 
silicon, known as sialloy^ has a very much lower hysteresis loss 
than pure iron, and is largely used for certain purposes. 

It has been observed that mechanical pressure also increases 
the hysteresis loss to an appreciable extent, so that it is desirable 
that excessive pressures should not be used in the building up of 
iron cores, although a certain amount is absolutely indispensable 
from the constructional point of view. 

Eddy Currents. — When an alternating magnetic flux follows an 
iron path, small but definite E.M.F.’s are set up in the iron itself, 
due to the fact that it is an electrical conductor being cut by lines 
of force. These E.M.F.’s act upon closed electrical circuits in the 
iron, and set up local circulating currents known as Fmvcault or 
Eddy Currents and give rise to a loss of power, since these currents 
flow through paths of definite resistance. The energy thus dissi- 
pated reappears as heat in the same way as the hysteresis loss, but 
must be supplied from an external source in the first place. 

The lamination of the iron should be carried out in such a plane 
that the thickness of the plate corresponds to the length of the 
conductor which is having an E.M.F. induced in it, this being 
proportional to the thickness of the laminations. But the resistance 
of the mean path of the eddy currents is inversely proportional to 
the thickness of the plates as well, so that the watts lost per lamina- 


/E^\ 

tion, j, are proportional to the cube of the thickness. 


However, 


the total number of laminations in a given volume of iron is inversely 
proportional to the thickness, so that finally the watts per c.c. 
are proportional to the square of the thickness. They are obviously 
proportional also to the total volume of iron used. 

The induced E.M.F. is proportional to the maximum value of 
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a sine wave is 1-11. The total R.M.S. voltage induced in the 
whole winding is 

E == 4-44 X O/T X 10”® volts, 

and, neglecting IR drop, this is equal to the applied pressure. 
If the wave form is not sinusoidal the R.M.S. voltage is equal to 

E = 4M)/7' X 10” ® volts. 


where Ic is the form factor. Elnowing the number of turns, frequency 
and voltage, the flux can be calculated as follows : — 


O 


E X 10® 
4-44/T 


lines. 


In cases where the IR drop is not negligible, it must be subtracted 
vectorially from the applied voltage. 

By applying different voltages different fluxes are obtained, 
and the corresponding densities can be determined by dividiRg by 
the cross section of the iron. The values obtained really constitute 
the tips of successive hysteresis loops. If the B — H curve were a 
straight line, the magnetizing ampere-tums would be proportional 
to the flux density at any instant and the wave form of the magnetiz- 
ing current would be similar to that of the flux and voltage, but 
this is not so in the case of iron and steel, and hence the current and 
voltage wave forms are not similar. The actual determination of 
the current wave form will be dealt with in Chapter IX. 

In order to make accurate determinations of the B — H curve, 
the maximum values of the current and voltage should be obtained, 
since these correspond to the maximum value of the flux density, 
this being rendered necessary by the change of wave form. 

Measurement of Iron Loss. — In order to measure the iron loss in 
a specimen, all that is necessary is to measure the input to such a 
ring or square as is described above. This is done most conveniently 
by means of a wattmeter (see page 40). The magnetizing component 
of the current does not cause any loss of power, since it is in quad- 
rature with the voltage, and an allowance can be made for the I^R 
and instrument losses. Since the power factor will be very low, care 
should be taken to obtain a wattmeter which will read accurately on 
a low power factor. It is also desirable that the E.M.F. wave form 
should be as nearly as possible a sine wave. 

The great disadvantage of the ring-shaped specimen is the fact 
that it must be hand wound, but on the other hand any shape which 
allows a former wound coil to be slipped into position must contain 
one or more magnetic joints, and these exert a considerable effect 
upon the magnetic reluctance. If, however, it is the core loss 
which it is desired to measure, this will not be of much moment, 
since, although the magnetizing current will be increased, the watts 
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lost will remain the same. For this reason, therefore, straight 
specimens built up into the form of a square are largely used. 

Epstein’s Iron Testing Apparatus. — In this apparatus, the sample 
laminations are built up into four cores, which are arranged in the 
form of a square, as shown in Fig. 60. The dimensions of the 
laminations are 500 mm. by 30 mm., whilst the cores are built up 
to a thickness of about 25 mm., having a mass of 2*5 kilogrammes 



Fig. 60. — Epstein Iron Testing Apparatus. 


each. The individual laminations are insulated from each other 
by thin sheets of paper, whilst at each corner, where a butt joint is 
formed, a thin layer of paper or press-spahn is placed so as to avoid 
any additional eddy current loss which might be caused by the short- 
circuiting of adjacent stampings. The four cores are held in position 
by means of wooden clamps, one of which is placed at each comer. 

Each core carries a winding which consists of 150 turns in series, 
the total cross section of the wire being 14 mm.^. This is wound 
upon a press-spahn tube having a bore of 38 mm. and a length of 
435 mm. These four coils, connected in series, have a total resist- 
ance of about 0*18 ohm. 

In making a measurement of the total iron loss, the wattmeter 
reading is observed, whilst the flux density is calculated after the 
manner shown on page 79. Since the total power absorbed is very 
small, the voltmeter should be disconnected whilst taking the 
wattmeter reading and the other instrument losses allowed for if 
necessary, as well as the copper loss of the magnetic square itself. 

The loss is usually stated in watts per kilogramme or per lb. 
at a stated flux density and frequency. 

Sometimes a rectangular core with a removable fourth limb is 
built up so that different samples of iron can be tested in succession. 
The losses in the other three limbs must be measured and an allow- 
ance made in measurements on different samples. 

Separation of Hysteresis and Eddy Current Loss. — In order to 
separate the total iron loss into the hysteresis and eddy current 
components, a series of observations is made at constant flux 
density, but with varying frequency. To maintain constant flux 

density, all that is necessary is to keep the ratio constant, 

j = 4-44 X io-*a>r. 
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Since T is constant for a given winding, the flux is solely 

E 

dependent upon the ratio j. The voltage must therefore be 

varied proportionally to the frequency. 

In these conditions the only variable quantity in the expression 
for the iron loss is the frequency, and the hysteresis and eddy 
current losses can be represented by the expressions Ph ~ af and 
Pg = bp respectively, a and 6 being constants. The total iron loss 
is therefore equal to 


and 


P — Ph Pe — Clf bp 
-j = a bf. 


If the quantity j be plotted against frequency, the resulting curve 

should be a straight line [see Fig. 61 (a)], the value at zero frequency 
giving the constant a and the slope of the curve determining 6. 
The hysteresis loss at any frequency is given by o/, whilst the 
remaining power is due to eddy currents. Let a horizontal line be 



(a) (b) 

FiQ. 61, — Separation of Iron Losses. 

drawn through k [Fig. 61 (a)] and a vertical line Imn at any chosen 
frequency. The area olmk = af represents the hysteresis loss, 
whilst the area kmn is proportional to \kfn\^ = P and represents the 
eddy current loss. 

Another way of arriving at this result is to plot the total watts 
lost against the frequency, drawing a tangent to the curve at the 
origin. At any frequency / [see Fig. 61 (6)] the height pq represents 
the hysteresis loss, since this height is proportional to the frequency. 
The remaining height, qr, represents the eddy current loss. The 
reason why the tangent at the origin is chosen is that at very low 
frequencies the eddy current loss is negligible, since it is proportional 
to the square of the frequency. It is important to get some experi- 
mental observations at low frequencies in order to determine the 
position of the tangent with accuracy. 

Steinmetz Index. — ^The hysteresis loss in a specimen of iron or 
steel is proportional to jB^, where x is known as the Steinmetz 



VTII 


IRON LOSSES 


83 


index. At moderately low flux densities, this has a value of 1*6, 
but for higher flux densities it rises considerably, and may reach a 
value as high as 3 or 4. The numerical value of the Steinmetz 
index can be calculated in a particular case from experimental 
observations in the following manner. 

It was shown on p. 80 that the flux is given by 

E = 4:k^fT X 10 ■ ® volts, 
so that the flux density is equal to 

10 ® 

AhfTa ^ 

where a is the cross-sectional area of the iron specimen. The total 
iron loss is 

P z= Hysteresis loss + Eddy current loss 
Substituting for B, this becomes 

_ X 10^^ kJE^ X 10^^ 

If a series of experimental observations be taken at constant 
voltage but with varying frequency (the wave form being assumed 
unchanged), then the total iron loss can be expressed 


P = 


m 

f^i 


— |— 7t, 


The coefficient n can be calculated from the test for the separa- 
tion of iron loss (see p. 81). 

The hysteresis loss is now equal to 


P - n =^i = 

Therefore log {P — n) = log m {I — x) log. /. On plotting 
log (P — n) against log/, the slope of the curve, if a straight line, 
gives (1 — x), which is negative since x is greater than unity. 
The index, x, can now be calculated. The graph is found to be 
not a straight line, and this indicates that (1) a: is not a constant, 
(2) the subtracted eddy current loss is not constant, or (3) the 
coefficient k is not constant. If the wave form changes, as it 
probably does, k is not constant, and this further affects the 
magnitude of the eddy current loss. On the other hand it cer- 
tainly appears as if x does alter, reaching a value of 3 or even 4 in 
extreme cases. 

Effect of Iron Loss on Impedance. — In the case of a choking coil 
having an iron core, the total power losses occurring in it consist 
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of a copper loss due to its ohmic resistance and an iron loss due to 
hysteresis and eddy currents. Such a choking coil could be replaced 
by an equivalent one having no iron loss at all, but an increased 
copper loss to make the total the same in the two cases. This 
results in an apparent increase in the ohmic resistance, and the 
choking coil can be considered to have an equivalent resistance 
higher than its true ohmic resistance so as to take into account the 
whole of the losses occurring in the choking coil. Thus iron loss 
has the effect of increasing the impedance of a choking coil. 

Circuit Equivalent to an Actual Choking Coil. — When a voltage is 
applied to a choking coil, part of it is absorbed in overcoming the 
ohmic resistance, whilst the remainder, considered vectorially, is 
used for overcoming the back E.M.F. set up, due to the change of 
magnetic flux. In other words, the circuit may bo considered as a 
pure resistance connected in series with a resistanceless choking 
coil. But, due to the iron loss in the latter, the current does not 
lag behind its volts by exactly 90"", since there must be a power 


r 



L 

Fig. 62. — Circuit 'Equivalent to ChokirK Coil. 


component. Tlie current may therefore be resolved into two com- 
ponents, one in phase and the other in quadrature with the voltage 
acting on this part of the circuit, which may, consequently, be 
considered as a pure reactance, L, in parallel with a pure i-esistance, r. 


EjJ^ 

The value of r is such that — is the total iron loss, wliere El 


r 


is the voltage remaining after the IR drop has been subtracted 
vectorially. Fig. 62 shows the final equivalent circuit. This can 
be further simplified into a single resistance in series with a reactance. 

Flux Distribution. — In most cases in practice the flux is more or 
less non-uniformly distributed. This is due to the fact that the 
flux endeavours to choose the shortest path and hence it tends to 


crowd together in certain parts of the magnetic circuit. This effect 
is counterbalanced by the repelling action of the lines on one another 
resulting in a tendency to cover as large a cross section as possible. 
In the case of a ring or a rectangular specimen, the former effect 
tends to make the lines crowd about the inside edge, whilst the 


latter effect forces some of them towards the outside into longer 
paths. The flux densities over different paths are inversely pro- 
portional to the relative reluctances of these paths, and hence the 
density gradually increases as the inner edge is approached. 

The actual iron losses as determined by experiment are frequently 
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in excess of the calculated losses, this being accounted for by the 
non-uniform distribution of the flux, which always results in an 
increase in the losses. 

In a number of cases of machines of different types, the flux 
crosses an air-gap and then has to traverse a path which consists 
of a number of iron teeth in parallel with a number of slots. In a 
case like this, the major portion of the flux passes down the teeth, 
but some of the lines must pass down the slots since they have a 
definite reluctance. The actual distribution of the flux is somewhat 
complicated, but lends itself to mathematical treatment. 

Calculation of Magnetizing Ampere-turns. — The simplest case is 
that of a ring specimen without any magnetic joints. Knowing 
the magnetization curve of the material, the maximum value of H 
can be determined for a given maximum value of B, and the total 
maximum ampere-turns required are given by the formula 

= ImT. 


Knowing the number of turns in the winding, the maximum and 
R.M.S. values of the current can be obtained. 

Let the total maximum flux be O = Bmicty where a is the cross 
sectional area. Then 


and 


ImT 


10 Of 


10 Of 

X -» 

4k \/ 2 ay,T 


assuming sinusoidal wave forms. 

This is a purely reactive current lagging by 90°, but there is also 
an active component duo to the iron losses. This can be deter- 
mined by dividing the watts lost by the voltage. The resultant 
current is the vectorial sum of the two. 

The effect of magnetic joints is quite appreciable, and is equi- 
valent to adding a small air-gap, thus resulting in a considerable 
increase in the magnetizing current. 

Where composite magnetic circuits are in question, the problem 
is more complicated and is dealt with by the method of determining 
the ampere-turns necessary to force the flux through each part of 
the magnetic circuit in succession. The sum total of these ampere- 
turns enables the magnetizing current to be determined. 


Examples. 

(1) An iron cored choking coil takes 5 amperes at a power factor 
of 0*6 when supplied at 100 volts. When the iron core is removed 
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and the voltage reduced to 16 volts the current rises to 6 amperes 
at a power factor of 0’9. Determine the iron loss in the core. 

(2) An air cored coil of 200 turns has a resistance of 1*5 ohms, 
and passes a current of 30 amperes when supplied at 100 volts, 60 
cycles. What is the value of the flux and the inductance of the coil ? 

(3) The hysteresis and eddy current losses in a certain specimen 
of iron are each equal to 1 kW at 50 cycles and B = 10,000 lines per 
sq. cm. Determine the hysteresis and eddy current losses separately 
when B is raised to 12,000 lines per sq. cm. The Steinmetz index 
is to be taken as 1*66. 

(4) The iron loss in a choking coil is 280 watts when the applied 
voltage is 100 and / = 50, and is 110 watts when the applied voltage 
is 50 and / = 25. Determine the hysteresis and eddy current losses 
separately at 80 volts, 40 cycles. 



CHAPTER IX 


WAVE FORM 

Non-slnusoidal Wave Form, — All wave forms actually obtained in 
practice differ more or less from the standard sine wave, and in 
cases where the difference is considerable, it is necessary to take 
account of it. Whether sinusoidal or not, the wave form is periodic 
in its character, each cycle being similar to the preceding one. It 
can be demonstrated mathematically that any periodic curve can* 
be split up into a number of pure sine waves of different frequencies 
and amplitudes superimposed on one another. One of these com- 
ponent curves, called the fundamental, has the same frequency 
as the resultant complex curve. The other components have 
frequencies which are exact multiples of the fundamental frequency. 



Fig. 63.— Effect of Fractional Harmonic. 


If the frequency of one of these other components bore a fractional 
ratio to that of the fundamental, it is easy to see that the second 
cycle would not be a repetition of the first as illustrated in Fig. 63, 
where the ratio of the frequencies is chosen as 1*6. 

These various components are known as harmonics, and are 
distinguished by means of a number. For example, the third 
harmonic is that component sine wave which has a frequency three 
times that of the fundamental. The maximum values of these 
various harmonics may be anything, but usually they get smaller 
the higher the frequency, although special circumstances may 
result in a particular one being well developed. The relative phase 
of the different harmonics may also be anything ; it is not necessary 
for them to pass through the zero values at the same instant. 

The three things which specify the harmonic are (1) the frequency, 
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(2) the amplitude or maximum value of the component, and (3) the 
relative phase. Thus the instantaneous value of a complex wave 
may be expressed as 

6 == sin (ot + a^) + ^2 ( 2 ^^ + “ 2 ) + ^3 (3^^ + “ 3 ) + • • •> 

where E^, etc., are the maximum values of the fundamental 

and the various harmonics respectively, coi is the angle, measured 
at fundamental frequency, moved through since the commence- 
ment, and ttj, aj, ag, etc., are angles representing the phase of the 
various quantities at the instant from which the effects are measured. 
For example, at the instant of commencement the instantaneous 
value of the fundamental may have been half the maximum value. 



Then sin (oj< + a^) = 0-6, and since is zero, by hypothesis 
must be 30®. Again, at the end of a given time imagine that the 
fundamental has advanced by 40®. Then the instantaneous value 
of the fundamental is E^ sin (40° + 30°) = or 0-94 its 

maximum value. 

Even Harmonics. — An even harmonic is one the frequency of 
which is an even number of times the fundamental frequency. One 
of the effects of an even harmonic is to make the two halves of the 
wave dissimilar, and this is not possible with the ordinary types of 
A.C. generators having a constant speed, for whatever occurs under 
one pole is repeated under the next which is of opposite polarity. 
Thus the two halves of the wave must be similar. Fig. 64 repre- 
sents a wave with a 60 per cent, second harmonic passing through 
the zero 60® later than the fundamental, and it is seen that not only 
are the + and — portions dissimilar, but that one occupies a larger 
proportion of the base line than the other. All the even harmonics, 
therefore, are absent in the wave forms obtained from the ordinary 
types of generators. 
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Odd Harmonics. — ^The presence of odd harmonics does not render 
the two halves of the wave dissimilar, for when the fundamental 
has advanced through half a period the odd harmonics have advanced 
through a number of complete periods plus half a period, and hence 
their instantaneous values are in the same direction relative to the 



Fig. 65. — Effect of Third Harmonic. 


instantaneous value of the fundamental. There is therefore no 
inherent reason why odd harmonics should not be present in E.M.F. 
and current waves, and they are, indeed, found there. 

Phase of Harmonics. — The various harmonics may go through 
their zero values at any moment relative to the zero of the funda- 
mental, and this question of the relative p^jase alters the resulting 
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character of the wave to a very large extent. Fig. 65 shows a series 
of curves illustrating the effect of a 25 per cent, third harmonic, i.e, 
a third harmonic the maximum value of which is 25 per cent, that 



Fig. 66. — Eflfect of Fifth Harmonic. 


of the maximum value of the fundamental. The dijBPerent curves 
result from the application of different values to the angle a in the 
expression 

e = E^sin (lit + sin (3o« + a). 
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There is no need to consider an angle in the first term corresponding 
to a, for this would simply mean drawing the curve from a different 
starting point. Fig. 66 shows a similar series of curves for a 25 per 
cent, fifth harmonic. 

Curve V in Fig. 65 and curve I in Fig. 66 are termed ^peaked 
waves, whilst curve I in Fig. 65 and curve V in Fig. 66 are examples 
of what are termed dimpled waves. These two terms are merely 
indicative of the general character of the wave, there being no rigid 
demarcation between the two. 

R.M.S. Value of a Complex Wave. — Taking an E.M.F. wave as 
an example, let the instantaneous value be represented by 

e = ”1” "^3 -}- ot) Ag sin (5co^ |3) -j- * . . # 

Then the instantaneous value of is given by 


e2 = sin2 + AV sin^ + a) + sin^ (5cof + p) + , , . 
+ (a number of terms containing the products of two sines). 


It can be shown mathematically that the average product of 
two sines of different frequencies is zero.^ Consequently the 
average value of is equal to the average value of 


E^ sin^ of + E^ sin^ (3of + a) + E^ sin^ (5of + p) + . . . . 

But the average value of sin^ of, or sin^ (3of + «)> is ^ 
Therefore the average value of is equal to 


2 


+ -f + 


E 


2 + 


^ Average value of product of two sines 

( 2it 

sin ad sin bOdd 


2it/o 

= i |cos {a — h)d — cos (a + 6) 0 j- 


dd 


.1x0.0. 

• This follows from the following reasoning : — 
Average value of sin^ 0 = ~ f sin* d dd 


~\2w 


1 rs 1 ■ oa 


I 


L(^ 

277 V 2 

1 


— ” sin 477 — 0 + ^ sin 0^ 
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and the R.M.S. value is 
E = 

In a similar marmer, the R.M.S. value of a complex current 
wave is found to be 

+ ■ r. 

2 

Effect of Magnetic Saturation on Current Wave Form.— In the 

case of a choking coil having an iron core, the current wave form 
is distorted when magnetic saturation occurs, this being due to 
the fact that the B — H curve is not a straight line. The simplest 
case to take is that of a choking coil having no ohmic resistance 
at all. The applied volts must therefore be balanced at every 
instant by the induced back E.M.F. If the wave form of the 
applied voltage is sinusoidal, this must be counterbalanced by an 
induced back E.M.F. of the same magnitude. The latter is pro- 
portional to the rate of change of the flux, so that the flux setting 
up this E.M.F. must be sinusoidal as well, although it is displaced 
by 90® in phase. The next step, therefore, is to determine the 
current wave form necessary to produce a sine wave of flux. If the 
flux were proportional to the current, no distortion would occur, but 
this is not so. As the B — H curve bends over, each additional 
ampere of magnetizing current produces a smaller and smaller 
amount of flux, and consequently each increment of flux requires a 
larger and larger increase in the current. The actual wave form can 
be determined by means of the following graphical construction. 

Let the left-hand diagram in Fig. 67 represent the B — 11 cimve 
of the iron used, or, preferably, let it represent the relation between 
the total flux and the magnetizing current, the total flux being 
obtained by multiplying the density by the cross sectional area 
and the magnetizing current from the formula 

If = ^ X ampere-tums per cm. 

The sinusoidal flux wave is drawn to the right. In order to obtain 
the current required at any instant to produce a given flux, such as 
aby a projection is drawn on to the left-hand diagram, the necessary 
current being given by oc. The point d is then obtained by making 
ad equal to oc, and d is then a point on the required current wave. 
This is repeated until a sufficient number of points is obtained 
enabling the current wave to be drawn in, a characteristic example 
of which is shown in the figure. The outstanding feature of the 
curve is the fact that it is more peaked than the sine wave and 
usually contains a prominent third harmonic. It is a purely reactive 
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current, since it passes through the zero at the same instant as 
the flux which lags behind the applied voltage by 90°, and, more- 
over, both halves of the wave are equal. The resulting power curve 
is a double frequency one, but is not sinusoidal in character, although 
the average value is zero. Thus it is seen that magnetic saturation 
in the iron causes a distortion in the current wave, but does not 
result in any loss of power. 

The above is only an approximate representation of what 
happens, for it is seen that there is a third harmonic in the current 
wave, whilst the E.M.F. wave is assumed to be sinusoidal. It is 
impossible for an E.M.F. of one frequency to set up directly a current 
of another frequency, so that since the third harmonic is undoubtedly 
present in the current wave, there must be a third harmonic E.M.F. 



operating on the circuit. By hypothesis this does not come from 
the source of supply, so that it must be induced in the winding. 

The sinusoidal applied voltage induces a sine wave of magnetiz- 
ing current. This docs not reach the maximum value desired, 
so that the resulting flux wave is flat-topped, containing a third 
harmonic. This causes a third harmonic E.M.F. to be induced, 
which is the source of the third harmonic current- The whole of 
this harmonic E.M.F. is dropped in the winding itself, and so it does 
not appear at the terminals. The harmonic magnetizing current 
thus set up supplies in large measure the deficiency in the flux wave. 
There are also the higher harmonics to be considered, but these 
are here neglected. In an actual case where resistance is present 
and where the supplying circuit possesses impedance of its own, the 
flux wave never is restored absolutely to its ideal shape. 

Effect of Hysteresis on Current Wave Form. — In the preceding 
section the same B — U curve was taken for ascending and descending 
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values, with the result that the current wave was symmetrical 
about its maximum value and was purely reactive. When the 
effect of hysteresis is considered, the value of the magnetizing cur- 
rent required to produce a given flux is less when the current is 
decreasing than when it is increasing, and since the flux dies away 
at the same rate that it is built up, it follows that the current 
falls away at a greater rate, resulting, in general, in the downward 
part of the current wave being steeper than the upward portion. 
The current wave thus loses its symmetry, with the result that more 
energy is supplied to the circuit in building up the field than is 
returned on its destruction. Consequently, an active component 
has been introduced into the current wave, which was to be expected, 
since hysteresis results in a loss of power. 



In order actually to determine the current wave, the graphical 
construction explained in the last paragraph is again employed, 
using a hysteresis loop instead of a simple B — H curve (see Fig. 68). 
The maximum value of B in the hysteresis loop is made equal to 
the maximum value of the flux density in the iron. Care must be 
exercised in order that the correct portion of the hysteresis loop 
shall be used. When the flux is zero and about to take a positive 
value, the necessary magnetizing current is given by a6, which 
length is transferred to a'b' in the right-hand diagram. When the 
flux has a value ac in the positive direction, the corresponding 
magnetizing current is cd, which is reproduced at c'd'. Similarly, 
ef is reproduced at e'J'. After the maximum value has been passed 
the flux follows the upper curve in the hysteresis loop, and when it 
has decreased to a value ag the magnetizing current is ghy from 
which g%' is plotted. When the flux has dropped to ai the magnetiz- 
ing current has dropped to zero, after which it commences to rise in 
the opposite direction before the flux has changed sign. It is thus 
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aeen that the current wave leads the flux wave to a certain extent 
and hence is less than OO"* behind the voltage wave. On this 
account, therefore, the average value of the power assumes a positive 
value, representing the hysteresis loss. 

If the magnetizing current be defined as that current which 
sets up the flux and provides the energy which is dissipated on 
account of hysteresis loss (and the second cannot exist without the 
first), then this magnetizing current can be split up into an active 
and a reactive component. With a sine wave of applied voltage, 
the former is necessarily sinusoidal also, since the average power 
developed by any harmonic current is zero (see p. ICO). The 
reactive component is complex in form, since it is the difference 
between the total magnetizing current (complex) and the active 
component (sinusoidal). This reactive component may show con- 
siderable irregularities. 

Only the fundamental component of the magnetizing current is 
obtained directly from the source of supply. The harmonic com- 
ponents are due to harmonic E.M.F.’s set up by the iron in the 
manner already explained (see p. 93). 

Effect of Harmonics on Inductive Reactance.— When the wave 
form of the applied E.M.F. is not sinusoidal, it can be split up into a 
number of component sinusoidal E.M.F. 's of different frequencies, 
the fundamental frequency being the same as that of the complex 
wave. These different E.M.F. 's can be considered as acting inde- 
pendently of each other, each producing its own current. But the 
reactance of a given choking coil is proportional to the frequency of 
supply, and if the frequency is raised the reactance increases. 
Consequently, the reactance, as far as the third harmonic is con- 
cerned, is three times what it is to the fundamental, and the amperes 
produced per volt of the third harmonic will only be one-third of the 
amperes produced per volt of the fundamental. With the higher 
harmonics this effect is accentuated still more. In other words, 
the circuit offers a higher impedance to the harmonics than it does 
to the fundamental, with the result that the corresponding har- 
monics in the current wave will be diminished in magnitude and the 
current wave will be a closer approximation to the ideal than the 
voltage wave. Thus reactance has the effect of damping out 
the harmonics in the current wave, and the higher the harmonic the 
greater is the damping effect. 

Consider a circuit having an inductance L and an applied voltage 
obeying the law 

e = sin 0 )/ + sin (3o)< -f a) + .Bg sin (5co^ + p) + . . . . 

The R.M.S. value of the voltage is 
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and the fundamental E.M.F. produces a maximum current of 

E. 

amperes, whilst the third and fifth harmonics produce maxi- 

]j] 

mum currents of ^ i: and = amperes respec- 

2n X Sf X L 2k X 5f X L ^ ^ 

tively, and so on. The R.M.S. value of all these currents combined is 


=v 


V2Tt/L/ ^ KOnfLJ ^ \lOiifL/ ^ * ■ 
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The reactance, considered with respect to the complex wave, is 
given by 


IEl + E^±El+ . 
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25 

Thus another effect of harmonics in the E.M.F. wave form is to 
increase the reactance in the ratio 


El + - Q- + 25 + 


The relative phases of the various harmonics do not affect the 
value of this ratio, which is only dependent upon the relative 
magnitudes of the various harmonics. 

As an example, consider the case where there is a 20 per cent, 
third harmonic, a 10 per cent, fifth harmonic and a 5 per cent, 
seventh harmonic in the E.M.F. wave form. This voltage is applied 
to a circuit having an inductance L. The reactance corresponding 
to this on a sine wave would be 2nfLy but on the complex wave in 
question it is 


2KfL X 


V 


fit + 0-2* + 0-l» + O-OS* 


+ 9 + 25 ^ 49 


= 2n/L X 1023. 


Thus the reactance is 2*3 per cent, higher on this particular wave 
form than on a pure sine wave. Strictly speaking, the factor 2k 
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is only correct on the sine wave hypothesis, and for other wave forms 
a slightly different constant should be used. 

If resistance is also present in the circuit the conditions are some- 
what modified. The current produced by each component of the 
E.M.F. is calculated from a knowledge of the impedance corre- 
sponding to the particular frequency, whilst the angle of lag for 
each component is calculated from the formula 




= tan 


-It 


R 


This angle will be different for the various harmonics on account 
of the change in X, The sum of these component currents gives 
the resultant from which the wave may be plotted. 

Effect of Harmonics on Capacitive Reactance. — In the case of a 
circuit containing nothing but condensers, the impedance is inversely 
proportional to the frequency, and treating a complex wave in 
the same way as in the previous paragraph, it is seen that each 
harmonic produces a proportionally greater current than the funda- 
mental. Thus the third harmonic produces three times the current 
per volt that the fundamental does, and so on. Consequently, the 
circuit appears to possess a reduced impedance when thS E.M.F. 
wave contains harmonics. 

If the circuit contains a capacitance of C farads the fundamental 
E.M.F. produces a maximum current of 2KfCE^ amperes where 
j&i is the maximum value of the fundamental E.M.F. The third 
harmonic produces a current of 27t x (3/) X CE^ amperes, and 
so on. The R.M.S. value of the resultant current is 


j + MG!S,)‘ + (Ite/Cg,)- + . . . 

The impedance is therefore given by 

lEi^ + E,^ + E,^ + . . . 

E _ y 2r 


__A_v Pi* + + 

~ 27t/C ^ V + 9Ea* + 25Ei* + ... : 

The impedance is therefore reduced in the ratio 

lE^^ + E* + E* + . . . 

VSi* + 9U,» + 26£;,*+ . . ; 
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monies. The effect of resonance is to produce a very large current 
per volt and to render the impedance very small over a certain 
limited range of frequency. Thus the current due to a particular 
harmonic in the E.M.F. wave may be greatly magnified when it 
appears in the current wave, resulting in an extraordinary distortion. 
In fact, in some extreme cases it appears at first sight as if the 
frequency of the complex wave were that of the resonating harmonic, 
but this is not so. 

The conditions which arise in such a circuit are very well illus- 
trated by means of a concrete example. Consider the case of an 
E.M.F. wave represented by 

c = 100 sin + 10 sin (3o>t + 180°). 

The circuit consists of a resistance of 2 ohms, an inductance of 0*02 
henry, and a capacitance of 55 jxF, all connected in series, the 
frequency being 50 cycles per second. 

The maximum value of the fundamental current is 


100 

V2- + (2.x50x0.02- ^^ - “‘^ J 

= 1‘94 amperes. 

The maximum value of the third harmonic current is 


10 


> + (2.xl60 x 0.02- ^,^ . ;^ - ^ J ‘ 

= 4*88 amperes. 

The angle of lead of the fundamental current over the fundamental 
voltage is 


tan' 


(27r X 50 X 0-02 


10 « 


■ 271 X 50 X 55 






The angle of lead of the harmonic current over the harmonic voltage 
is 

(in X 150 X 0-02 - , 

t.„-A _ 2.x 150 X 55/ _ ,3. 

Strictly speaking, these angles are negative angles of lag. 

The expression for the current is therefore 

1-94 sin {(^t + 88°) + 4*88 sin (Sat + 193°). 

Both the voltage and the current waves are represented in Fig. 70, 
which shows the effect of resonance with the third harmonic. 

When a length of alternating current mains is switched into 
circuit, a capacitance or charging current fiows even on open circuit. 
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The impedance with respect to the various components is 

Fundamental VlO^ + (2 tc X 60 X 0*02)^ = 11*8 apparent ohms. 

3rd Harmonic \/l0* + (2 tu x 150 X 0*02)2 = 21*3 „ „ 

5th „ VW + (2n X 250 X 0*0^2 ^ 33*0 

7th „ . Vl02 + {2iz X 350 X 0 02)2 ^ 45.0 


The angles of lag of the currents behind their respective voltages 


are 

Fundamental tan'^ ^ = 32-1° 

3rd Harmonic tan-» — - - = 62-0“ 


6th 


1> 


tan“^ 


2 k X 250 X 0*02 
10 


72*3° 


7th 


» 


tan"^ 


2k X 350 X 0 02 
10 


77*2° 


The various power factors are 

Fundamental cos 32*1® = 0*85 
3rd Harmonic cos 62*0® = 0*47 
5th „ cos 72*3® = 0*30 

7th „ cos 77*2® = 0*22. 


The expression for the current is 
100 ^0 

i = ^ sin (oj< - 32°) + sin (3co< + 60“ - 62“) 

11*8 ^ 1*0 

10 5 

+ sin (6o>< + 150“ - 72“) + sin (7co« + 300“ - 77°) 

= 8-48 sin (o>« + 328“) + 0-94 sin (3o)i + 358°) 

+ 0-30 sin (5at + 78°) + 0-11 sin (7 m< + 223°). 


The R.M.S. value of the current is 


^ 8-48^ + 0-94^ -f- 0-30^ + 0-lli» 
= 6*02 amperes. 

The R.M.S. value of the voltage is 


4 ^ 


luu^ H- + 


= 72*5 volts. 



102 


ALTERNATING CURRENTS 


OH. 


The total power is 

^ ^ ^ ^ + V2 ^ vl ^ 

= 3C0 + 4-4 + 0-45 + 0 06 
= 365 watts say. 


The resultant power factor is given by 

Total Average Power 
R.M.S. Voltage X R.M.S. Current 
_ 365 

72*5 X 6-02 
= 0*84. 


P.D. and Current Waves in the Case of an Arc. — In the case of 
an arc supplied from an A.C. source, with a steadying resistance in 
series, a pecdliar distortion is brought about in both the current 
wave and that of the p.d. across the arc terminals. To commence 
with, the supply voltage must rise to a certain value before the 
arc is struck, and thus the current wave is fiat during this interval. 
When the arc is struck the current increases rapidly, and this 
current, fiowing through the series steadying resistance, causes a 



Fio. 71. — Current and Voltage Waves for an Arc. 


considerable drop in voltage, which has the effect of suddenly 
lowering the p.d. across the arc itself. This sudden peak is shown 
in Fig. 71, which represents a typical case. As the current rises 
the voltage drop in the series resistance increases so that the wave 
form of the p.d. across the arc shows a broad hollow, which continues 
until the arc suddenly goes out. The current then drops to zero, 
whilst another smaller peak is obt^^ined in the p.d. wave. The arc 
is then built up in the opposite direction and the operations are 
repeated. 

This striking distortion of the current wave gives rise to a 
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peculiar state of affairs with regard to the power consumed. The 
power curve can be constructed in the usual way from the current 
and voltage waves, but when its average Value is measured the 
result is very much lower than the product of the R.M.S. current 
and the R.M.S. volts. Therefore, notwithstanding the fact that 
the current is in phase with the voltage, as far as this can be said 
of two waves so widely dissimilar, the power factor of the arc is 
considerably less than unity and may fall as low as 0*6 in certain 
cases where hard carbons are used. 

The measurement of the amperes, volts and watts consumed by 
an A.C. arc forms an instructive experiment, a power factor of less 
than unity being obtained in spite of the absence of inductance and 
capacitance. 

The horned appearance of the p.d. wave is very much au3centuated 
if the arc is struck in coal gas, the tip of the initial peak representing 
a voltage many times as great as is obtained throughout the remainder 
of the time. 

Other Causes of Wave Distortion. — Ordinary resistances are often 
the cause of a slight distortion of the current wave form on account 
of their variation of temperature throughout the cycle. In the 
case of an ordinary metal filament glow lamp, the temperature of 
the filament varies to a considerable extent throughout the cycle, 
and since it cannot get rid of its heat instantaneously it follows that 
the resistance when the voltage is decreasing is on the whole higher 
than when the voltage is increasing. Consequently, the current in 
the second quarter of the cycle is slightly less than it is in the first 
quarter. This results in a small distortion of the wave form, which 
is thrown slightly forward. The angle of lead obtained in this manner 
is of the order of 2^ or 3°, resulting in a drop in the power factor of 
approximately 0*1 per cent. In all ordinary measurements this is, 
of course, negligible. 

Another prolific source of wave distortion is the variation of the 
inductance of certain machines in different positions, certain cases 
of which will be dealt with later. 

Equivalent Sine Wave. — In the case of a distorted wave form the 
power factor is no longer equal to cos for this is based on the 
assumption of a sinusoidal wave form. Indeed, will probably 
vary throughout the cycle. In some cases it may bo simpler to 
treat problems by substituting an equivalent sine wave for the actual 
one in question. The R.M.S. value of this equivalent sine wave 
is the same as that of the actual wave, and consequently the maxi- 
mum value of the sine wave is \/2 times the R.M.S. value of the 
actual wave. The phase of the equivalent sine wave can be deter- 
mined from the power factor. The angle of lag, <f)\ is chosen 
so that cos <})' is equal to the actual power factor. In the case of 
an A.C. arc, the equivalent current would be taken to be in phase 
with the voltage, its magnitude being reduced so as to get the 
right power. 
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A warning is issued against a too promiscuous use of the equiva- 
lent sine wave, as it is only an approximation, and often only a very 
rough one at that. 

Effect of Wave Form on Insulation Testing, — When insulation is 
subjected to an alternating electrical stress it is the maximum 
voltage which causes the greatest effect. The application of a 
peaky wave form is a severer test than if a flat wave form is 
used, assuming the two R.M.S. values to be equal. On the 
other hand, the breakdown of the insulation is not solely due 
to the maximum voltage, but depends to some extent upon the 
rapidity of its growth in the near neighbourhood of the maximum 
point. 

Harmonic Analysis. — Commencing from any point, the wave 
may be represented by 

e = sin (0 + a^) + sin (30 + ag) + sin (50 + a^) + . . . 
where = 0. 


This can be expanded as follows : — 

e = El sin 0 cos E^ cos 0 sin 
+ £3 sin 30 cos ag -f E^ cos 30 sin ag 
+ sin 50 cos ag + E^ cos 50 sin ag 
+ 


Since a^, ag, ag, etc., are constants, this can be written 

c = ill sin 0 + ilg sin 30 + ^5 sin 50 + ... 
+ Bi cos 0 -f Rg cos 30 + ^6 cos 50 + . . . j 

Ai = El cos aj 
Bi = El sin aj, etc. 

Ai^ B^ — Ei^ (cos^ aj + sin^ a^) = Ei^ 


where 

and 

Again 

and 


Also 

Summarizing 


A I El cos oc-i ^ 

= V 4- J5b*, etc., 

«i = tan"" 

. 1 B, 

otg = tan ^ ^ 

ag = tan~^ etc. 

Most of the methods of analyzing periodic wave forms at present 
in use are rather tedious to carry out and necessitate a good deal 


and 
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of time being spent on the evaluation of the various constants. 
The method here outlined is an effort on the part of the author to 
expedite calculations of this kind and to provide a ready method, 
by means of a simple series of equations, for the analysis of periodic 
wave forms. 

The method consists in taking a series of pairs of points on the 
wave to be analyzed, equidistantly spaced on either side of the 
point chosen as the zero. Let one pair of these ordinates be 
represented by yo and respectively. Then 

yo + y-Q = sin (0 + ai) + sin (30 + ag) + . . . 

“j- E-^ sin ( — 0 -j- — f- E^ sin ( — 30 —1“ ^ 3 ) “f" • • • 

= 2E^ sin cos 0 + 2E^ sin cos 30 -j- . . . 

The algebraic sum of each pair of readings is equal to a series of 
terms of the type 2E sin a cos 0 , since they are the sum of two 
sines. Here, 0 is equal to some known angle, determined by the 
position of the points chosen, and E and a are constants depending 
upon the composition of the wave. In a similar manner, the 
algebraic differences of the same pairs of points give rise to a series 
of terms of the t 3 rpe 2E cos a sin 0 , the symbols having the same 
meaning as before. When a sufficient number of such equations 
is obtained, they can be solved in terms of the quantities E sin a 
and E cos a. 

In solving up to, say, the seventeenth harmonic there are 
eighteen unknown quantities to be determined, namely, the 
amplitudes and phase angles of the fundamental and the eight 
harmonics. Thus eighteen simultaneous equations are required, 
the necessary data being obtained from eighteen chosen ordinates. 
In order to minimize errors due to the incorrect drawing of the 
curve, those ordinates are chosen at equal distances apart, viz. 
at 5°, 16°, 25°, . . . 1G5° and 175° after the point which it is desired 
to regard as zero. The values of these various ordinates will be 
represented by y^, j/ 15 , . . . y^^^ and y^^^. 

Let the wave be represented by the expression : — 

yo — -^1 sin (0 -}- (x,-^) -f- J &3 sin (30 -j- a 3 ) -f" • • • “f* sin (170 -f- * 17 )* 
Then ygs = E^ sin (85° + a^) -f- E^ sin (255° + ol^) 

+ ^5 (425° + ag) -f . . . + Ej^^ sin (1445° + 

and y «85 = E^ sin (— 85° + a^) + E^ sin (— 255° + ag) 

+ ■£'6 sin ( — 425° + ag) +'••• + ^i 7 sin ( — 1445°4-ai7) 

= ^95- 

3^85 “f“ 2/95 ~ ys6 y-85 

= 2E^ cos sin 86 ° + 2^3 cos ag sin 265° 

+ 2JE'g cos ag sin 425° + . . . + 2E-^^ cos a^, sin 1445°. 

Similarly, = y„ - y_^^ 

= 2E^ cos aj sin 76° -f 2E^ cos ag sin 225° 

+ 2E^ cos ag sin 375° -f . . . + 2E^^ cos a^, sin 1275°, 
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Other readings are taken every. 10® until and are reached. 
Then the resulting nine simultaneous equations are solved, thus 
obtaining cos a^, jE/3 cos a3,etc.,in terms of (j/gg + 1/95), (2/75 + 2/io6)» 
• * • (2^5 + ^175)- 

A second series of calculations must now be made as follows : — 


2^85 ““ 2/»6 — VsB " 1 " 2/^85 

= 2E^ sin aj cos 85® + 2^3 sin ol^ cos 255® 

+ 2E^ sin ag cos 425® + . . . + 2Eij sin ai7 cos 1445®. 

2^75 2^106 ~ 2/75 "1” 2/-76 

= 2Ei sin cos 75® -f 2£'3 sin ag cos 225® 

+ 2 j &5 sin ag cos 375® + 2^17 sin cos 1275®. 

In this way another nine simultaneous equations are obtained 
and E^ sin a^, E^ sin ag, etc., are evaluated in terms of (t/gg — 7/95), 
(2/75 2 ^ io 5 )> • • • (2/5 2/175)* 


= V (JSi sin 4* (^1 cos a^)^, 
^ LE-^ cos aj^J 


and similarly for the various harmonics. 

Care must be taken to observe the signs of E sin a and E cos a, as 
these enable the quadrant in which a is situated to be determined. 

The initial labour in solving the above equations is considerable, 
but this having been accomplished once and for all, the problem 
resolves itself into simply multiplying the various chosen ordinates 
by certain known constants, and the analysis becomes much less 
tedious an operation than it is by many of the other methods in 


common use. 


In order further to facilitate the actual calculations, a schedule 


has been drawn up as shown in Table I. This table is self- 
explanatory; in fact it is not even necessary to be familiar with 
the underlying principles in order to work out an example. 

If so desired, the fundamental or any particular harmonic may be 
determined by itself without carrying out the analysis any further. 

A modifi^ set of constants, for use in connection with the 


approximate analysis of a wave up to the fifth harmonic, may be of 
value in some cases. For this purpose six readings from the curve 
are necessary, and they may be taken conveniently at 15®, 45®, 
75®, 105®, 135® and 165® after the zero. 


It will be found convenient for quickness in working to arrange 
these approximate calculations also in the form of a schedule, an 
example of which is shown in Table II. 

If no harmonics higher than the fifth are present, the constants 
enumerated in this table will give correct results, but, of course, the 
more pronounced the higher harmonics are, the larger the error 
will be in the determination of the equation to the wave by means 
of this second set of constants. 




TABLE n. 



iBi sin oi tern | 

E, sin 0 , terms. 

£c sin a, terms. 


(1) 

(2) 

(3)-(l)-(2) 

Difference. 

(4) 

ComitantB. 

(6) 

+ or- 

(fi}-(8)x(4) 

(7) 

Constants. 

(8) 

+ or- 

(9)-(8)x(7) 

. (10) 
Constants. 

(11) 

+ or - 

(12)-(3)x(10) 

1 

■ 

■ 

H 



+0-086, 



-1 



+0-322, 



1 



Vm- 


, 

+0-286, 



-1 



-0-236, 



Vw" 


Vi«- 



+0-322, 



+1 



+0-086, 




sum of 
+ terms 



sum of 
+terms 



sum of 
+ terms 



sum of 
-terms 



sum of 
-terms 



sum of 
-terms 








sum total 






/ 

i 

sum total 
aa^iSin a. 



+0-286, X 
sum total) 
B£,siQo, 



sum total 
-£,8lno, 




cos a. terms. | 

£. cos a, terms. 

E, cos a, terms. 

s 

D 

n 

(1) 

(2) 

(13)-{l)+(2) 

Sum. 

(14) 

Constants. 

05) 

+ or- 

(16)-(18)x(l< 

(17) 

[Constants. 

(18) 

+ or- 

(19)-(13)X(17) 

(20) 

Constants. 

(21) 

+ or - 

(22) -(13) X (20) 

Vu“ 


1/m- 



+0-322, 



-1 



+0-086, 



Q 

i 

M 

1 





+1 



-0-235, 



M 

■ 

H 

■ 

B 




+1 



+0-322, 





cum of 
+ terms 


■ 

sum of 
+temi8 



sum of 
+ terms 




sum of 
-terms 


■ 

sum of 
-terms 



sum of 
-terms 







■ 

lum total- 







B 

sum total 

•DiCOSa 



h 0-235, X 
urn total) 

*£,COBa, 



sum total 

-£,C08a, 



im 




B, sin a,)* 



(JJ.slna,)’ 







i|C08a,)' 



(£,C08a,)' 







E,* 



■ £.‘ 







: E, 



E, 



i 

s 

El sin tti 

El COSO, 



I'lSlna, 

ficorji, 



Sisln a, 
£,C08a, 







1 «i 







ym 


ltB(H 


•) + 


i|a(8fl+ •) + 


810 ( 56 + ‘) 


[To/otiotoTiBlil 
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Experimental Determination of Wave Form. — A number of 
different types of instruments have been devised for the purpose 
of determining wave forms experimentally, and some of these are 
described in Chapter XIII. One method which does not involve 
the use of any special type of measuring instrument, except an 
electrostatic voltmeter, will be described now. 

Joubert’s Contact Method. — ^The special piece of apparatus used 
consists of an arrangement whereby momentary contact is made 
once per cycle to an electrostatic voltmeter (see 
page 148), which consequently gives a deflection 
which is an indication of the instantaneous value 
rather than the R.M.S. value. By shifting the 
point of contact, the instantaneous values can be 
determined at other points of the wave, thus 
enabling it to be plotted. 

One form of the Joubert contact consists of 
an insulated disc mounted on a metal hub, the 
whole being directly driven by means of a shaft 72— joubert 

extension of the machine supplying the power, or ‘contact, 
alternatively by a special synchronous motor 
(see Chapter XXIII). At one portion of the rim a little strip of 
brass is let in so that two copper brushes placed side by side and 
insulated from each other are connected together every time the 
strip of brass comes under them. One of these brushes is capable of 
being given a certain amount of lead by means of an adjustment, this 
regulating the duration of the interval of time over which contact is 
made. This affects the steadiness and magnitude of the voltmeter 
reading, and the best position is obtained by trial. 

The two brushes are supported from a movable arm the position 
of which is indicated by means of a pointer moving over a scale. 
Assuming that the machine supplying the circuit has four poles, a 
displacement of 10° of the brushes corresponds to a phase displace- 
ment of 20°. If the brushes are moved round in the direction of 
rotation the instant of contact is deferred and the point obtained 
comes later in the wave, whilst if the brushes are moved in the 
opposite direction the reverse is the case. 

In making a determination of the voltage wave the circuit is 
connected according to Fig. 73 (a), the electrostatic voltmeter 
measuring directly the instantaneous pressure across the mains, 
whilst the connections shown in Fig. 73 (6) are used when it is 
desired to make a determination of the current wave. Here the 
instantaneous voltage drop across a known non-inductive resistance 
is obtained, enabling the instantaneous current to be calculated. 
The other instruments indicated in the diagram serve to measure 
the R.M.S. values of the quantities concerned. An alternative 
method of doing this is to connect a short-circuiting switch across 
the two brushes and use one voltmeter throughout. A condenser 




108 


ALTERNATING CURRENTS 


CH. 


is also placed in parallel with the voltmeter in order to maintain 
the deflection during the period when no electrical connection is 
made at the contact. The magnitude of the condenser should be 
determined by trial, but the best value will in most cases be found 
to be somewhere under a microfarad. By means of a change-over 
switch it can be arranged to take readings on the voltage and current 
waves together as indicated in Fig. 73 (c). 

For the purpose of current wave form determinations, it is 
better to have a low reading electrostatic voltmeter, or else to set up 
the voltage by the addition of a constant voltage. This latter must 
be very constant, as otherwise the accuracy of the measurement is 



Fig. 73. — Connections for Joubert Contact. 


vitiated. A convenient piece of apparatus for this purpose is a 
battery of 100 cadmium cells arranged so that they can be switched 
in ten at a time. 


Examples. 

(1) Determine the R.M.S. value of an E.M.F. wave, the funda- 
mental of which rises to 100 volts, and which contains a 20 per 
cent, third and a 10 per cent, fifth harmonic, 

(2) An E.M.F. obeying the law 

e = 100 sin cut — 25 sin Sat 

is applied to (a) an inductance of 0-1 henry, and (6) a capacitance of 
100 microfarads, the frequency being 50. Determine the law of the 
current in each case, and plot the three waves on a common base 
in their proper phase positions. 

(3) An E.M.F. containing a 15 per cent, third and a 2 per cent, 
seventh harmonic is applied to (a) an inductance of 0*1 henry, and 
(6) a capacitance of 100 microfarads, the frequency being 50. Deter- 
mine the inductive and the caporcitive reactances. 

(4) Explain how the current wave becomes deformed in an iron- 
cored choking coil. 
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(6) Show how a flat-topped E.M.F. wave gives rise to a peaked 
current wave when applied to the terminals of a condenser. 

(6) An E.M.F. represented by 

e = 100 sin (sA + 20 sin 3oit — 10 sin 5co< 

is applied to a series circuit consisting of a resistance of 5 ohms and 
inductive and capacitive reactances of 5 and 120 ohms respectively 
at fundamental frequency. Plot the E.M.F. and current waves 
in their correct positions. Assume the inductive reactance to be 
short-circuited and plot the new current wave. 

(7) The following figures relate to the magnetization of an iron 
cored choking coil : — 


Linos per 
sq. cm. 

Exciting 
Current in 
Amperes. 

Lines per 
sq. cm. 

Exciting 
Current in 
Amperes. 

0 

2-0 

18,000 

2*6 

4,000 

2-6 

16,000 

1*1 

8,000 

3-2 

12,000 

- 0-1 

12,000 

3-9 

8,000 

- 0*8 

16,000 

51 

4,000 

- 1-4 

18,000 

6-5 

0 

- 2-0 

20,000 

10-0 




Determine the shape of the current wave when a sine wave of 
E.M.F. is applied, the maximum value of which corresponds to a flux 
density of 20,000 lines per sq. cm. Neglect PR effects. 

(8) Develop, from first principles, an expression for the reactance 
of a condenser when the applied voltage is non-sinusoidal. 

An E.M.F. containing a 15 per cent, third harmonic and a 10 per 
cent, fifth harmonic is applied to the plates of a 10 microfarad con- 
denser. Calculate its reactance. The fundamental frequency is 
50 cycles per second. 

(9) An E.M.F. containing a 15 per cent, third harmonic and a 
10 per cent, fifth harmonic has an K.M.S. value of 100 volts, and a 
frequency of 50 cycles per second. It is applied to the terminals 
of a 100-microfarad condenser. Calculate the R.M.S. value of the 
current. 

(10) An E.M.F. wave contains a third harmonic of such a phase 
as to cause the resultant wave to be symmetrically flat-topped. 
This E.M.F. is applied to (a) an air-cored inductance of negligible 
resistance, (6) a non-inductive resistance, and (c) a bank of con- 
densers. Sketch the tliree current waves in relation to the E.M.F. 
wave, giving reasons for the shapes of these current waves* 

If the third harmonic in the E.M.F. wave has an amplitude 
equal to 30 per cent, of its fundamental, what are the amplitudes 
of the third harmonics in the three current waves ? 
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POLYPHASE CTJBRBNTS 

Production of Two-Phase Currents. — The simple elementary alter- 
nating current generator consists of a single turn rotating with uniform 
speed in a bipolar magnetic field. Such a turn has a sinusoidal 
E.M.F. induced in it if certain conditions are fulfilled, and a single- 



Ficf. 74. — Simple Two-Phase A.C. Generator. 


phase current is the result if the circuit is closed. Now imagine » 
second turn rigidly fixed to the first, the planes of the two coils 
being at right angles (see Fig. 74). This second turn will also 
produce a sinusoidal E.M.F. of the same magnitude as the first, 
the only difference being that when one coil has 
its maximum E.M.F. induced, the E.M.F. in 
the second is zero. In other words, there is a 
phase difference of 90° between the two E.M.F. ’s 
, induced in the two coils. The two E.M.F. *s 
are represented graphically in Fig. 75. Each 
coil may be connected across a non-inductive 
resistance producing a current, and these two 
currents will also have a phase difference of 
90°, since they are in phase with their respective 
E.M.F. ’s. Suc\i a circuit is termed a two-phase circuit. If reactance 
is included in equal amounts in each circuit so that the magnitudes 
and phases of the two currents are equal, the two currents will still 
be 90° out of phase with each other. Such a combined circuit is 

110 



Fig. 76. — Two-Phase 
E.M.F.’s. 
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the current flowing outwards is represented by the vector OJr, which 
is minus the current flowing inwards, since a reversal of the current 
is equivalent to changing its phase by ISO"". The phase difference 
between the current in the third wire and either of the other two is 
136®. In one case it is a lead and in the other a lag. 

Power in a Two-Phase Circuit. — ^The power developed in a two- 
phase circuit is the sum of the powers developed in each phase 



Fig. 80. — Measurement of Power In a Two-Phase Circuit. 


separately and can be determined by two wattmeters connected so 
that each measures the power in one pha^e, as shown in Fig. 80. 
Sometimes these two wattmeters are combined in one instrument, 
both tending to deflect the pointer in the same direction, so that 
the resultant deflection is proportional to the total power. In 
measuring the power in this manner, it is not necessary to have 
the circuits balanced. 

If the circuits are balanced, the power factor of each phase will 
be the same ; but if the circuits are unbalanced, the resultant power 
factor will be given by 

Total Watts 

Volt-amperes of phase I + Volt-amperes of phase II* 

Production of Three-Phase Currents. — If, instead of placing two 
coils at right angles on the elementary alternating current generator, 



Fig. 81.— Simple Three-Phase A.C. Generator. 

three coils had been placed on it mutually inclined at 120® to each 
other, as in Fig. 81, then the R.M.S. voltage induced in all three 
would be the same, but there would be a phase difference of 120® 
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between each pair of coils. Such a combination is termed a three- 
phase system, and the three E.M.F.’s are graphically represented in 
Fig. 82 both in curve form and in a vector diagram. 

A three-phase circuit may be represented diagrammatically in 


12 3 



the way shown in Fig. 83, where the three coils of the simple A.C. 
generator are independently connected to three equal resistances. 
According to this method of connection, six wires are required for 
the transmission of the power, but all the return leads can be com- 
bined in one without upsetting the electrical conditions, since they 
are only joined on one pole. Thus the six wires can be reduced 


A.C, Generator Load Resistance 



to four. The current returning through this fourth wire is the 
vector sum of all the currents flowing outwards in the other three 
wires. Assuming that the system is balanced, these three currents 
will be equal and will have a phase displacement of 120° with each 
other. Thus the current returning by the fourth wire can be 
represented by the expression 

t = / sin co^ -f / sin (<o< — 120°) + sin (<o< — 240°). 

This can be expanded with the following result : — 

i ■■= I [sin ( 0 ^ -f- sin €o( cos 120° — cos co< sin 120° 

+ sin 0 )^ cos 240° — cos sin 240° 

= I [sin < 0 ^ — ^ sin (ot 

= 0 . 

I 


V3 1 . \/3 , 

cos — 2 sm cos wt J 
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Thus at every instant the current returning by way of the fourth 
wire is zero, and conseq^uently this wire can be dispensed with. 

In this way, the important result 
is arrived at that only three wires 
are necessary to transmit power 
by means of a three-phase system. 
In certain cases in practice, how- 
ever, where unbalanced circuits 
are dealt with, four conductors are 
used. 

The three line wires may also 
be regarded from the point of view 
that each in turn serves as the 
return wire for the other two, for 
Fio. 84.— Vector Diagram of Three-Phase it is Seen that the instantaneous 

TT 

current flowing outwards in any 
one is always equal and opposite 
to the vector sum of the instantaneous currents flowing outwards 
in the other two. This can also be seen from the vector diagram 
shown in Fig. 84, where, considering the vertical components, 
a6 -f- cd is equal to e/, and, considering the horizontal components, 
oa is equal to oc + oe. 

Star System of Connection. — In developing the circuit shown in 
Fig. 83, the first operation was to join all the inner ends together 


A.C, Generator Load Resistance 



Fig. 86. — ^Three-Phase Star Connections. 


into what is known as a star point and then to omit the fourth 
wire. The resulting system of connections, shown in Fig. 85, is 
known as a star -connected circuit, or sometimes as a Y-connected 
circuit. 

An important relationship to be established is that eidsting 
between the volts per coil, or the phase volts, and the volts between 
any two line wires, or the line volts. Referring to the vector 
diagram (see Fig. 86)^ it is seen that the voltage between lines is 
equal to the vector difference of the two phase voltages concerned, 
for the vectors represent the E.M.F.^s acting away from the star 
point. Reversing therefore, and adding the voltage thus 
obtained to the vector El is obtained, and it is seen that there 
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is a phase difference of 30° between and El. By dropping a 

jp 

perpendicular from on to OEl it is seen that is equal to 
\/3 

cos 30° = and therefore El is equal to The 


important fact is therefore established that the line voltage is 
\/3 times the volts per coil or per phase, and that there is a difference 
of phase of 30° in each case. 

If the load at the receiving end of the line consists of three 
non-inductive resistances arranged in star, then the current through 
each resistance will be in phase with the voltage across it, and the 
same will hold good at the generator end of the line. But since 
there is a phase difference of 30° between the coil volts and the 
line volts, it follows that in a non-inductive load there is a phase 


El 



FlQ. 86. — Line and Phase Volte for 
Star Connection. 



Fig. 87. — Vector Diagram showing Currents 
in Star-connected System. 


difference of 30° between the line current and the line voltage. 
The voltage across lines I and II will lead the current in I by 30°, 
whilst the voltage across lines I and III will lag behind the current 
in I by 30°, as can be seen from Fi^. 86. If the load circuit contains 
reactance as well as resistance, the current will lag behind the coil 
voltage by an angle as shown in the vector diagram in Fig. 87. 
The angle of phase difference between current and line voltages 
will be 30° + ^ and 30° — 

Delta (or Mesh) System of Connection. — An alternative method of 
connecting the three coils of the simple alternating current generator 
is to connect the rear end of I to the front end of II, the rear end 
of II to the front end of III, and the rear end of III to the front end 
of I, thus making a closed local circuit. The three line wires are 
connected to the three joining points (see Fig. 88). Such a system 
is called a meah-conneci^ or delta- (from the Greek letter A) connected 
system. At first sight it appears as if there is a short circuit formed 
by the three coils, since they are all connected in series with one 
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another and the circuit is closed. But if the throe E.M.F.’s are 
added together at any instant it will be found that they always add 
up to zero. In other words, the sum of the E.M.F.’s of any two 
coils is always equal and opposite to the E.M.F. of the third. Here 
the line voltage is obviously equal to the phase voltage, but the 
current in each line wire is the resultant of the currents in two coils. 
Again, it will be seen that the current flowing out of line A is the 
vector difference of the currents in coils I and III. In order to 
determine what this is, reverse and add it to when the resulting 



Fio. 88. — Three-Phase Delta or Mesh Connections. 


line current will be found to be equal to VS/i, in the same way that 
the line voltage was found to be equal to \/3 times the 09!! voltage 
for a star-connected system. If three non-inductive resistances are 
connected up in the same manner at the receiving end, they will 
each take a current which is in phase with the voltage across their 
respective terminals. If reactance is present in equal amounts in 
the three circuits the current will lag behind the voltage by an 

angle and combimng each pair of 
phase currents the three line currents 
are obtained, the resulting vector dia- 
gram being shown in Fig. 89 . 

The two systems of connection de- 
scribed above are interchangeable, and 
it is possible to have a star-connected 
generator with a delta-connected load 
and vice versa. 

Power in a Star-connected Circuit— 
The power given out by the simple 
alternating current generator when star- 
is the sum of the powers 
System. given out by the three coils. Assuming 

that both resistance and reactance are 
present so as to make the current lag by an angle <j} behind the coil 
voltage, it is seen that the power output of each coil is Epip cos 
where Ep is the phase voltage and Ip is the phase current, which is 
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also equal to the line current. But Ep = 
the line voltage, and therefore 

1 

P = 3 X cos (f) 

= '\/ZElIl cos <I>, 


1 

where El is 


It is to be remembered that the power factor is the cosine of thei 
angle of phase difference between the coil voltage and the current, \ 
not the line voltage and the current. 

Power in a Delta-connected System. — Here again the total power 
is the sum of the powers in the three separate phases and is therefore 
equal to 

SEpIp cos (f). 


But the line current is equal to y/3Ip, and consequently the total 
power can be rewritten 


SEl cos <f> 


= 's/ZEiJl cos 

the same as before. 


Thus the power in a three-phase system is the same for both 
star and delta if the line voltage, line current, and power factor are 
the same. ' In the one case the line voltage is ^/Z times the phase volt- 
age, whilst in the other the line current is \/3 times the phase current. 

Measurement of Power in a Three-Phase System. — The first 


obvious method of measuring the power in a three-phase system is 
to use three wattmeters, so that each 


measures the power developed or ab- 
sorbed by one phase. The connections 
for doing this in the case of a star 
system are shown in Fig. 90, and at 
first sight it appears as if it is necessary 
to bring out a fourth wire from the 
star point. But the three ends of the 
volt coils of the wattmeters form a star 



Fig. 90. — Power Measurement in 
Star System. 


point in themselves, and, considering 

them as a very small load, it is seen that no current flows through 
the fourth wire, so that it may be omitted. In other words, the 
potential of the star point formed by the wattmeter volt coils is 
the same as that at the generator or load ends. 

If the system were balanced one wattmeter would be suflScient 
if the star point were available, the reading being multiplied by 3. 
If a le^ is brought out from the generator star point the connec- 
tions would be those shown in Fig. 91 (a). On forming an auxiliary 
star point by means of three high resistances the connections shown 



alternating currents 


OH. 



118 

in Fig 91 (6) could be adopted. This obviates the necessity of 
bringing a fourth wire out from the generator. But since the 
resistance of the volt coil is comparable with each of these fine wire 

resistances, the value of the resistance 
in parallel with the volt coil must be 
chosen higher than the other two, so 
that when placed in parallel with the 
volt coil the combined resistance is equal 
to each of the other two. A further 
simplification can be made as shown in 
Fig. 91 (c). Here the volt coil is itself 
used as one of the three resistances, 
the values of the other two each being 
made equal to it. 

Wattmeters are sometimes provided 
with these two extra resistances so that 
they can measure directly the power in 
a balanced three-phase circuit. 

In the case of a delta-connected 
system three wattmeters could be used 
as in the previous case, but this would 

Fio. 91. — Wattmeter Connections necessitate opening the three branches 
for Balanced Three-Phase System, pUPpOSe of intro- 

ducing the three current coils as shown 
in Fig. 92, and this would be very inconvenient, apart from the 
Jjgot that it could only be done at either the generator or the load 
fend of the line. But since the power in a 
delta sj^tem is the same as that in a star 
system, there is no need to resort to this 
arrangement, and the other more convenient 
methods can be adopted. 

Two-Wattmeter Method of Measuring Power. 

— By far the most commonly used method of 
measuring the power in a three-phase system 
is that known as the two -wattmeter method. 

Each wattmeter has its 
current coil in a differ- 
ent lead, whilst the two 
volt coils are connected 
at one end to their respective current coils, 
the other ends being connect^ to the third 
lead, which has no current coil in it, as shown 
in Fig. 93. It will now be shown that the 
of tte t^o wattmeter readings gives the 
Power. total power, and that this measurement is 

independent of balance and wave form if 
the wattmeters are themselves accurate. 




Fig. 92. — Power Measure- 
ment In a Delta System. 
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Let the instantaneous volts measured from the star point to 
the three line wires be Cg and 63 respectively, and let the cur- 
rents flowing diitw^ards in the three arms be ig and 
respectively. Then wattmeter Wi measures (e^ — Cg) and watt- 
meter W 2 measures (eg — eg) The sum of the two readings is 
therefore 

(ej - eg) L + (cg - eg) 1*3 
= e^ij ^ + ^ 3 ) ^3^3* 

But 1 2 = •- (ij + ^ 3 ). 

i 

Therefore the sum of the two readings is 
e^ii + ^ 2^2 4 " ^ 3 ^ 3 > 

which is the total power at that instant, and the wattmeters will 
indicate the average value of this quantity, in which no assumption 
as to balance or wave form is made. 

The same reasoning holds good for a delta connection, for it 
does not matter, as far as the wattmeters are concerned, whether 
the power is generated in a delta or star system. 

Vector Diagram for Two-Vl^attmeter Method. — It is interesting to 
observe what each wattmeter is really doing in this measurement, 
and this can be seen by a reference to the vector diagram in Fig. 94. 
Assuming again a balanced circuit and sinusoidal wave forms, it 
is seen that wattmeter measures the product of Eli and the 
cosine of the angle of phase difference between them. If Eli had 



been drawn in exactly the opposite direction, it would have been 
more than 90° out of phase with and would correspond to a 
negative power and a backward reading of the wattmeter. 
Similarly wattmeter W 2 measures the product of /g, El 2 and the 
cosine of the angle of phase difference between them. The 
quantities which the wattmeters record are shown separately in 
Fig. 94, where it is seen that 

Wi — El cos (30 + (f>) 

W 2 == El cos (SO'' — <f)). 


and 
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Therefore 


Wi+W^ = El {cos (30° - <^) + cos (30° + <!>)} 
= El X 2 cos 30° cos <j) 

= y/SEI cos <l>, 


which is again equal to the total power. 

When <l> attains a value of over 60®, cos (30° + <f>) becomes 
negative and wattmeter commences to read backwards. In 
order to make the measurement, therefore, either the current coil 
or the volt coil must be reversed, and the forward reading thus 
obtained must be subtracted from that of the other wattmeter in 
order to obtain the total power. In the same way, when the 
angle of lead becomes greater than 60° the wattmeter com- 
mences to read backwards and the same procedure must be 
^adopted. 

Measurement of Power Factor from Wattmeter Readings.— On a 

sine wave hypothesis the measurement of the power factor devolves 
into a determination of cos and this can be obtained from the 
two wattmeter readings mentioned above, for 


Therefore 


IFa - IFi == El (cos (30° - <A) - cos (30° + 0)} 
El X 2 sin 30° sin 
= El sin <l>, 

W 2 — Wi ^ El sin (f) _ sin 

^2 + V^El cos ^ \/3 cos (j)* 

V3 w ^— w = 'f> 


and 


w^+w^ 

nF^Fr;) 

1 


1 + 3 


\w^ + wj 

cos (f) — 


sec^ <f) 

1 


cos^ 




W 

Letting r equal ^ and dividing top and bottom of the part 


W_ 

in the round brackets by TF 2 we get 


cos = 
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It is convenient to divide by the larger reading so that ^ 
is always less than unity. 

Another way of stating this relationship is obt ained by multi- 
plying top and bottom of the above equation by V(1 + Then 

V (1 

cos <!> = ~/T- /I 


V{i+3(;-+{T}x (!+'•)* 

_ / (1 + r)^ 

'V (1 + + 3 (1 - r)* X (1 + r) 

_ / (1 + 

~ V4(l + rS) 

_i / (T+lf 
“ 2 V l + r3‘ 

When the angle of lag is 60° the wattmeter is measuring 
El cos (30° + 60°) = 0, 





Fractional Batlo of Wattmeter Eeadings. 

Fia. 96 .— Power Factor from Wattmeter Readings. 


and thus, when the power factor falls to 0*5 = cos the indica- 
tion of the first wattmeter is zero. This result is also obtained b}^ 
putting r equal to zero in the last equation. If the power factor 
is less than 0*5, it follows, from the same equation, that r must 
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have a negative value, indicating that one wattmeter is reading 
backwards. 

Again, when the angle of lead is 60® the wattmeter measures 
El cos {30® 60®)} = 0, 

and for power factors of less than 0*5 with the current leading, the 
second wattmeter gives a negative indication. 

Fig. 95 shows graphically the relation between the power factor 
and the ratio of the two wattmeter readings, this ratio always 
having a fractional value. The power factors under which the two 
wattmeters themselves are working are also shown, it being seen 
that each of them reverses in sign over a portion of the range. 

Reactive Volt-amperes. — The total volt-amperes of a single- 
phase circuit are given by El and the power by El cos cf). The 
reactive component of the volt-amperes is given by El sin and 
this quantity is usually referred to as the VAr (volt-amperes re- 
active). The same applies to three-phase circuits, where the 
kilovar (kVAr) is now commonly used. The most convenient way 
to obtain the kVAr in a three-phase system is from the difference 
of the two wattmeter readings when these are connected so as to 
measure the total power. 

It was shown on p. 119 that, assuming sine waves and balanced 
loads, the quantities recorded by the two wattmeters are El cos 
+ <f)) and El cos (30° — 0) respectively. The difference of 
these two readings is 

If 2 - IFi = El cos (30® -<!>)- El cos (30° + ^) 

= El sin <^, 

and \/3 times the difference of the two wattmeter readings gives 
the total kVAr in the circuit. This method is, however, not accurate 
for unbalanced loads. 

Three-Phase Load. — The conditions necessary for a three-phase 
load to be balanced are that the resistances of the three arms must 
be all equal, the inductive reactances must be all equal and the 
capacitive reactances must be all equal. It is not sufficient that 
the impedances should be equal, as this result might be attained 

with different proportions of resist- 
ance and reactance. 

The same impedances arranged 
in delta produce a larger current 
for a given E.M.F. than when 
arranged in star, for consider the 
general case where the impedance 
of each branch is Z and the line 
volts are E (see Fig. 96). 

E 

When arranged in star, the voltage across each branch is — 



Fig. 06.— Impedances in Star and 
Delta. 
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lU 

and the current is when they are arranged in delta the 

E 

current per branch is — , so that the line current is V3^, or three 


times the previous value. Thus the equivalent impedance of the 
system is reduced to one- third of its original value by changing 
over from star to delta. 


Unbalanced Three-Phase Circuit. — An unbalanced system is pro- 
duced when the impedances in the different branches are unequal. 
The three currents may be of different magnitude and may also lag 
behind their respective E.M.F.’s by different amounts, but the 
vector sum of all the currents flowing outwards must add up to 
zero if there are only three wires. In order that this condition may 
be brought about, the voltage is usually distributed in an unsjma- 
metrical manner over the three branches, the general effect being 
to reduce the voltage on the heavily loaded side. One result of 
this is that the potential of the unsymmetrical star point is different 
from what it would be if the system were balanced. 

The average power factor is a term which has rather a dubious 
meaning, but it may be defined as the 


Total power 

Sum of the volt-amperes for all phases* 


This will not necessarily be the same as the average of the three 
individual power factors. 

The line voltages may also be unbalanced, a difference in magni- 
tude giving rise to an alteration in phase angle. The vector sum 


of the three line voltages is always zero, so that these can be repre- 
sented in the form of a triangle ABC 
as shown in Fig. 97. Now suppose ^ ^ 

three circuits to be connected in //\V 

delta between these three points. / / \ x. 

The current flowing between lines ir \ 

A and B lags by an angle and is j/ \ 

represented by AB' . If the mag- u 

nitudes of the other two currents are L ^r- : :rr':T ZLA — > 

known, the current triangle AB'G' ^ ^ ^ ^ 

can be drawn, for the vector sum System. Load in Delta. 


of the three currents is zero, if only 

three line wires are employed. The phase angles of the other two 
currents are thus fixed. 


If the load circuit is connected in star and the three currents 


are known, they can again be drawn in the form of a closed triangle 
(see Fig. 98) as shown at (6), the triangle ABC in (a) representing 
the line voltages as before. The three currents can now be re-drawn 
in their correct relative phase in the form of a star as shown at (c). 
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If the power factors of the three legs of the star are known, then the 
phases of the three star voltages can be determined, these voltages 
being represented by E^, leading their respective currents 

by (^2 should be noted that their magnitudes are 

not Imown unless the values of the three impedances are known.) 
If a tracing of these three voltage vectors be made and placed over 
the voltage triangle at (a), then the three lines of the star must pass 



Fio. 98. — Unbalanced Three-Phase System. Load In Star. 


through the three angles of the triangle. When the tracing is 
adjusted to bring this about, the star point can be marked by 
pricking through the star point of the tracing. The lengths of the 
lines OAy OB, OC now give the magnitudes and phases of the three 
star voltages. 

Symmetrical Components. — ^The instantaneous sum of the line 
currents is zero in a three-phase three-wire system, and the vectors 
of these currents form a closed triangle, whether the load is balanced 
or not. If the star points of the generator and load be connected, 
however, the system becomes converted into a four-wire system. 
If the generator is earthed at its star point, then an earth fault on 
the system converts it into a four- wire one, the fault current to 
earth being the equivalent of a current in a fourth (neutral) con- 
ductor. In such a case the vector sum of the three line currents 
is no longer zero, and the phase voltages, which also formed a 
closed triangle in a three-wire transmission, become independent. 

Any system of three-phase currents, whether balanced or not, 
and irrespective of whether there is, or is not, any current in a 
fourth conductor, can be resolved into three component systems, 
each of which is balanced and symmetrical. The first is a sym- 
metrical three-phase system of currents having normal, or positive, 
sequence. By this is meant that the currents in lines A, B and C 
rise to a positive maximum in that order. The second symmetrical 
group of components has a phase sequence opposite to normal, 
and these are called the negative sequence components. The third 
group consists of three line currents all equal and in phase, these being 
called the zero phase sequence components. It can be proved that 
any system of three-phase currents can be resolved into components 
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of the type mentioned above, the magnitudes and phases of the 
various components depending upon the magnitudes and phases of 
the actual currents flowing. 

Fig. 99 shows the vectors of these three components. The 
vectors and form the positive sequence components, these 



Positive Negative Zero Resultants 

Sequence Sequence Sequence 


Fig. 99.— Symmetrical Components. 

all being equal in magnitude and 120® out of phase with one another. 
The phase sequence is positive, since leads 6^. The vectors 
62, ^2 form the negative sequence system. This is also symmetrical, 
but the phase rotation is reversed. The vectors 6 q, Cq constitute 
the zero sequence system, these components all being equal and in 
phase. The resultant current in line A is given by the vector A, 
which is the sum of a^, a2 ®o- Similarly, B is the sum of 6^, 
62, and 6 q, and C is the sum of Cj, Cg and Cq. Any degree of 
dissymmetry can be dealt with in this manner. 


B B 



U) (b) ^ (c) 


Fio. 100. —Symmetrical Components of Single-Phase Loads. 

Symmetrical Components of Single-phase Loads. — When a 
single-phase load is taken from a three-phase system, the sym- 
metrical components of current consist of positive and negative 
sequence components which are equal in magnitude. This can be 
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shown by adding these components together with any relative 
phase angle whatsoever, the zero sequence components being absent. 
Three examples are shown in Fig. 100 of unsymmetrical loading. 
At (a) the line currents in lines A and C are equal in magnitude but 
180° out of phase. The^ resultant current in line B is zero. This 
represents a single-phase load connected between lines A and C. 
At (6) the currents in lines A and C are equal and in phase, but are 
180° out of phase with the current in line B, which is equal in 
magnitude to the sum of the currents in lines A and C. At (c) 
the current in line B is again equal to the sum of the currents 
in lines A and C, but the two latter currents are not themselves 
equal. 

Resolution of Unsymmetrical Three-phase Systems, — In the 
general case, the current in the fourth conductor is the vector sum 
of the currents in the other three line conductors. If the vectors 


B 



Fio. 101.— Resolution of Unsymmetrical Three-Phase System. 


of the three line currents be added together, they will form 
an unclosed triangle. The resultant current consists solely of three 
zero sequence components, and each zero sequence component is 
one-third of this resultant, since they are all equal and in phase. 
These currents can now be subtracted from the three line currents, 
leaving currents which consist only of positive and negative sequence 
components. The vectors OA and OB are now each rotated through 
120° towards OC (see Fig. 101), the three vectors OA', OB' and OC 
being added together to ^ve the resultant OB, This, when divided 
by three, gives the positive symmetrical component of OC, as OP, 
The difference between OC and OP, i.e. PC, gives the negative 
symmetrical component of OC, The positive symmetrical com- 
ponents of OA and OB are obtained by drawing lines at 120° to OP 
and equal to it in length. The negative symmetrical components 
of OA and OB are obtained by drawing lines at 120° to PC and' 
equal to it in length. 

Retarding the phase of OB by 120° is equivalent to advancing 
its negative symmetrical component by the same angle. Similarly, 
advancing the phase of OA by 120° is equivalent to retarding its 
negative symmetrical component by the same angle. In the 
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resultant OR, therefore, the negative symmetrical components of 
OA\ OB' and dC are now all exactly 120° out of phase with one 
another, and their sum must equal zero. In the same way the 
positive symmetrical components of OA\ OB', and OC are all in 
phase, so that the positive symmetrical component of OC is one-j 
third their sum. 

If the vectors OA and OB had each been turned away from OC, 
a similar construction would have given the negative symmetrical 
component, but this is unnecessary, since it is given directly by 
subtracting OP from OC, 

Elimination of Third Harmonic. — All the harmonics which are 
divisible by 3 are absent in a balanced three-phase system, providing 



Fia. 102. — Disappearance of Third Harmonic in Three-Phase System. 


no fourth conductor is used. The voltage between any two lines 
is the vector difference of two phase voltages acting away from the 
star point, and these voltages differ in phase by a third of a cycle. 
But if a third harmonic is present in the E.M.F. wave, there will 
be a phase difference of one complete cycle between these harmonic 
voltages in the two phases, and hence they will always be equal and 
opposite. This can be demonstrated graphically by subtracting two 
equal voltages containing third harmonics, as in Fig. 102, the 
phase difference being 120°. The resulting curve shows no third 
harmonic. 

It can also be seen by adding together the voltages as 
follows : — 

sin cof + sin (3o>f x a) 

eg = E^ sin (mf - 120°) + E^ sin {3 (cof - 120°) + a} 

= Ej^ sin (cof — 120°) 4- E^ sin (3a>f + a — 360°) 

= El sin — 120 °) + £3 sin (3a)^ + a) 
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— e, = {sin co^ — sin (co^ — 120°)} + (sin (So/ + a) 

— sin (3co^ + “)} 

= (sin co^ — sin (oi — 120°)} 

= 2E^ cos (ixit — 60°) sin 60° 

= cos (co^ 60°) 

= \^3E^ sin (coi -{- 30 ). 

The third harmonic has obviously disappeared. 

In a similar manner, the ninth, fifteenth, etc., harmonics 
disappear, so that the only ones possible in a balanced three-phase 
system are the fifth, seventh, eleventh, thirteenth, etc. 

This is not necessarily the case when a fourth wire is employed 
to join the star points, for although no third harmonic can exist in 
the voltage between lines, yet it can exist between any line wire 



Fig. 103. — Reversal of Fifth Harmonic in Three-Phase System. 


and the fourth conductor, and its presence may produce a harmonic 
current flowing round the circuit, consisting of the line wire and the 
fourth conductor together with the apparatus joining them. 

Reversal of Fifth Harmonic. — When a fifth harmonic occurs in 
the phase voltage between the line and the star point, it appears 
in the line voltage with its phase reversed, i.e. if the harmonic is a 
peaking one in the phase voltage it becomes a dimpling or a flat- 
topping one in the line voltage, and vice versa. This is shown 
graphically in Fig. 103, where two equal voltages containing fifth 
harmonics are shown with a phase difference of 120°. The re- 
sultant line voltage is the difference of the two, and the peaked 
phase voltages are shown to produce a dimpled line voltage. 

The effect can also be demonstrated by adding the voltages 
together as follows : — 

ej = E^ sin o>< + E^ sin (6a>^ -f- a) 
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= sin (o>^ — 120°) + sin (5co^ — 600° + a) 

= sin (coi — 120°) + E^ sin (5oit + 120° + «)• 

— 62 = Ej^ {sin ot — sin (at — 120°)} 

E^ {sin (5at “J- a) — sin (5at -f” 120° -f- a)} 
= 2 E^ cos (at — 60°) sin 60° 

2 E ^ cos (^at -j- (X -j- 60°) sin ( — 60 ) 
= VB E^ cos (at — 60°) — V3^6 + oc + 6^"^) 

= Vs sin (at + 30°) — VSE^ sin (5at + a + 150°) 

= V3 El sin (at + 30°) + VSE^ sin (5at + a — 30°). 

If a = 0, then the fundamental and the harmonic reach a 
positive maximum value simultaneously in the phase voltage, but 
in the line voltage the fundamental reaches a positive maximum 
when at = 60°. The value of the fifth harmonic is now 

V3^6 sin (5 X 60° - 30°) = VSE^ sin 270°, 

which shows it to be at its maximum value in the reverse direction. 
The relative magnitude of the harmonic is, however, unchanged, but 
its phase is reversed in the line voltage. 

In the same way it can be shown that the seventh harmonic is 
reversed in the line voltage. The ninth harmonic is eliminated, 
and the eleventh and thirteenth appear unchanged. 

Oscillating Neutral. — If three equal resistances are connected 
in star on a three-phase system, the star point being insulated, the 
potential of the latter automatically assumes the same value as 
that of the star point of the generator supplying the system. In 
practice, this star point is usually earthed. There is, therefore, 
no p.d. between the insulated star point of the three resistances and 
earth. 

Now suppose that the three resistances are replaced by three 
choking coils, the voltage being sufficient to cause magnetic satura- 
tion in their cores. Assume also that the line voltages are sinu- 
soidal. It was shown on page 92 that in these circumstances the 
magnetizing current requires to have a third harmonic, and to 
produce this a third harmonic voltage is necessary. This does not 
exist in the voltage between line and line, but such a voltage is 
set up between line and star point in each phase of the load. The 
fundamental phase voltages acting away from the star point are 
mutually 120° out of phase with each other, and so these three 
haimonic voltages are 3 X 120° = 360° out of phase with each 
other. In other words, they are all in phase, and as they are all equal, 
they cancel out between lines, leaving the line voltage undistorted. 

The voltage between line and star point at the generator consists 
solely of a fundamental component, but the voltage between the 
lines and the star point of the saturated choking coils now consists 
of an equal fundamental component together with a third harmonic 
K 



130 


ALTERNATING CURRENTS 


CH. 


component. There is, therefore, a third harmonic voltage existing 
between the insulated star point and that of the generator. If 
the latter is earthed, the potential of the insulated star point oscillates 
about the neutral potential at third harmonic frequency. This 
insulated star point is known as an oscillating neutral. 

Six-Phase Currents. — Six-phase currents can be obtained in the 
same way as two- and three-phase currents, by having six coils 
spaced 60® apart on the simple alternating current generator. But 
coil No. 4 is exactly the same as coil No. 1, with the exception that 
it is reversed, and thus six separate phases can be obtained from a 
three-phase source provided they are kept insulated. By means 
of transformers (see Chapters XIV-XVI) it is possible to produce 
six connected phases from a three-phase supply, and in most cases 
in practice where six-phase currents are employed they are obtained 
from a three-phase source. They are used in connection with certain 
types of apparatus {e.g. rotary converters, see Chapter XXV) the 
operation of which is improved by the use of a large number of 
phases. 

The power in a six -phase system is six times the power in each 
phase, the latter being the product of the line current, the voltage 
between line and star point and the power factor. But as this 
voltage is the same as that between adjacent phases, as is seen on 
reference to the vector diagram, the totaJ power is 

P = ^EI cos (f)y 

where E is the voltage between adjacent phases, 1 is the line current 
and cos <f) is the power factor of each phase. 

The total power may also be obtained by considering the system 
as a double three-phase system. Thus 

P = 2 X V^E'l cos 

where E' is the voltage between alternate phases. This voltage 
is a/ 3 times the voltage between line and star point, and, conse- 
quently, between adjacent phases. Thus 

E' = a/3j& 

and P = 2 X V3 X V^E x I cos <f> 

= 6EI cos <f} 

as before. 

Greater numbers of phases are also occasionally met with in 
practice, but here again their application is limited to certain 
particular types of apparatus. 

Examples. 

(1) Show how it is possible to transmit three-phase currents 
with only three wires. 
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(2) In a two-phase three-wire system the two phases are un- 
equcally loaded. The current in the leading phase is 47 amperes 
in phase with its own voltage. The current in the lagging phase 
is 39 amperes and lags by 22-6° behind its own voltage. What is 
the current in the common return ? 

(3) Three non-inductive resistances each of twenty ohms are 
connected in star across a three-phase system the line voltage of 
which is 480 volts. Three other non-inductive resistances are 
connected in delta so as to take the same line current. What are 
the values of these other resistances and what is the current flowing 
though each of them ? 

(4) Two wattmeters measure the total power in a three-phase 
circuit, and are correctly connected. One reads 4800 watts, whilst 
the other reads backwards. On reversing the latter it is found to 
read 400 watts. What is the total power and the power factor ? 

(6) The voltage between each pair of lines in a three-phase 
system is 600 volts, and three non-inductive resistances are con- 
nected in star across these lines, the currents being 100, 80 and 60 
amperes respectively. What is the p.d. across each resistance and 
what is the voltage between their star point and the ideal star 
point with a balanced load ? 

(6) Show that in a three-phase, star-connected system, if a 
fifth harmonic is present in the voltage between line and neutral, it 
appears in the line voltage with its phase reversed. 



CHAPTER XI 


ROTATING FIELDS 

Production of a Rotating Field,— A rotating magnetic field is 
one in which the flux rotates round a fiLxed axis and can be produced 
by merely rotating a magnet or a coU of wire in which a D.C. is 
flowing. 

A rotating field can also be produced by a system of stationary 
coils supplied with polyphase currents. Consider Fig. 104, which 
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Fio. 104.— Production of Rotating Field. 

representsjt^simple two-pole (not a four-pole) two-phase system, 
theTwo horizontal projections being supplied from one phase and the 
two vertical projections from the other. The combined effect of 
these two phases is to produce a resultant flux the axis of which 
changes from instant to instant, and it will be seen that this resultant 
flux gradually rotates whilst maintaining a constant magnitude. 
At the instant when the current in the first phase is zero that in 
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the other is a maximum. The combined M.M.F. is therefore 
vertical, since there is no horizontal component, and the resultant 
flux is also vertical, as shown at (a). In order to determine the axis 
of the resultant flux, each phase will be imagined to produce its own 
flux, the two component fluxes then being added together vectorially. 
This is not theoretically accurate, but it is a convenient method of 
dealing with the problem and leads to accurate results. As the 
current in the first phase grows that in the second phase dies down. 
The vertical flux is now not so great, but there is a horizontal 
flux to be added to it vectorially, the result being a magnetic flux 
having an axis lying along an inclined line, as shown at (6). After 
a time, the current in phase I reaches a maximum, whilst that in 
phase II has died down to zero. The resultant flux is now hori- 
zontal, as shown at (c). The axis of the resultant flux at succeeding 
instants is shown at (d), (e), (/), etc., from which it is seen that the 
magnetic flux gradually revolves, completing one revolution in 
the time taken to pass through one cycle in a bipolar case. In a 
multipolar case the magnetic flux swings past a pair of poles for 

every cycle, and consequently the speed of revolution is ~th that in 

the bipolar case, where n is the number of pairs of poles. 

Care must be taken in determining the number of poles, which 
is the same as the number of poles per phase, 

Two-Phase Rotating Field. — In order to determine the magnitude 
of the resultant field, a sinusoidal current wave form will be assumed 
and also a sinusoidal flux distribution. This latter assumption 
will be found to be unjustified later on, but 
it enables the resultant flux to be calculated ^ 
with greater ease. ^ 

Let O represent the maximum flux pro- 
duced by each phase separately. Considering § 
an instant when the current in the first phase ^ 
has advanced through an angle cof from its 
maximum value, the flux due to this phase ^^°Fi\«e’^Tw?-PhaE°f 
is represented by O cos wt, and lies along a 
horizontal axis. At the same instant the flux due to the other 
phase, which is lagging behind, is represented by O cos (co^ — 90°) 
and lies along a vertical axis. The resultant flux. Or (see Fig. 105), 
is equal to 

Of = cos cotp + {O cos (co^ — 90 ° )P 
= O V cos^ ixit + cos® (o>^ — 90 °) 

= OV cos® 

-xO. 

It is thus seen that the resultant flux due to the two phases is 



^cosurt 
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equal to the maximum flux produced by each phase separately 
and is constant in magnitude and independent of the angle co^ 
The angle through which the axis of the resultant flux has 
rotated, corresponding to an advance in phase of the current of 
to^, can also be calculated. This angle is represented by a in Fig. 105 
and 


tan a = 


O cos (cof — 90°) 
O cos cat 
sin <jit 

= tan 6>f. 


cos at 



£ h L J h L 


Fig. 106. — Three-Phase Rotating Field. 

Therefore a is equal to at and an advance of at in phase corre- 
sponds to a rotation of a® of the magnetic flux. The flux is thus 
seen to rotate uniformly, having a constant magnitude all the time. 
-y Three-Phase Rotating Field. — A simple bipolar arrangement for 
three phases would be provided with six projections (see Fig. 106) 
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instead of four, as in the two -phase case. The coils belonging to 
each phase are wound on to two opposite projections, care being 
taken to obtain a space displacement of 120° instead of 60°. This 
is done by connecting the three front ends, I, II, III, to the supply, 
the three rear ends, I', II', III', being joined together to form a 
star point. A delta connection can also be adopted if desired. 
Commencing with the current in phase. I at zero, the current 

Vs 

in phase II (lagging by. 12,0°) is — — ^ times its forward maximum 


value and the current in phase III (lagging by 240°) is -j- 


Vs 


times 


its forward maximum value. The flux vector diagram representing 
these conditions is shown at in Fig. 106. After an interval of 
30°, the current in phase I has risen to half its maximum value, 
the component flux due to this phase doing the same. The flux due 
to the second phase has now reached its maximum, whilst that due 
to phase III has died down to half its maximum value, as shown 
at (b). The flux due to phase III continues to die away, falling to 
zero 30° later, when the resultant flux is due to phases I and II 
only, as shown at (c). The values of the component fluxes at further 
successive intervals of 30° are shown at (d), (e), (/), etc., from which 
it is seen that the resultant magnetic field makes one complete 
revolution per cycle, as in the two-phase case. The magnitude of 
the resultant flux is also seen to 
be constant for all the instants 
illustrated, and it will now be 
shown that it is constant 
throughout. 

Using the same notation as 
before, the values of the com- 
ponent fluxes at any instant are 
O cos City O cos {oit — 120°), and 
O cos (oit — 240°). These fluxes 
act along axes which are mutu- 
ally inclined to each other at 
120°, so that in order to obtain 
an expression for the resultant 
flux all the instantaneous horizontal components and all the 
instantaneous vertical components will be determined and the two 
resultants added together vectorially. 

The resultant horizontal component (see Fig. 107) is 



Fig. 107. — Combination of Fluxes 
(Three-Phase). 


(I) cos cof — O cos (co/ — 120°) cos 60°— O cos (co< — 240°) cos 60° 

[ Vs Vs . n 

cos co< -f J cos (fit sin coi + J cos -j — ~ sin coH 

= ^) X f 008 (HL 
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The resultant vertical component is 
0 — cos (cot - 120°) sin 60° + C> cos (cot — 240°) sin 60° 


[ a/3 a/S 

cos at — i sin at j- cos at ^ ^ sin at 


= O X (— # sin at). 

The resultant field is, therefore, 

= \/5)2 X (I cos at)^ + O* X ( — I sin 
= X Vcos^ at + sin^ at 


(a) 


(b) 

30 ' 


(c) 

60 * 

(d) 

90 * 

(e) 

120 * 


if) 


(9) 

JfVf 



The resultant flux is again 
constant and independent of at as 
in the two-phase case, and is i 
times the maximum flux produced 
by each phase separately. It will 
be shown later that this constant 
has a value of 2 when the non- 
sinusoidal flux distribution is taken 
into account. The flux also rotates 
with uniform speed, making one 
complete revolution per cycle in a 
bipolar case. 

Flux Distribution with Concen- 
trated Winding. It is usual to 
arrange the magnetizing winding 


in slots in preference to putting it 
on salient pole pieces, a uniform 



air-gap being thus obtained when 
a cylindrical rotor is placed in 
the field system. In a bipolar 
arrangement each coil lies in two 
slots and spans an arc of 180®. 
That portion of the air-gap lying 
between the two slots on one side 
forms one pole, whilst the other 
portion of the air-gap lying between 



the two slots on the other side 
forms the other pole. There is 
thus one coil per pair of poles. 
The M.M.F, is proportional to the 
ampere- turns, and has the same 
value over the whole arc of 180°. 


Over the remaining 180° it is equal 
in magnitude, but opposite in 
sign. As the reluctance is approximately uniform all round the 
air-gap, the flux density is constant all over the pole, and is 
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represented by Fig. 108. When the magnetizing current dies down, 
the flux density diminishes proportionally, successive intervals of 
30° being shown. After 90° the flux reverses and grows sinusoidally 
with time until it reaches a maximum, as shown in Fig. 108 {g). 
The action is then repeated. 

For two phases four slots would be necessary, and for three 
phases six slots, these numbers being multiplied by the number 
of pairs of poles if a multipolar field is required. 

Such a wave of magnetic flux is called a stationary wave, the 
zero points or nodes remaining fixed in space. At any particular 
instant of time the flux is distributed around the air-gap according 
to some law (in Fig. 108 the law is that of a rectangular wave), 
and this is called the spa ce distr i bution . At any particul ar po int 
in the air-gap the fliix varies with time according to some law (in 
Fig. 108 a sinusoidal time variation is assumed), and this, is called 
the time variation. Thus the strength of the flux varies both in 
time and space, the two laws being independent of one another. 
The time law depends upon the law obeyed by the magnetizing 
current, and the space law upon the distribution of the magnetizing 
turns around the air-gap. 

Flux Distribution with Distributed Winding. — It is not usual, 
however, to concentrate the whole of the winding for one pole into 
a single slot, the general practice being to distribute it over a number 
of slots. This modifies the shape of the flux wave to a certain 
extent, since the coils in the different slots embrace slightly different 
arcs. Consider a case where there are five slots per pole for one 
phase [see Fig. 109 (a)]. The flux set up by each of the five coils is 
confined to the space lying between the two conductors of that 
coil. Since the current in each coil is the same, there are five 
times the ampere- turns per coil acting on the space between the 
inner conductors. Between these and the next adjacent conductors 
there are only four times the ampere-turns per coil, since the 
inner conductors are inoperative on their outside. Finally, in the 
space between the outer conductors and the next ones inside there 
is only that due to the single outside coil. The curve of flux dis- 
tribution for this pole is shown in curve (a) , Fig. 109 {a ) . Next consider- 
ing the flux over the adjacent pole pitch, the same considerations 
lead to a curve of flux distribution as shown in curve (6), and com- 
bining these two flux curves together the resultant flux distribution 
is obtained as shown in curve (c). Owing to the fringing of the 
lines, it is sufficiently near to consider the sloping zigzag lines as 
straight lines, in which case the curve of flux distribution takes the 
form shown in Fig. 110. The horizontal distance between a and 6 
is equal to the pole pitch, whilst that between c and d is equal to half 
the pole pitch in a two-phase case and one-third the pole pitch in 
a three-phase case. The space between d and e is filled up by the 
remaining phases, each of which produces a component flux wave 
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flux density being 1-41 times that due to one phase alone. This 
further reacts on the wave form of the current and distorts it to a 
certain extent by introducing harmonics. 

Calling the height of the flat-topped wave unity, the average 

flux density, which is given by is 0-75 when the wave is flat- 

topped and 0-71 when the wave is peaked (triangular), having a 

maximum value of 1*41. The mean value is ~ — == 0*73, 



Fig. 112. — Flux Distribution with Two-Phase Winding. 

and the ratio of maximum to average flux density is, therefore, 
0-73 ^ ' 

Resultant Flux Distribution due to Three Phases. — Each of the 
phases will now utilize one-third of the available winding space, 
so that the coils cover an arc of 60° instead of 90° in the two -phase 
case. The flux distribution is shown in Fig. 113. At (a) the current 
in phase I is a maximum, and hence the currents in phases II and 
III are equal to half their maximum values, but are in the reverse 
direction. Advancing by 120° to the right of the flux wave due 
to phase I, the flux wave due to phase II is plotted. This is in 
the reverse direction and has only half the amplitude, since a sine 
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and the horizontal component O sin The former are in phase 
with one another, but the latter are in opposite directions, owing 
to the different directions of rotation. The horizontal components 
thus cancel each other for all values of cof. The resultant vertical 
component is 20 cos and the two rotating fluxes can be replaced 
by a single alternating flux having a maximum value equal to twice 
the magnitude of each component rotating flux. The axis of this 
resultant alternating flux lies along the line where the two rotating 
fluxes cross. 

The converse of the above is that any single phase alternating 
flux can be resolved into two equal rotating fluxes, rotating in 
opposite directions, each of them having a magnitude equal to half 
jthe maximum value of the alternating flux. 

' Reversal of Rotation. — In order to reverse the direction of 
rotation, the connections of any two phases are interchanged. If 
this is done in a three-phase case, it is seen that instead of advancing 
in the order 1, 2, 3, the flux advances in the order 3, 2, 1, 

y Examples. 

/ (1) Prove that, on the assumption of sine waves throughout, the 
Totating flux due to a three-phase system of magnetizing currents 
is constant in magnitude. 

(2) Trace out the variations in M.M.F. due to a belt of con- 
ductors representing one phase of a three-phase magnetizing system. 

(3) Calculate the maximum value of the M.M.F. due to a three- 
phase winding at a time corresponding to — 10° for the first 
phase, in terms of the maximum M.M.F. due to any one phase 
acting separately. 

(4) Each phase of a three-phase winding occupies one-third of a 
pole pitch, and is assumed to give rise to a flux wave of trapezoidal 
shape. Draw the resultant flux wave at the instant when (a) it is 
most peaked and (6) it is most flat-topped. Assuming the area of 
the graph to be proportional to the total flux, draw an equivalent 
sine wave of flux. 



CH.xn ALTERNATING CURRENT INSTRUMENTS 146 


a strict square law, but is usually a little contracted at the top end 
as well as being very contracted at the beginning. 

In the case of ammeters, the whole current cannot be led into 
and out of the moving system by means of the controlling springs, 
and to get over this difficulty the connections shown in Fig. 114 
are sometimes used. The two fixed coils, (7, C, are placed in series 
with one another and a resistance, Ry across the terminals, Tg. 
The moving coil, M.C,, is connected in series with the resistance, r, 
also across the terminals, Tg. The ratio of resistance to reactance 
in each branch circuit must be the same, so that the phase relation- 
ships are not disturbed. 

They are affected by stray magnetic fields, but to counteract 
this they can be effectively screened and, if necessary, they can be 
wound astatically. 

Most instruments of this type are provided with a spring control 
and an air damping device. 

The spring control produces a 
restoring torque proportional to the 
angle of deflection, and is similar to 
that used on moving coil instruments, 
whilst the various air damping 
devices adopted are similar to those 
used on moving iron instruments. 

The Kelvin Balance and the Sie- 
mens Dynamometer are examples of 
instruments of this type which are 
suitable for use on direct as well as 
alternating currents. 

High-class dynamometer instru- 
ments are only affected to a very 
small degree by changes of wave 
form and frequency, and sometimes 
not at all. 

Induction Ammeters and Voltmeters. — The main class of induc- 
tion instruments are designed upon the shielded pole principle and 
were originally due to Ferraris. 

A specially shaped spring-controlled aluminium disc, D (see Fig. 
115), is arranged to rotate between the poles of an electro -magnet. 
My energized by the current to be measured. Two copper plates, 
Cy Cy partially shield the poles, so that part of the flux goes straight 
across the aluminium disc, and part goes through the copper plates 
on the way. Due to the fact that the flux is alternating, eddy 
currents are set up in both copper plates and the aluminium disc, 
and since these currents are flowing in the same direction at any 
given instant of time, they attract each other. A clockwise rotation 
of the movable disc is therefore set up, this being opposed by a spiral 
spring. By suitably shaping the aluminium disc, a deflection of 
L 



Fiq. 115. — Principle of Induction 
Instrument. 
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300° can be obtained, the long scale being one of the distinctive 
features of the instrument. The deflecting torque at any instant is 
proportional to the square of the instantaneous current, and con- 
sequently the instruments indicate R.M.S. values, but owing to the 
action of the eddy currents they are very sensitive to changes of 
frequency unless compensated. The indications are practically 
independent of wave form, but temperature errors are considerable 
unless compensation is again provided. 

A variation of this type of induction ammeter or voltmeter has a 
laminated iron core energized by a coil as before, but instead of the 
two copper plates, a portion of the iron is cut away and a short-cir- 
cuited copper ring is placed on one of the projections as shown in Fig. 
116. A spring-controlled pivoted disc is provided as before. Two 



Fiq. 116. — Shielded Pole. Fia. 117. — Fluxes in Shielded 

Pole Arrangement. 


fluxes, <l>i and Og, are set up in the unshielded and shielded portions 
of the air-gap. These two fluxes difier not only in position, but also 
in phase, due to the induced current in the copper ring. Each flux 
may be assumed to induce eddy currents in the disc. The flux, Oj, 
induces eddy currents in the disc which are proportional to the 
magnitude of Og and to the frequency, /. These eddy currents react 
on the flux, and a torque is set up proportional to the average 
product of and the eddy currents due to O 2 (see Fig. 116). This 
torque is therefore proportional to /O^ Og cos (90° + a), where 
(90° -f a) is the phase angle between and the eddy currents due 
to (see Fig. 117). But cos (90° -|- a) is numerically equal to sin a, 
so that the torque is proportional to/OiOjSin a, and since both 
and may be assumed to be proportional to the current, /, the 
average torque is proportional to fl^ sin a. The same result is 
obtained if the flux, O 2 , is consider^ in conjunction with the eddy 
currents due to Oj. The instrument therefore fulfils the general 
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condition that the torque shall be proportional to the square of the 
current. It is also obvious that these instruments are very sensitive 
to change in frequency. 

Currents are induced in the ring, these reducing the value of the 
flux in the affected region, and also modifying its phase. The 
E.M.F. in the ring is proportional to the rate of change of the flux, 
Oj, and lags behind it by 90°. Assuming the ring to be non-induc- 
tive, its current also lags by 90° behind the flux, 02 , and it may be 
said to set up a hypothetical demagnetizing flux, O 3 , shown in Fig. 
117. The resultant flux, Og, in the shielded region is therefore the 





vector sum of Oj and O 3 , and O 2 = Oj cos a. Therefore, the torque 
is proportional to 

/Oi O 2 sin a 
= /Oj^ sin a cos a 
= sin 2a, 

and its maximum value occurs when sin 2a = unity, or a = 45°. 

The connections of a modern type of induction ammeter are 
shown in Fig. 118, the phase difference of 45° being obtained by 
shunting one of the magnetizing coils with a non-inductive resist- 
ance, the current through X lagging behind the total current /. 

Hot Wire Ammeters and Voltmeters, — Since the rate of pro- 
duction of heat is proportional to the square of the current, these 
instruments tend to obey, with slight modifications, the square law 
common to all alternating current ammeters and voltmeters, and 
consequently indicate R.M.S. values. In fact the A.C. ampere is 
defined as being that alternating current which produces the same 
heating effect as one ampere of difect current. Obviously, wave 
form, frequency and stray magnetic fields have absolutely no effect 
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Milli Voltmeter 


FlQ. 119. — Connections of Thermal 
Converter. 


on the indications, but the instruments suffer from other inherent 
disadvantages which render them not so accurate as some of the 
other types described. 

Thermo- junction Ammeters and Voltmeters. — Another type of 
thermal instrument is the moving coil millivoltmeter supplied from 
a thermo- junction heated by the alternating current to be measured. 
In the Paul instrument of this type, the thermo- junction and heater 
are contained in a glass bulb about 25 mm. diameter exhausted to a 
high degree of vacuum. Both the heater and the thermo-junction, 
which consists of an iron-eureka couple, are supported on platinum 
leading-in wires and are lightly soldered together. Only a pro- 
portional part of the current is used to heat the thermo- junction, J 

(see Fig. 119), the remainder being 
carried by the shunt, S. A small 
resistance, R, is used for purposes 
of adjustment. These “thermal con- 
verters,” as they are called, can bo 
used in conjunction with shunts on 
ammeters as well as on voltmeters. 

In the Duddell thermo -ammeter the heater consists of a sheet of 
platinized mica, the platinum being scraped away in places so as 
to form a kind of grid. In this way high resistances are readily 
obtained in a very small space. The thermo- junction lies just 
above the heater, and is part of the moving system of the instru- 
ment, so that no current passes through the controlling spring. 

These instruments are particularly suitable for high frequency 
work, since they are absolutely independent of frequency. They 
are also suitable for the measurement of small alternating 
currents. 

Electrostatic Voltmeters. — These instruments can only be used 
as voltmeters, since they act like condensers and only take a small 
capacitance current. They can be divided into two main types : 
(1) where a pair of plates or quadrants are charged to different 
potentials, whilst a movable vane to which a pointer is attached is 
connected to one or other of the fixed vanes or is charged to some 
intermediate potential; and (2) where the moving vanes are con- 
nected to one terminal and the fixed vanes are connected to the 
other, the moving system being attracted bodily to the fixed system, 
causing a rotation round its axis. 

One of the best known electrostatic instruments is the Kelvin 
multicellular voltmeter, so named because a number of cells act 
together on a common spindle. The working parts are represented 
diagrammatically in Fig. 120, where a number of movable vanes, 
M.V,, are threaded on to a spindle carrying the pointer, P, and are 
interleaved between a number of fixed vanes, F. V. 

The moving system is suspended by means of a fine wire, /S, 
from the underneath side of a coach spring, C, to prevent injury 
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due to accidental vibration. The zero is adjusted by means of a 
torsion head, T.H,, and tangent screw, attached to the suspen- 
sion. The underneath side of the moving system ends in a vertical 
perforated paddle, P, moving in a glass vessel containing oil, this 
serving as the damping device. To avoid injury during transit, the 
moving system is clamped against a collar. 

These instruments are only used on low tension circuits ; for 
high tension, a different pattern is used. In this case the vanes 
are vertical and the moving system is supported on knife edges or 
by means of ligaments. 


Tn 



C 

\s 



FlQ. 120. — Multicellular 
Electrostatic Voltmeter. 



The Abraham electrostatic voltmeter is suitable for measuring 
pressures up to 200,000 volts. The principle of operation depends 
upon the electrostatic attraction between a metal plate and a 
metal cup and the instrument is shown diagrammatically in Fig. 121. 
The metal cup, C, is attached to an arm which is suspended by means 
of ligaments. To this arm is fastened a silk cord which passes 
round a pulley mounted on a spindle. When the voltmeter is 
charged the cup is attracted towards the plate and the motion is 
transmitted by the cord to the pulley and thence to the pointer. 
Damping is provided by means of the air dash pot, D. The metal 
plate, P, can be moved to or from the metal cup, and in this way 





XII ALTERNATING CURRENT INSTRUMENTS 151 


The readings on the milliammeter are found to be less for increasing 
values of A.C. volts. This arrangement does not suffer from the 
^imitations of the previous one. 

^ ) Wattmeters. — Wattmeters consist of two essential elements, 
^z. a voltage and a current coil, these two parts being connected 
in the circuit as a voltmeter and an ammeter respectively. The 
simplest type of wattmeter to understand is the dynamometer type, 
where the current passes through the fixed current coils and the 
voltage is applied to the moving volt coil, producing a current 
proportional to the voltage. 

The torque which is produced at any moment is proportional 
to the product of the instantaneous values of voltage and current, 
and, assuming that the current lags behind the voltage by an angle 
the average value of this product is cos the ideal watt- 

meter, the volt coil must have negligible inductance and capacitance 
compared with its resistance, so that the current fiowing through 
it shall be in phase with the voltage across it^^ In actual instruments 
the phase error is less than 1®. 



Fig. 124. — Non-Inductive Winding in Sections. 


As the power factor decreases the error due to this phase angle 
increases at a greater and greater rate, so that an instrument which is 
approximately accurate on high power factors is subject to an 
appreciable error on low power factors. This has led to the develop- 
ment of a number of wattmeters having no iron in their construc- 
tion, the object being to reduce the inductance of the voltage circuit. 
High voltage wattmeters are easier to deal with in this respect, 
since a large non-inductive resistance can be placed in series with the 
moving coil. /These series resistances are wound back on themselves, 
as in Fig. 124, so as to make them non-inductive ; but this introduces 
a capacitance effect, since there are conductors at different potentials 
lying close to one another and separated by a dielectric. / 

To reduce this capacitance effect and still have a non-inductive 
winding the coil is divided into sections as in Fig. 124 (6). -fl?his 
reduces the average p.d. between adjacent conductors, the total 
capacitance being inversely proportional to the number of sections>>^ 
This capacitance, if not too great, tends to neutralize the effect of 
inductance, and therefore is beneficial up to a certain amount. 
Eddy currents also tend to produce errors, and to minimize these* 
the case and constructional details are made of some insulating 
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material rather than metal, whilst the current coil is carefully 
stranded when the current is large. 

An inherent error in wattmeter measurements lies in the fact that 
the instrument always includes in its reading the power absorbed 
by either the current coil or the volt coil. In Fig. 125 (a) the 
power lost due to the voltage drop across the current coil is included 
in the power measured, whilst in Fig. 125 (b) the power lost due 
to the current in the volt coil is included. On a constant voltage 



circuit the latter will provide a constant error, whilst in the former 
case the error will be different for each value of the current. It does 
not always follow, however, that Fig. 125 (b) is the better method 
of connection, for when very small currents are being measured 
the watts lost in the current coil will be smaller than those lost 
in the volt coil, and in such cases the connections shown in Fig. 125 
(a) are preferable. 

In some wattmeters a fine wire compensating coil is placed 
inside the main current coil and in opposition to it, so that a negative 
torque is produced reducing the deflection by the amount of power 
lost in the volt coil. The turns on this compensating winding are 
made equal to those on the main current coil. This unfortunately 
increases the inductance of the voltage circuit, which is so unde- 
sirable. 

Dynamometer Type Wattmeters. — Dynamometer type watt- 
meters form one of the commonest classes 
met with in practice, the moving coil 
being used as the voltage element and 
the fixed coil or coils as the current ele- 
ment. The moving coil, F.C., is attached 
to a spindle, /S, in the plane of the fixed 
current coils, (7.(7., as shown in Fig. 126. 
When the current is sufficiently large, the 
fixed coil is wound with copper strip. 

Fio. 126.— Dynamometer JT'ariations of wave form and frequency 

Wattmeter. have very little effect in good dynamo- 

meter wattmeters. 

Induction Wattmeters. — ^The wattmeter contains a volt coil, F.(7., 
and a current coil, (7.(7., as before, in addition to a copper or aluminium 
disc, D (see Fig. 127), whilst damping is obtained by means of a 
permanent magnet producing eddy currents in the disc. The coils 
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are wound on to soft iron cores between the pole pieces of which the 
disc rotates. The voltage circuit is made very highly inductive, 
so that the current and flux produced by it lag behind the applied 
voltage by practically 90° . The eddy currents induced in the disc are 
further proportional to the rate of change of the flux and are again 
90° out of phase. The induced current in the disc is therefore in 
phase opposition with the line voltage, whilst the flux produced by 
the current coil is in phase with the main current, since the coil is 
wound in series with the line. The torque which is developed, 
therefore, between the disc and the current coil is proportional to 




C..J I.. - ■ I I I...J 

Fig. 127. — Induction Wattmeter. Single-Phase. 


their instantaneous product and the deflection is proportional to the 
true power. 

In practice, however, the flux produced by the volt coil does not 
lag by exactly 90° behind the voltage on account of the resistance, 
nor is the flux produced by the current coil exactly in phase with 
the current, since there are power losses produced by hysteresis and 
eddy currents. Various compensating devices are used to get over 
this difficulty, and usually consist of auxiliary windings arranged so 
that, when in conjunction with the main coil, a flux of the desired 
pha^ is produced. 

^^requency has an effect on the accuracy of the instrument, the 
wattmeter reading decreasing as the frequency is varied on either 
side of the normal^ Change of voltage and wave form also affect the 
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accuracy to a slight extent. The accuracy is not, as a general rule, 
as high as in dynamometer wattmeters. 

Electrostatic Wattmeters. — These instruments have a moving 


vane and a system of fixed vanes as in the case of electrostatic 

. voltmeters, but instead of the fixed vanes 

being connected to points at the same 
f 0 Yq potential, opposite pairs are connected to 

Genemlor Load the two ends of a non-inductive shunt, 

the potential difference between them 
KaAA/w ^ being proportional to the current (see 


Fiq. 128. — Electrostatic Watt- 
meter Connections. 


Fig. 128). The moving vane is connected 
to the other line wire, so that the full 


voltage exists between the moving and fixed vanes, and it can be 
shown that the defiection is proportional to the true watts. 

The sphere of usefulness of these instruments lies, at present, in 
measurements involving very high voltages and low currents. 

Two-Phase Wattmeters. — In the case of a two-phase circuit the 
total power is the sum of the powers in the two phases, and if two 
wattmeters have their moving systems attached to the same pointer 
the resulting defiection will depend upon the total power in the 
circuit. Instruments are made on this principle so as to avoid 
having to use two separate wattmeters, there being eight terminals 



Fig. 129. — Two-Phase Wattmeter Fxo. 130. — Three-Phase Wattmeter 

Connections. Connections. 


in such a case, as shown in Fig. 129. Such wattmeters may be used 
for balanced or unbalanced circuits. Occasionally in connecting up 
such instruments the two parts are put in opposition, and the watt- 
meter will then give a small deflection which is due to the difference 
of the powers supplied by the two phases. 

Three-Phase Wattmeters. — In the case of three-phase measure- 
ments it has been shown that only two wattmeters are necessary, 
and these can be mounted on the same spindle in the same way 
as in the two phase case. Thus the total power can be obtained 
from a single observation on one instrument which is supplied 
with seven terminals and connected as shown in Fig. 130. The 
number of terminals in some instruments is reduced to five by 
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0 02 ampere, and since the resistance of each is 100 ohmSj additional 



Fig. 131. — Arrangement of Coils tn Drysdale Double Standard Wattmeter. 

resistance has to be added externally to make it suitable for use on 
commercial voltages. 
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The reading always includes the loss in either the voltage 
coil or the current coil, but in most cases it is best to make it include 
the former, as this can be easily calculated and deducted from the 
reading. The swinging coil should always be joined to the nearest 
point possible of the main current coils, in order that electrostatic 
forces between the two may be minimized and to obviate any danger 
of sparking between them. 

Summation Wattmeters. — It is sometimes required to measure 
the sum of the powers in a number of circuits, e.g. in the several bus 
bar sections of a power station, there being no point at which the 
total power can be measured directly. By means of suitably con- 
nected instrument transformers (see page 206) a resultant current is 
passed through the wattmeter, thus enabling it to indicate the total 
power. 

Supply Meters. — A large number of A.C. watt-hour meters, or 
integrating wattmeters, as they are sometimes called, have been 
developed, but only one typical case will be discussed. 

Induction Motor Meters. — ^These meters depend for their move- 
ment upon the interaction of a magnetic field and a metal disc 
placed in the field. They consist of four main parts : (1) the 
driving combination, consisting of a laminated iron core suitably 
wound with volt and current coils ; (2) the moving system, or rotor ; 


(3) an eddy current brake ; and (4) the 
registering train. 

The instruments do not give an in- 
dication by means of a pointer, but 
record the total number of revolutions 
made, this being an indication of the 
B.T. units consumed. Fig. 127 repre- 
sents diagrammatically a meter of this 
type. The rotor consists of a flat disc 
of copper or aluminium with a vertical 
spindle running in a jewelled footstep 
bearing, friction being reduced to a 
n).inimum by making the rotor as light 
as possible. The brake disc rotates be- 
tween the poles of a permanent magnet 
which ’has beem aged artificially to 
ens^e constanc^ljjtt’he registering train 
consi^s of a system of gear wheels and 



Fig. 132. — Vector Diagram of 
Induction Motor Meter. 


indicators simply measuring the total number of revolutions. 


The volt coil is made as inductive as possible, so that the flux 


lags by practically 90"" I^hind the volts, whilst the current coil is 


made of low resistance and should be non-inductive, so that the 


phase of the current is not disturbed and will be determined by the 
circuit. In this way, two fluxes are produced differing in phase by 
(90° — <^), where i is the angle of lag. 
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The auxiliary shunt winding tends to produce a flux, which 
when combined with Sh^ produces the resultant shunt flux, Sh, 
lagging by exactly 90° behind the series flux, Se, The final adjust- 
ment is made by varying the non-inductive resistance in the 
auxiliary shunt circuit. 

In the second method of compensation, an auxiliary series coil 
is wound in opposition to the main series coil, a certain amount of 
extra inductance being included in the circuit. The flux vector 
diagram is now represented by Fig. 134, where Sh is the shunt flux, 
Se-^ the main series flux and Se^ the auxiliary series flux. Combining 
the two latter, the resultant series flux, Se, is obtained, this being in 
exact quadrature with the shunt flux, Sh. 

Polyphase Supply Meters, — These are constructed for two- and 
three-phase circuits in the same way as wattmeters, viz. two separate 
instruments operate on the same spindle. Instead of adding the 
deflections, the speeds are added so that the total revolutions of 
the disc are proportional to the sum of the B.T. units measured by 
each portion of the instrument. The connections are the same as 
have been already shown in Figs. 129 and 130 in connection with 
wattmeters. 

Reactive kVA-hour Meters. — These meters measure the reactive 
component only of the total kVA-hours. This result is attained by 
using a kW-hour meter, and displacing the phase of the current in 
the volt coils by 90°. They are usually designed for three-phase 
working. 

If two single-phase kW-hour meters are connected so as to 
measure the total energy (see two-wattmeter method, page 154), 
and if the voltage or current coil of one meter be reversed, the 
total registration is a measure of ( 1 ^ 2 “” where ITg 
are the readings of the two meters. This is equal to El sin <f> (see 
page 120), so that if this quantity be multiplied by V3, ^otal 
reactive kVA-hours are obtained. When two such meters are 
combined in this way to form a single three-phase meter, it can 
therefore be calibrated directly in kVA-hours. 

Examples. 

(1) Why does wave form affect the calibration of a moving iron 
ammeter or voltmeter ? 

(2) Explain the method of altering the range of (a) a dynamo- 
meter voltmeter and (6) an Abraham electrostatic voltmeter. 

(3) Describe the theory of operation of one form of induction 
type wattmeter. 

(4) When one element of a three-phase watt-hour meter is 
reversed, the speed of the disc is reduced to one-half in the negative 
direction. With this element Restored to its original connection, 
and the other element reversed, the speed is reduced to one-half in 
the positive direction. What is the power factor ? 
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balanced so that the line of suspension passes through the centre 
of gravity of the coil. This coil is suspended in the field of a 
permanent magnet and may have a periodic time up to as high as 
1500 complete vibrations per second, although much lower figures are 
usual. The coil is held in tension by two phosphor bronze strips and 
the natural period of vibration is altered by adjusting this tension. 

In the case of the moving coil instrument, the coil is vibrating 
in a strong field, with the result that relatively large E.M.F.’s are 
induced in it, which tend to damp out its movement very rapidly. 
The moving coil, therefore, comes quickly to rest, so long as there 
is a closed external circuit, whereas the moving iron galvanometer 
continues to vibrate until the very small mechanical friction absorbs 
the energy stored up in the system. 

Vibration galvanometers are extremely sensitive to changes of 
frequency, this practically precluding their use as deflectional 



instruments, although they are of great value in zero methods 
of test. 

Oscillographs. — These instruments are employed for the purpose 
of obtaining the exaet shape of a pressure or current wave form. 

All oscillographs are in reality only galvanometers, the moving 
systems of which are capable of following the extremely rapid 
variations of the p.d. or current, enabling these to be reproduced 
on the screen. There are several types at present in use operating 
on the moving coil, electrostatic and cathode ray principles. 

The galvanometer part gives a rapidly varying deflection which 
appears as a straight line. The beam of light is then given a move- 
ment in a direction at right angles to this, and the spot of light now 
traces out a curve. This second movement is so arranged that the 
spot of light is deflected over equal distances in equal times, so 
that the curve which is plotted automatically is the relation 
between deflection and time and is, consequently, the wave which 
it is desired to record. The optical arrangements are shown in 
Fig, 136, where the light from an arc or other powerful source is 
passed through a lens before impinging on the vibrating mirror of 
the galvanometer. The light is focused on to this mirror, and the 
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reflected ray is made to vibrate at right angles to the plane of the 
paper. The ray of light then impinges on a plane mirror or a totally 
reflecting prism, which is made to vibrate in such a direction as to 
give a movement to the ray at right angles to the movement 
already impressed on it. The reflected ray then passes through a 
cylindrical lens before reaching the screen, where it has a move- 
ment in the plane of the paper proportional to the time and a 
movement at right angles to the plane of the paper proportional 


1 



Fig. 137. — Duddell Moving Coll Oscillograph. 


to the instantaneous value of the current or voltage. The second 
mirror is actuated by means of a cam driven from a four-pole 
synchronous motor (see Chapter XXIII), which is a motor rotating 
exactly once for every two periods of the alternating current. The 
cam is of peculiar design and is so arranged that during one and 
a half periods the mirror is turning with uniform angular velocity, 
whilst during the remaining half -period the mirror executes a 
quick return swing, an opaque screen being interposed to cut off 
the light and avoid confusing the diagram. 

Duddell Moving Coil Oscillograph. — The first instruments of this 
type were due to M. Blondel, but the successful development has been 
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brought about by the late Mr. Duddell. The oscillograph consists 
of a powerful permanent electromagnet, NS (see Fig. 137), with a 
narrow air-gap in which are stretched two parallel conductors, ss, 
formed of a strip of phosphor bronze bent round an ivory pulley, P. 
A suitable tension is kept on the strips by means of a spiral spring 
attached to the pulley. When a current passes through the strips, 
one is urged forward and the other back, so that the mirror, ilf , is 
deflected. Very often two such vibrators, as they are called, are 
placed side by side for the purpose of recording the current and 
voltage waves simultaneously. The guide piece, L, serves to limit 
the length of the vibrating portion, which is immersed in an oil- 
bath for the purpose of damping the movement and making it dead 
beat. There is also a third mirror for the purpose of recording the 
zero, the other mirrors being brought to zero by an adjustment of the 
guide piece, L. The clearance between the edge of the strip and the 
walls of the magnet face is very small, varying from 0*04 to 0*15 mm. 

The inductance possessed by this type of oscillograph is quite 
negligible, so that it can be shunted as an ammeter, the safe working 
current being 0*1 ampere in some instances and 0-5 ampere in others. 


Ho Electrostatic Oscillograph. — In the electrostatic type a 

doi^ble strip is employed as shown 

j in Fig. 138, these strips oscillating 

— — k in an electrostatic fleld instead of 

® r“C in an electromagnetic one. This 

b ' “ electrostatic field is provided by 

applying the alternating pressure 

j ^ metal plates, and 

F^. In determining the voltage 

- , wave for low pressures, the supply 

^ I— lid is connected directly to these 

* a plates, but for high voltages, the 

] ^ especial field of this particular 

^ ^ ^ ^ type of oscillograph, the working 

^ E.M.F. is reduced by means of 

the series condenser, (7. The two 

g ,]^ vibrating strips, s^ and are 

tV j insulated from each other at g and 

h, being joined by a silk thread 

I q which passes over a pulley, p, and 

jgXr kept in tension by the spring, q. 

■ This tension can be adjusted at 

PlO. 138. — Ho Electrostatic Oscillograph ^ mu x • i t a.'i. a • 

^ n. The terminals of the strips are 

at j and e, and these are connected to a battery, B, giving about 

300 volts, being thus oppositely charged. In order to make the 

potentials of the strips definite in relation to the field plates, two 

condensers, and Ca, are inserted in series and the mid-point of 

the battery, k, is connected to d, the mid-point of the condensers. 
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If the condensers are equal, and the strips occupy a position midway 
between the plates, they will vibrate equally when a voltage is 
applied. Since it is not possible to ensure that the strips are in 
the exact midway position, the condenser, C2, is made variable in 
order to allow for this. A mirror, m, is attached to the strips, and 
small windows, and are cut in the plates, Fi and F^y through 
one of which the light from an arc can bo passed and reflected. 

Oscillograph Connections. — Fig. 139 indicates the method of 
connecting up a double strip oscillograph, the current strip, /, 
together with the resistance, R^y measuring the p.d. across the 
known resistance, R^, The resistance, R^y is included so as to avoid 
overrunning the strip and to enable the deflections to correspond 
to some suitable number of amperes per division. The volt strip, 
E, is connected in series with a high resistance, R.^, across the mains. 
A most important point is to have one end of this strip directly 



Fio. 139. — Oscillograph Connections. 


connected to the same main as the current one, so as to avoid any 
large difference of potential between the two strips themselves. 
If this point is neglected, a short circuit between the two is most 
likely to occur owing to the small clearances employed. The value 
of can also be regulated so as to obtain a convenient volt scale 
on the curve. A fuse, /, and a switch, Sy are further included in 
each circuit, whilst the synchronous motor is run, in series with 
the resistance, R^, across the mains. 

In some cases the wave is reflected on to a glass screen, where 
it can be observed by eye or traced by hand by placing a sheet of paper 
over the screen. Where a photographic record is desired, a falling 
plate camera is used, the plate falling directly across the path of the 
ray which is reflected from the oscillograph, the synchronous motor 
with the vibrating shutter being removed. If the plate falls from 
the height of a few feet the speed remains very nearly constant during 
the interval of time in which the record is made. 

Apparatus is also made to enable a kinematograph record to be 
obtained. 

Cathode Ray Oscillograph. — This instrument does not possess 
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perhaps the accuracy of the types already described, but has a great 
advantage on the score of cost and simplicity in construction, and 
for many purposes is convenient and easy to manipulate. The 
oscillograph consists of a cathode ray tube of special design, a pencil 
of cathode rays producing a bright spot on a fluorescent screen. 
Such a beam of cathode rays can be deflected in any direction by 
applying an electric or magnetic field across the beam near its 
source. The beam is deflected in the 



Fig. 140. — Cathode Bay 
Oscillograph. 


same direction as the electric field and 
at right angles to the direction of the 
magnetic field. If two fields are applied 
so that their respective deflections are at 
right angles, then the end of the beam 
traces out a curve which shows the relation 
between the two fields on a system of 
rectangular co-ordinates. If the quantities 
concerned are periodic in their variation, 
the same curve will be traced repeatedly 
and appears as a stationary picture. 
Such an oscillograph differs from those 
previously described inasmuch as the 
quantities are not plotted against time 
as the variable. 

The oscillograph consists of a glass 
tube (see Fig. 140) about 30 cms. long. 

? The cathode consists of a filament coated 
with active oxides, and emits the electrons 
for the rays when raised to a dull red heat. 
The anode is a small platinum tube set 
about a millimetre from the filament, 
which is bent into the form of a circle. 
Between the filament and the anode is a 


small circular screen with a hole in the centre just smaller than the 
circular filament. 


A battery of 250-400 volts is connected between anode and 
cathode, and the electrons which are supplied by the hot filament 
are accelerated by the electric field thus produced. A small fraction 
of the electrons pass completely through the tubular anode and 
constitute the cathode rays. These rays pass between two pairs of 
deflecting plates set at right angles to each other, and fall upon the 
fluorescent screen at the large end of the tube, where they become 
visible. 


To determine the shape of a particular wave, it is convenient to 
apply a sinusoidal E.M.F. to one pair of deflecting plates and the 
E.M.F. of unknown wave form to the other. The resulting diagram 
is of the form shown in Fig. 141, which also shows the construction 
for obtaining the wave form. When the sine wave has zero value, 
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the magnitude of the unknown is 00 and the value of the curve 6° 
later is given by the point P. 



FiQ. 141. — Cathode Ray Oscllloffram and Wave Form. 


Time Base. — An oscillogram of the type shown in Fig. 141 is 
inconvenient for practical purposes, since it demands additional 
labour to convert it into a wave form plotted against time as a base. 
The oscillographic record can, however, be converted directly into 
the required form by means of a time base. To do this, the two 
plates of the oscillograph not connected to the A.C. supply must 
have applied to them a voltage which increases in magnitude at a 



constant rate. The spot on the screen is now displaced at a uniform 
rate in a direction perpendicular to that of the deflection due to the 
A.C. under test. 

A suitable linear time base is obtained by the use of a neon 
lamp in parallel with a variable condenser, the connections being 
shown in Fig. 142. A neon lamp only passes current when the 
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applied voltage reaches a certain value. It also ceases to pass 
current when the applied voltage falls below a certain value. (The 
“ failing voltage is lower than the “ striking voltage.) The 
action of the time base is as follows. The battery charges up the 
condenser, C, during which time the ciu’rent through R is decreasing. 
Suddenly, the neon lamp “ strikes ”, and additional current flows 
through R in such a way as to cause the p.d. across the deflecting 
plates of the cathode ray oscillograph to increase uniformly with 
time, this p.d. being proportional to the current through R. The 
battery voltage being constant, the increase in p.d. across R causes 
a decrease in the p.d. across the neon lamp. After a certain definite 
time, therefore, the neon lamp “ fails ” and the current through R 
suddenly decreases. The condenser now charges up again, the 
current through R again decreasing. This continues until the neon 
lamp again “ strikes ”, when the whole action is repeated. The 
neon lamp blinks, and a voltage which rises gradually and then 
falls rapidly is applied to one pair of deflecting plates on the oscillo- 
graph. The time base thus obtained is approximately linear, whilst 
the frequency of the blink can be controlled by adjustment of the 
condenser, C. 

Reactive Current Ammeters and Reactive Volt-Ampere Meters.— 

These reactive current instruments measure the reactive component 
of the current or volt-amperes only, viz. I sin <j) or El sin <j>, where 
is the angle of lag. Such instruments are useful on the switchboard 
for noting how near to unity power factor the plant is operating, but 
the true power factor indicators have largely supplanted them. 

The principle of the iron-cored Sumpner instruments (sec page 
160) is applied in one form of reactive current ammeter. The supply 
voltage must be kept constant, and is used to excite the shunt 
electromagnet as before, whilst the moving coil is connected across 
a low non-inductive resistance placed in series with the mains like 
an ammeter shunt. If the angle of lag in the main circuit is 
the instantaneous deflecting torque is proportional to 

O sin [(at — 90°) X I sin [(at <^) 

= — O cos (at X I (sin (at cos ^ — cos (at sin <f>) 

= — O/ [\ sin 2(at cos <f) — cos^ (at sin ^). 

The average value of sin 2(at being zero and the average value 
of cos^ (at being 0*5, the average value of the torque is proportional to 

sin (f>y 

and if O is constant the deflection is proportional to I sin <^, which 
is the reactive component of the current. This assumes a constant 
maximum flux and a constant voltage. If the latter varies, the 
instrument measures El sin acting as a reactive volt-ampere 
meter. 
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Power Factor Indicators. — These instruments can be constructed 
on the dynamometer principle, the spring control being removed. 
There is a fixed coil, GG (see Fig. 143), connected in series with the 
line, and two moving coils, MGr and MGl, connected across the 
mains like voltage coils, the first, MGr, having a non-inductive 
resistance and the second, MGl, a choking coil connected in series 
with it. The magnitudes of the resistance and reactance, as well as 
the turns on the coils, are so adjusted that the ampere-turns of the 
two coils are exactly equal. The two moving coils are further rigidly 
attached at right angles to one another on the same spindle. 

If the line current is in phase with the lino voltage; the moving 
coil, MGr, will endeavour to set itself vertically. The fixed coils, 
GG, produce a flux which is in phase with that produced by MGr, 
The combination of these two fluxes, trying to take up as short a 
path as possible, tends to pull the coil into the vertical position. 

When the main current lags behind the volts by 90°, the reverse 
is the case, and the moving system takes up the position with MC^ 
vortical. For intermediate angles of lag, the moving system takes 



Fm, 143. — Power Factor Indicator. 


up an intermeaiate position, the pointer (not shown on the diagram) 
moving over a scale. For leading currents, the moving system 
would deflect the other way, with the result that these instruments 
frequently have very long scales. 

Instruments working on this principle can also be constructed 
for three-phase circuits, the moving system being wound with three 
coils star-connected on to the mains. 

Power factor indicators are also constructed on the moving iron 
principle. In a three-phase instrument a pair of current coils are 
employed as in Fig. 143, together with three moving irons, excited 
by means of three volt coils, and rigidly fixed at 120° to each other 
on a spindle. The latter tends to set itself in a particular position, 
depending upon the relative phase of the voltage and the current, 
and so indicates the power factor. 

Frequency Meters. — The first type to be described is based upon 
the fact that when a steel reed is brought near to the poles of an 
alternating current electromagnet it is set into resonant vibration at 
one particular frequency, this being independent of the voltage or 
wave form. In one frequency meter of this type there are a number 
of such reeds, each tuned to vibrate at a particular frequency, the 
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reeds themselves being tipped with a white enamelled flag. These 
flags appear on the dial of the instrument, the frequency corre- 
sponding to each reed being marked on the scaje opposite to it. 
These reeds are very sharply tuned, i.e, they only vibrate for the 
particular frequency which they are supposed to indicate, the 
indications dying away very rapidly indeed as the frequency is 
slowly changed. 

In most power stations the frequency only varies over very 
narrow limits and a short range on the scale is all that is desired. 

If a direct current equal to, or slightly greater than, the maximum 
value of the alternating current be passed through the winding at 
the same time, one half of the wave is neutralized whilst the other 
half is strengthened. The reed which happens to be vibrating is 
therefore attracted only once per cycle instead of twice, and is 



Fig. 144. — B.T.H. Frequency Meter. 



Fig. 145. — Coleman 
Frequency Meter. 


thrown into resonance by double the frequency which originally 
made it indicate. This, therefore, provides a simple means of 
doubling the range of the instrument. 

A frequency meter on a totally different principle is that repre- 
sented diagrammatically in Fig. 144. This has a moving coil, Jf , 
which is connected across an inductance and a capacitance in series, 
adjusted for resonance at the mid-point of the scale. There is no 
spring or other form of mechanical control. A fixed coil, F, con- 
nected to the supply, sets up an alternating field, the strength of 
which is governed by an iron core, I, which passes through the 
moving coil. An E.M.F. is induced in the moving coil, and the 
secondary current leads or lags depending upon the frequency. If 
the frequency falls the inductive reactance falls, whilst that due to 
the capacitance rises. The current therefore leads. Alternatively, 
a rise in frequency makes the induced current lag. Lagging currents 
cause the coil to be repelled to a weaker part of the field, whilst leading 
currents bring about an attraction. For every frequency the moving 
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system automatically re-tunes itself, the amount of movement 
depending upon the rate of change of the inductance of the coil as it 
moves over the core. The openness of the scale is controlled by the 
shape of the iron core. 

The Coleman frequency meter is also of the deflect ional type, 
and it depends upon the fact that the current through an inductive 
coil varies with the frequency. There are two coils (see Fig. 145), 
one of which is connected in series with a resistance and the other 
with an inductance. The combination is then connected across the 
mains like a voltmeter. A moving iron swings between the two coils 
and is subjected to pulls in each direction. For a given voltage the 
pull exerted by the coil in series with the resistance is constant, but 
the pull exert^ by the other coil depends upon the frequency. An 
increase in the frequency causes a decrease in the pull and vice verm. 



Fig. 146.— Circuit Diagram of Wavemeter. 


As the relative values of the two currents vary, the iron takes up 
diflerent positions, thus rotating the spindle and causing the pointer 
to indicate on the scale, A small change in voltage will affect the 
currents in both coils to the same extent and so will have no effect 
on the reading of the instrument. 

When the instrument is required to indicate over a narrow 
frequency range, say 49 to 51 cycles per second, an inductance and 
capacitance are connected in series with each coil, one being tuned 
to resonate at 49 and the other at 51 cycles per second. 

• Wavemeter. — The wavemeter is an instrument which measures 
the frequency or wavelength of the currents in a nearby circuit 
operating at radio frequency. It consists essentially of an induct- 
ance in series with a variable condenser together with a detecting 
device. The condenser enables the circuit to be tuned to any given 
frequency in its range, a pointer attached to the moving vanes of 
the condenser giving a reading on a scale. The wavelength or 
frequency is then ascertained by reference to a calibration chart. 

The internal connections of such a wavemeter are shown in 
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Fig. 146. An inductive coil, L, is connected across the terminals 
of a variable condenser, C. This coil necessarily possesses a certain 
amount of resistance, this being indicated in the diagram by R. 

The wavemeter is placed close to the circuit carrying the A.C. 
the radio frequency of which is to be measured. An alternating 
E.M.F. is induced in the coil, L, and the wavemeter circuit is then 
brought into resonance by adjustment of the variable condenser. 
The condition of resonance can be detected by means of a small 
lamp, or more accurately by means of a milliammeter, connected 
in series with the condenser. Alternatively, a valve voltmeter (see 
p. 150) may bo connected in parallel with the condenser. A cheaper 
method, just as effective, is to connect a neon tube, A, across the 
condenser. When the current is a maximum, the p.d. across the 
condenser is also a maximum, and if this p.d. exceeds 140 volts, the 
neon tube becomes conducting and emits a bright red glow. This 
action ceases if the p.d. falls below 120 volts. Such an instrument 
is said to be voltage controlled. 

To make a measurement, the variable condenser is adjusted 
until the neon tube gives a flash. The distance between the wave- 
meter and the exciting circuit is now altered until there is only just 
sufficient voltage to cause the neon tube to glow, the slightest 
adjustment of the condenser either way causing the glow to disap- 
pear. The indication on the dial is now observed, and the frequency 
or wavelength ascertained by reference to the cahbration chart. 

A.C. Potentiometers, — The A.C. potentiometer does not reach 
the degree of accuracy met with in the D.C. apparatus, for not only 
is there the difficulty in obtaining an accurate potential gradient, but 
there follows the difficulty of standardizing the E.M.F. ’s upon the 
potentiometer without an A.C. standard cell. In addition, there is 
the need for measuring not only the magnitude of the alternating 
E.M.F. , but also its phase relationship with regard to some datum. 

Drysdale A.C. Potentiometer. — ^This potentiometer is of the polar 
type, i,e. it measures the magnitude of a voltage together with its 
phase angle. It employs a main circuit consisting of the usual slide 
wire, standard resistances and regulating rheostat as shown in Fig. 
147. By means of two change-over switches the slide wire circuit 
may be connected to either the D.C. or the A.C. source at will. 
The potentiometer is standardized against the standard cell, 8,0,, 
using the D.C. galvanometer, G, and the deflection of the milli- 
ammeter, M,A,, on D.C. is noted. The change-over switches are 
now put in the A.C. positions and the current through the milli- 
ammeter, M,A,, is adjusted to the previous reading obtained on 
D.C., by regulating the A.C. supply. The potential gradient on the 
slide wire is now the same as when standardized on D.C. To measure 
an unknown alternating p.d., the movable contacts on the slide 
wire and standard resistances are first adjusted until a minimum 
deflection is obtained on the vibration galvanometer, V,0, The 
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phase of the A.C. supply voltage is now altered by the phase-shifting 
transformer, P.S,T. (see page 208), by turning its rotor round, so as to 
get a new minimum deflection on V,0, Finally, small adjustments 
of the movable contacts and rotor position of the phase-shifting 
transformer are made until an exact balance is obtained. 

The p.d. across the potentiometer has now been brought into 
phase with that to be measured, and the tapped portion of the slide 
wire circuit indicates the magnitude of this p.d. The position of the 
rotor of the phase -shifting transformer gives the phase of the p.d. 
under test. 



The phase-shifting transformer consists of a two-phase stator, the 
phase-splitting being effected by including capacitance and resistance 
in the circuit of one phase winding. 

Although one phase of the rotor only is required to supply the 
slide wire circuit, a two-phase winding is fitted, the second winding 
being connected to a compensating coil. This has resistance and 
inductance equal to that in the slide wire circuit, thus ensuring that 
the reaction of the rotor is constant for all positions. 

Gall A.C. Potentiometer. — This potentiometer is of the co-ordinate 
type. Two separate potentiometers are employed as shown in Fig. 148. 
One, termed the “ in-phase ” potentiometer, is supplied with A.C. 
through a sensitive dynamometer. If D.C. be substituted this 
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potentiometer can be calibrated against a standard cell. The 
calibration is maintained by observation of the dynamometer 
reading. 

Reverting to the A.C. supply, the second potentiometer is 
supplied with an A.C. which is 90° out of phase with the first. In 
order to obtain this a quadrature transformer (see page 208) is 
employed. In the second potentiometer circuit the dynamometer 
is replaced by a mutual inductance in which the secondary current 
is 90° out of phase with the primary current. The second or 
“ quadrature ” potentiometer can now be calibrated by balancing 
the secondary E.M.F. of the mutual inductance against that of the 

Four sets of 
Potential Terminals 



in-phase potentiometer, these two E.M.F.’s being in phase. Adjust- 
ment of the potential gradient along the potentiometer wires is made 
by means of a series rheostat in both cases. The accuracy of this 
calibration is dependent upon that of the device employed for 
measuring the frequency. 

The E.M.F.*s to be measured are applied to the potentiometer 
terminals of the instrument and may be determined both in phase 
and magnitude. If these voltages come in another quadrant, one 
or both of the reversing or sign-changing switches are thrown over. 

Examples. 

(1) Compare the various types of oscillograph in ordinary use, 
stating the particular field of usefulness of each type. 
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(2) Draw a diagram of connections for an oscillograph to measure 
current and voltage simultaneously, and explain how the oscillo- 
grams may be calibrated. 

(3) Describe two types of frequency meter and show how the 
range of the instrument can be extended by the addition of auxiliary 
apparatus. 

(4) What are the great points of difference between a D.C. and 
an A.C. potentiometer? Explain why the accuracy of the latter 
is less than that of the former. 



CHAPTER XIV 


TRANSFORMERS. — PRINCIPLES AND CONSTRUCTION 


General Principle. — When a choking coil is supplied with an 
alternating voltage, a back E.M.F. is set up, due to the continual 
rate of change of flux. This E.M.F. is due to the turns of the wind- 
ing linking with the flux, and if some other turns are placed side by 
side with the original winding but insulated from it electrically, the 
turns of the second winding will also have an E.M.F. set up in them, 
due to the same cause. Neglecting for the moment any losses that 
might occur, the back E.M.F. in the first or •primary winding must 
equal the applied E.M.F. Each turn will provide its own propor- 
tion of the total voltage, and if there are turns on the primary, 

E. 

the back volts per turn will be where is the primary applied 

voltage. Each turn on the other or secondary winding will also 

E. 

have the same E.M.F. induced in it, viz. volts, and if there are 

T, total turns in series on the secondary, the total induced voltage 
T 

will be El X The ratio of the voltages in the two windings is 

therefore seen to be the same as the ratio of the turns, and a simple 
means is thus provided of transforming from one voltage to another. 
Such a piece of apparatus is known as a transformer. 

Flux in a Transformer. — Consider a rectangular core built up of 

laminations wound with a primary 
and secondary winding, shown on 
opposite limbs in Fig. 149 for the 
sake of clearness. If the applied 
voltage follows a sine law, the 
back voltage, the rate of change 
of flux and the flux itself must 
also each follow a sine law. Let 
the maximum value of the flux 
induced in the iron core be O 
lines. The total flux cut per cycle by each turn is therefore 40, 
since the whole flux dies away in a quarter of a period, and the 
total flux cut per second by each turn is 4/0, where /is the frequency. 
The average E.M.F. induced in each turn is therefore 4/0 X 10"® 

176 



Fig. 149. — Simple Transformer. 
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, . , . t 4 . f F,.M.S. value V i ^ 

and, since the form factor 1 = = — ) is Tj 

\ average value/ 

the R.M.S. voltage induced per turn is 

Ml X 4/(l> X 10-8. 

The total induced voltage in the primary is 

E\ == 4-44/OTi X 10-8 volts. 


is 1*11 for a sine wave, 


Another way of arriving at this result is to consider the maximum 
rate of change of the flux, which is 2nf^ lines per second, since the 
flux is sinusoidal in character. The maximum E.M.F. induced 
per turn is therefore 27c/<I) x 10-8 volts, and the total R.M.S. 
voltage induced in the complete winding is 


X 10-8 volts 

V2 

= 4*44/07’i X 10“ 8 volts, 

the same as before. 

This flux links with both the primary and the secondary wind- 
ings, so that the total R.M.S. voltage induced in the secondary is 


4*44/0^2 X 10“ 8 volts. 


The frequency of the E.M.F. is obviously the same in both cases. 
The maximum value of the flux in the ideal transformer can 
therefore be expressed as 

jS;'i X 108 _E^x 108 
^ ” 4-44/Ti 4-44/T2 * 


Effect of Secondary Current. — If the secondary winding be left 
on open circuit, the primary acts like an ordinary choking coil and 
takes a small current due to its high impedance, this being called 
the no-load current. This no-loaff^"curreht consists of a small 
active component and a relatively large reactive component. The 
former is necessary to account for the PR and iron losses, whilst the 
latter is due to the interlinking flux making the winding inductive. 

Since there is an E.M.F. induced in the secondary winding, a 
current will flow if the terminals are connected to the ends of a 
non-inductive resistance. Assuming for the moment that this 
winding contains no resistance or reactance, the secondary current 
will be in phase with the secondary E.M.F. But this current tends 
to produce a flux in the opposite direction to that already existing 
in the core, and the momentary effect is to reduce the flux, thus 
causing a reduction in the primary reactance. This causes an 
increased current to flow in the primary until a state of equilibrium 
is attained, when the flux reaches its original value. The secon- 
dary ampere-turns must be counterbalanced by an equal and 
opposite number of ampere-turns in the primary, so that the total 
K 
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primary current is the vector sum of the no-load current and the 
additional current required to counterbalance the current in the 
secondary. Neglecting the eSect of the no-load current, it is seen 
that the ampere-turns of both primary and secondary must be equal, 
and consequently the currents must be in the inverse ratio of the 
turns, or, since 


therefore 


— 12^29 



This can also be seen from considerations of the conservation of 
energy, for, Since the power factor is unity and there are no losses. 


and 


Ell I — ^ 2^2 

h_E2_T2 

h El Ti 


Effect of Lagging Current in Secondary. — If the secondary winding 
be closed through a partially inductive resistance, the current will 
lag behind the secondary E.M.F. by some definite angle, and in 
order that the ampere-turns thus set up shall be counterbalanced 
at every instant, it is necessary that the corresponding primary 
ampere-turns shall have a phase exactly opposite to them. This 
is apparent when it is considered that for two sine waves to neu- 
tralize each other completely at every instant they must be exactly 
equal and opposite in phase. The effect of a lagging current in the 
secondary is, therefore, to cause a lagging current to flow in the 
primary. The actual angle of lag in the primary is usually greater 
than that in the secondary, since the no-load current itself has 
a very large angle of lag, thus tending to make the power factor of 
the primary a little less than that of the secondary. 

In the case of a leading current being taken from the secondary, 
the primary current consists of a component leading the primary 
voltage by the same amount together with the no-load current 
lagging by a large angle. A certain amount of resonance is 
therefore set up in the primary, with the result that the power 
factor is slightly higher than that in the secondary. 

Effect of Ohmic Resistance. — ^A transformer with its secondary on 
open circuit may be likened to a choking coil, the applied voltage 
being divided into two components, overcoming the resistance and 
reactance respectively. The same thing occurs when the trans- 
former is giving out a secondary current. Part of the primary 
applied voltage is absorbed by the IB drop in the winding, the 
remaining component (obtained by vectorial subtraction) producing 
the flux which generates the voltage in the secondary. When the 
secondary is on open circuit, the primary current is very small and 
there is practically no difference between the applied voltage and 
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the voltage producing the flux, particularly since the IR drop, 
small in itself, is almost in quadrature with the applied voltage as 
the current lags by nearly 90®. When a current is taken from the 
secondary, the primary current goes up and the IR drop is increased, 
so that it may no longer be negligible and must, consequently, be 
taken into account. But the flux is proportional to the voltage 
remaining after an allowance has been made for the IR drop (see 
page 80), and, consequently, falls very slightly as the load on the 
secondary goes up. Neglecting this slight variation, the flux remains 
constant for all values of the load on the transformer. 

In a similar way, due to the ohmic resistance of the secondary 
winding, the secondary terminal voltage is rather less than the 
total induced secondary E.M.F., whjsn it is delivering current, and 
hence the ratio of transformation does not remain strictly constant 
as the ratio of the turns, but varies somewhat, due to the resistances 
of the two windings and the currents flowing. 

Magnetic Leakage. — The major portion of the magnetic flux pro- 
duced by the primary current passes through the iron core, but since 
the air also has a definite permeability, although very much less 
than that of the iron used, a certain 
amount of flux traverses an air path 
as indicated in Fig. 150. These air 
paths are in parallel with the iron paths, 
but whereas the flux traversing the iron 
outs the secondary winding, that follow- 
ing air paths serves no useful purpose 
and forms a primary leakage ilux, in Primary Main secondary 
contradistinction to the main flux follow- Flux Flux 

ing an all-iron path and linking with fio i 50.— Main and Leakage 
both Windings. In a similar way, the 

secondary current tries to set up a back flux opposing the existing 
main flux, but the primary automatically takes a larger current 
to provide sufficient ampere-turns to overcome this effect as far 
as the main flux is concerned. Notwithstanding this, a certain 
flux is set up by the secondary winding following leakage air paths 
for the most part, and this flux constitutes what is known as the 
secondary leaJ^e flux, . 

The effect of the primary leakage flux is to add a certain amount 
of reactance to the primary winding, which serves no useful purpose 
and uses up a certain amount of the primary applied voltage in the 
same way that the resistance of the primary winding does. 

The secondary leakage flux acts in much the same manner and 
has the effect of diverting more and more of the main flux into 
leakage paths as the current is increased, for inside the secondary 
winding the leakage flux is in exact opposition to the main flux. 
As the currents in the two windings increase, the difference in the 
ampere-turns of the two windings does not alter very much, the 




180 ALTERNATING CURRENTS ch. 

main flux actually decreasing slightly. The leakage fluxes are, 
however, practically proportional to the currents in the respective 
windings, and so the total leakage of the transformer increases as 
the load goes up until on very heavy overloads the majority of the 
flux has been diverted into leakage paths. 

The effect of magnetic leakage upon the ratio of transformation 
is to reduce the secondary terminal voltage for a given primary 
applied voltage. 

Equivalent Circuits. — A commercial transformer may be repre- 
sented, for purposes of explanation, as consisting of an ideally 
perfect transformer having no losses or magnetizing current, together 
with various additions to allow for these effects. In Fig. 151 is 
shown such an ideal transfAMc having a resistance, and a 
reactance, in series primary winding, representing 

the resistance and reactan^^m the primary respectively. The 
reactance is that associated with the primary magnetic leakage flux. 



and is equal to 27r/Li, where is the primary inductance due to 
magnetic leakage. Another resistance, Rc, and a reactance, Xc, 
are shown connected in parallel with the primary. The resistance, 
jRc, is such that when connected to the supply voltage the power 
absorbed is equal to the core loss in the iron consisting of hysteresis 
and eddy currents, whilst the reactance, Xc, is such that it takes a 
purely reactive lagging current equal to the magnetizing current of 
the transformer. Further, a resistance, 2?2» ^ reactance, Xg, 

are shown in series with the secondary circuit, to account for 
the resistance and leakage reactance of the secondary winding 
respectively. 

The currents flowing through Xc and Rc are Im and Ic respec- 
tively, these representing the purely magnetizing component and the 
core loss component. The vector sum of these two currents is /q, 
the no-load current of the transformer. 

If desired, the resistance and reactance of the secondary can 
be combined with those of the primary to form one resistance and 
one reactance. This combination does not consist of simple addi- 
tion, but necessitates taking into consideration the ratio of trans« 
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formation. For example, in the case of a step-down transformer 
the impedance of the secondary is made less than that of the 
primary, because it deals with larger currents, and it must be 
multiplied by some constant in order to refer it to the primary side. 
The subject of equivalent resistance and equivalent reactance is 
further dealt with on page 217. 

Vector Diagram. — In drawing the vector diagram of a trans- 
former, it is convenient to start with the flux vector, O, as being the 
connecting link between primary and secondary, and for ease of 
illustration it is convenient to choose a transformer having a ratio 
of transformation of 1 : 1. 

The induced secondary E.M.F., E^i lags by 90° behind the flux 
(see Fig. 152), since it is proportii^lA to minus the rate of change 
of the flux, or, 

== - X 10-« volts.i 

The graph showing the rate of change of a sine function is shown 
in Fig. 10, and the rate of change curve is there seen to lead the 
actual sine function by 90°, so that the graph of minus the rate of 
change must lag by 90°. (Fig. 10 deals with current and rate of 
change of current, but the same argument applies when flux is 
substituted for current.) In developing this vector diagram, 
constant reference should be made to the equivalent circuit diagram 
in Fig. 151, since the quantities in the vector diagram are all lettered 
in the same way as the corresponding quantities in the equivalent 
circuit diagram. 

With the secondary on open circuit, the terminal voltage, Fg, 
is equal to the induced secondary E.M.F., but when the 
secondary is connected to a Joad Wminal volt age falls 

sl ightly . (In certain cases where the load gives rise to leading 
currents the voltage may rise instead of fall.) In Fig. 152 the 
usual case of a lagging secondary current is considered. This 
current is represented by /g, its magnitude and phase depending 
upon the character of the load circuit. The current, /g, flows 
through the secondary resistance, R^y causes a voltage drop 
equal .to I 2 R 2 phase with the current, /gj shown in the vector 
diagram. A further voltage drop is occasioned by the passage of 
1 2 through the secondary reactance, secondary reactance 

is caused by the secondary magnetic leakage flux. The voltage 
drop, leads the secondary current by 90°. The combination 

of these two drops gives / 2 ^ 2 > impedance voltage drop in the 
secondary winding. When this quantity is subtracted vectorially 

^ Let the instantaneous value of the flux be ^ sin wt. Then the rate of 
change of flux is equal to cos ojt and 

jE7j = ~ Ta X «"*** cos wt 
= sin {uit — 90°). 

t.6. jE 7| lags by 90° behind ♦. 
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from the induced E.M.F., the secondary terminal voltage, Fg, 
is obtained. The power factor of the secondary load circuit is given 
by cos <f> 2 - It should be noted that (f >2 the angle between the 
secondary current and the secondary terminal voltage, not the 
secondary induced E.M.F., j&g* 

When the secondary is on open circuit, the primary current 
consists only of the no-load current, ^0. which is small compared 
with the full load current. The no-load current consists of two 
components, the magnetizing current, /m, necessary for magnetizing 



the core, and the core loss current, /c, which supplies the core 
loss consisting of hysteresis and eddy currents. The magnetizing 
current is in phase with the flux, O, and thus lags by 90° behind the 
E.M.F., El. The core loss component of the current is in phase with 
El, since it represents' a power loss. 

If the transformer has an air core, the no-load current will be 
in phasei with the flur produced by it, neglecting the effect of eddy 
currents in adjacent metal. With an iron core, magnetized so that 
a definite hysteresis loop results, the current has a positive value 
before the flux commences to grow, and also the current dies down 
to zero whilst the flux has still a positive value. The current 
obviously leads the flux, when hysteresis is taken into account. 
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The phase difference is further accentuated by the effect of eddy 
currents. These oppose the change of the flux, and so cause it to 
lag. In other words, the component of the primary current 
producing the eddy currents leads the flux. 

When the secondary delivers a current, /g, a corresponding 
current, I\, flows in the primary, equal in magnitude (in a 1 : 1 trans- 
former) and exactly opposite in phase. The ampere-turns of the 
two currents, /g and I\ thus cancel out, leaving the original 
magnetizing current to set up the flux as before. The total primary 
current is now which is the vector sum of I\ and Iq. Since, how- 
ever, the majority of transformers have ratios which differ greatly 
from unity, there would be a great disparity in the lengths of the 
vectors representing and if they were drawn to the same 
scale. Either one would be cumbrously large or the other imprO/C- 
ticably small. To overcome this, different scales are chosen, the 
ratio of the scales being n : 1 , where n is the turn ratio of the trans- 
former. In other words, 1 cm. represents n times as many amperes 
on the secondary side as it does on the primary side. The actual 
lengths of the vectors and I\ now become exactly equal. The 
same device is adopted in the choice of voltage scales, but here 
1 cm. on the primary side represents n times as many volts as 1 cm. 
on the secondary side. 

The alternating flux sets up a back E.M.F. in the primary wind- 
ing which necessitates the application of a voltage, Z/j, in order to 
neutralize it. In addition, a voltage, IiB^, has to be supplied to 
provide for the resistance drop, this being in phase with the primary 
current, A further voltage, has to be supplied to provide 
for the reactance drop occasioned by the primary leakage flux. 
This leads by 90°. The combination of the resistance and 
reactance drops gives the primary impedance voltage drop, 

The resultant applied voltage is therefore given by Fj, which is the 
vector sum of and liZ^, where is the vector sum of 
and ZiXi. The primary power factor is cos where is the 
ph ase angle between F, and 

^Tne primary leakage flux may be taken as being in phase with 
the primary current, Zj, and since this flux links with the primary 
winding, in addition to the mutual flux O, the total flux linking 
with the primary winding is given by the vector sum of these two 
component fluxes. The phase of this total flux linking with the 
primary Ivinding is slightly ahead of that of the flux O linking 
with both windings. In the same way the secondary leakage flux 
may be regarded as being in phase with the secondary current^ I 2 * 
This leakage flux, when combined with O, gives the total flux 
linking with the secondary winding, and this lags behind <E) in 
phase by a small amount. The total fluxes linking with each of 
the two windings are thus not quite equal, either in magnitude or 
phase. 
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The efficiency is given by without reference to the 

scales, the actual lengths of the lines only being required, since 
the change in current scale is exactly counterbalanced by the 
change in voltage scale in the opposite direction. The watt scale 
is the same for both primary and secondary. Similarly, the regula- 
tion is given by (l — for when is referred to the secondary 


side it assumes the same scale as V^- 

As the load increases, both the phase and magnitude of Fg alter 
slightly, due to the increase in 1 2^2* phase and 

magnitude of F2. But the conditions under which a transformer 
works in practice are that the primary applied voltage is constant, 
and not the flux, as has been assumed in the above diagram. Since 
the change is but a small one, the necessary correction can be made 
by choosing a new scale of voltage for each load, obtained by making 
F2 represent the constant applied voltage in each case. This 
change does not aSect the current vectors, but does affect all the 
voltage vectors and the flux vector proportionally. Thus the flux 
is seen to decrease slightly as the load goes up, and also to lag a 
little more than 90 ® behind the primary applied voltage. 

The primary and secondary terminal voltages are thus seen to 
be no longer in exact phase opposition, and the small difference 
between the actual phase angle between F2 and Fg and the ideal 
phase angle of 180 ® is called the phase displacement angle. 

When the load is partially inductive, the primary power factor 
is always less than that of the secondary, except when it is less 
than that on no-load, which is not likely to occur in practice. One 
effect of the lag in the secondary circuit is to bring the two currents 


more nearly into phase opposition and to increase those com- 
ponents of IiZi and 12^2 which are in phase with Fj and Fg 
respectively. This causes a reduction in the secondary terminal 
voltage as the secondary power factor is decreased, other things 
being equal, and increases the ratio of transformation. Another 
point of interest with respect to magnetic leakage is that neither 
the primary nor the secondary leakage flux is in phase with the 
main flux, since the leakage fluxes are in phase with the primary 
and secondary currents which produce them. 

When the secondary current is a leading one, the power factor 
of the primary is higher than that of the secondary, due to the 
no-load magnetizing current neutralizing a portion of the capacit- 
ance current required to balance the secondary current. In fact, 
for one particular value of the secondary current, the primary 
power factor is unity, although the secondary current is a leading 
one. For lower values of the secondary current, the primary current 
lags, whilst that in the secondary leads. The ratio of transformation 
with a leading current is much more nearly constant for varying 
values of the load than is the case when the load is inductive. 
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The vector diagram for a three-phase transformer consists 
simply" of three single-phase diagrams arranged mutually at 120° 
to each other. The line values of voltage and current on no-load 
and on load can easily be determined, for both star- and delta- 
connected systems. Usually, however, it will be found more 
desirable to deal with the problem as a single-phase one, except in 
the cases where unbalanced circuits are concerned. 

Polyphase Transformers. — Two-phase currents can be trans- 
formed by means of two similar single-phase transformers, the 
secondaries being independent or interconnected according to choice. 



star to Star Delta to Delta Delta to Star 


Ratio of Transformation — n. Ratio of Transformation • ' lation — • 

Vs 

(a) (ft) (c) 

FlQ. 163. — Single-Phase Transformers on Three-Phase Circuits. 

Similarly, three-phase currents can be transformed by means of 
three similar single-phase transformers, the secondaries either being 
independent or connected in star or delta. It is also possible to 
connect the primaries in delta and the scMJondaries in star, and vice 
versa, the ratio of transformation of the line voltages being, of 
course, affected by the connections. Fig. 153 (a), (6) and (c) 
illustrates some of the methods of connection. 

If the three primary windings were wound on the same simple 
core which has been already described, a single-phase alternating 
flux would be produced and the three secondary windings would 





186 ALTERNATING CURRENTS cii 

have e(][ual voltages of the same phase induced in them, so that only 

a single phase supply could be ob- 
tained from their combination. But 
by adopting a three-limbed core of the 
type shown in Fig. 154, and winding 
each phase on to a separate limb, it is 
possible to build one transformer which 
will transform three-phase currents by 
itself. The phase of the flux bears the 
same relationship to that of the volt- 
age in each of the three phases, and 
Fig. 164.— Three-Phase Transformer. Consequently the SUm total of the fluX 

either upwards or downwards is zero at 
every instant (see Chapter X). In other words, the flux in any 
limb is always the sum of the fluxes in the opposite direction in 
the other two limbs. By winding a secondary coil on to each limb, 
a three-phase supply can be obtained, for in each limb the secondary 
E.M.F. lags by 90° behind its respective flux, which lags by 90° 
behind the impressed voltage. 

Single-Phase Core Construction. — ^The simple type of transformer 
in which a laminated iron core is surrounded by copper coils is called 
the Core Type, In the case of small transformers, the iron core is 
built up of two shapes of stampings, one set being u -shaped and 
the other consisting of rectangular strips to close the iron circuit. 
The thickness of these stampings usually ranges from 0*35 to 0*45 mm. 
A bundle of stampings is clamped together by boltHW PlTUty,'*t1ie 
latter being insulated from the core in order to reduce the eddy 
currents. Since it is difficult to make a good magnetic butt joint 
without introducing additional eddy currents, the plates are some- 
times dovetailed into each other, alternate stampings being cut long 
and short for this purpose. For larger transformers the stamping of 
the u -shaped pieces involves a considerable waste of material, and the 
practice is to build up such cores from four bundles of rectangular 
strips, the thickness of the bundles all being equal (see Fig. 155). 
These are bolted together between end cheeks at the top and bottom, 
the latter also being held tightly in position by means of tie rods. 

Gross Section of Limb. — Since the length of the turn does not 
influence its flux-producing properties, it is advisable to reduce it 
to a minimum, both from the point of view of its resistance and also 
the amount of material used. With a flxed magnetic density, the 
cross section of the iron is flxed and the problem resolves itself into 
finding a figure which has the minimum periphery for a given cross- 
sectional area. The ideal figure is the circle, but this involves each 
stamping having a different width, which is impracticable . By having 
two, three or four sizes of stampings, however, a good approximation 
to the circle can be obtained, the coil itself being made circular, since 
it does not follow exactly the outline of the core. 

A typical limb cross section with three sizes of stampings is 
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shown in Fig. 156. Surrounding these stampings is an insulating 
cylinder, on the outside of which is wound the low voltage winding. 
On the outside of this, leaving an annular space, is another insulating 
cylinder, and on the outside of this is wound the high voltage 
winding. Transformers are usually oil-immersed, except in very 
small sizes, and so the various spaces are filled with oil which cir- 



^ Seclion on AB 

Fiq. 155. — Construction of Core Type Transformer. 


culates naturally due to convection currents set up by the heated 
copper and iron. 

In certain cases, particularly in small sizes, a rectangular section 
of limb is adopted, the depth usually being of the order of 1*5 times 
the width. This shape is not recommended for large sizes, since one 
effect of a short circuit is to make the coil endeavour to assume a 



Fia. 156. — Limb Cross Section. Fia. 157. — Magnetic Yoke Section. 


circular shape. The opposite sides of a turn repel each other when 
carrying current, and the circle is the shape that encloses the largest 
area for a given length of turn. 

Magnetic Yokes. — The upright limbs are connected at top and 
bottom by magnetic yokes, either interleaved or with butt joints. 
The section of the yoke is stepped in a somewhat similar manner to 
the limb, the number of shapes employed being the same as in the 
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limb. The stampings in the centre have the greatest depth, those 
on either side being rather less deep. The arrangement is shown in 
Fig. 157. The depths of the various yoke stampings must bear the 
same ratio to one another that the widths of the limb stampings do. 
This is to prevent an interchange of flux between the different 
portions, which would otherwise set up excessive eddy currents. 

Single-Phase Shell Construction. — ^The core type of transformer 
already discussed consists of an iron core around which copper coils 
are wound. The same effect is produced if an iron core is wound 
round the copper coil, this being the characteristic feature of the 
shell type transformer. Fundamentally there is no difference 
between the two t 3 rpes, since the principle involved in each is the 
linkage of flux with ampere-turns. The appearance of the two 



Fig. 158. — Shell Type Transformer. > 10 . 169. — Shell Type Transformer. 


types, however, differs considerably, since, in the shell type trans- 
former, the coils are more or less embedded in the iron, which serves 
also as a mechanical protection. 

A common example of the shell type transformer is the one having 
a three-limbed core shown in Fig. 158. The iron section consists of 
two E -shaped stampings facing each other so as to form two square 
holes, through which the coils, both primary and secondary, are 
threaded. By employing two stampings it is possible to adopt 
former wound coils, the stampings being cut alternately long and 
short in order to minimize the effect of the air-gap at the joint. 
There are only three magnetic joints in this form of construction, as 
opposed to four in the simple core type transformer built up of four 
rectangular strips, and since the flux is divided outside the central 
limb, the section of the iron in these parts need only be half that of 
the central limb. 
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For large transformers, the core is often built up from two simple 
rectangular cores placed side by side (see Fig. 159), the coils being 
mounted in an upright position. 

Another example of shell construction is that shown in Fig. 160, 
where a circular coil, including both primary and secondary, is 
linked with bundles of stampings which are placed all the way 
round. Each bundle consists of an upright rectangular strip inside 
the coil, the magnetic circuit being completed by a u -shaped piece. 
From the nature of the construction, the stampings leave air spaces 
between them at their outer edges, whilst they are crowded together 
in the interior. This ensures a large cooling surface both for the 
copper and the iron. 




Fiq. 160. — Shell Type Transformer 
with Circular Coil. 



Fig. 161. — Three-Phase 
Shell Construction. 


Shell type transformers usually provide a shorter magnetic path, 
and hence the magnetizing current is usually less than in the corre- 
sponding core type transformer. Also the amount of copper 
required is less, but, due to the embedding of the coils, the natural 
cooling is poorer. A point against the shell type transformer is the 
necessity for dismantling the laminations when the coils have to be 
withdrawn for repairs, this not being necessary in the core type 
transformer. 

Three-Phase Core Construction. — TheoreticaUy the simplest three- 
phase construction is to have three upright limbs set in a triangle 
and joined at the top and bottom by a number of plate stampings. 
In practice, however, the three limbs are arranged in a line, as in 
Fig. 164, this not introducing any serious asymmetry. 

Five Limb Cores. — This construction is sometimes adopted for 
transformers of very large output. The three inner limbs are 
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wound, the two outer limbs constituting return paths for the magnetic 
flux. In the three limb type, the flux from one limb always returns 
by way of the other two limbs. In very large transformers, however, 
the reluctance of the top and bottom yokes becomes appreciable, 
and the two extra limbs provide additional return paths for the flux. 

Three-Phase Shell Construction. — A three-phase transformer of 
this type is constructed by mounting three single-phase shells on top 
of one another as shown in Fig. 161. The first phase, both primary 
and secondary, is wound in the top pair of holes, the second phase 
in the middle pair, and the third phase in the lowest pair. The full 
flux for each phase passes down the central iron path, but this flux 
divides, half passing to the right and half to the left, so that the iron 
section on the outside is made considerably less than it is in the 
middle. The section of iron immediately above and below the 
middle phase can also bo reduced by reversing the whole of the 
connections of the middle phase, both primary and secondary. 
The horizontal flux in these regions is now equal to the flux per phase 
instead of being VS times the flux per phase. 



(a) { 0 ) 

Fio. 102. — Arrangement of Windings. 


Types of Winding. — It is not the practice to wind one limb with 
the primary and the other with the secondary, although trans- 
formers are shown diagrammatically in this manner for the sake of 
clearness. On the contrary, a portion of each winding is placed on 
each wound limb, the L.T. (low tension) side being nearest the core. 
This only necessitates high grade insulation on the primary (H.T.) 
side and between primary and secondary, whereas if the H.T 
winding were nearest the core there would have to be high grade 
insulation on the primary itself, between primary and core and 
between primary and secondary. In addition, the H.T. winding is 
divided into sections as shown in Fig. 162 (a), in order to limit the 
voltage between adjacent turns. 

Another method of winding is to subdivide both primary and 
secondary and sandwich the sections, as shown in Fig. 162 (6). 
This arrangement requires more insulation than the previous one. 

Heavy current windings are sometimes wound in a single or 
double layer spiral, as represented by the inner winding in Fig. 
162 (a). The H.T. windings of relatively small transformers are 
often wound with “ cross-over ** coils. These have a number of 
layers with several turns per layer. One end comes from the inside 
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layer and the other from the outside layer. A number of such coils 
are connected in series, as represented by the outer winding in Fig. 
162 {a). Another t 3 rpe of coil consists of a number of flat circular 
discs, each formed of a number of turns wound on top of one another 
radially outwards. 

In very heavy current windings, each turn is split up into a 
number of separately insulated conductors, these being transposed 
from time to time, so as to equalize their impedance. Otherwise 
they would not share the current equally. 

Effect of Winding Arrangement on Magnetic Leakage.— The 
distribution of flux shown in Fig. 150 is only intended to illustrate 
roughly how the leakage fluxes are set up, and is not intended as an 



(fl) (b) 


Flo. 163. — Magnetic Leakage with Concentric Coils. 

accurate representation. The windings are not arranged with the 
primary on one limb and the secondary on the other, but are 
usually distributed as indicated in Fig. 162. 

The distribution of leakage flux corresponding to the winding 
arrangement represented in Fig. 162 (a) is shown in Fig. 163 (a), where 
the secondary is placed next to the core and the primary has only one 
coil per limb, although the figure might be extended to show the 
effect of a subdivided primary. The M.M.F.’s of the two coils are 
supposed to be equal and opposite. The leakage flux passes between 
the coils and returns through the iron on the one side and through 
the air on the other. The space between the coils may be regarded 
as being somewhat similar to the interior of a solenoid, except that 
it is an annular space. The return path of the primary leakage flux 
has an infinite section so that its reluctance may be neglected. 
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Similarly the return path of the secondary leakage flux is in iron, 
and its reluctance may also be neglected. The M.M.F. over the 
space between the two coils is constant, but this falls away uni- 
formly from the interior to the exterior of the coils. The curve of 
M.M.F. over the section is shown. The density of the leakage flux is 
proportional to the M.M.F., since the reluctance of the return paths 
is negligible. It is seen that some of the leakage flux actually 
passes through the windings, and these lines link with a proportion- 
ally smaller number of turns, depending upon the depth of the 
line in the winding. The linkage distribution over the cross 
section is therefore that shown, the curved portions of the graphs 
obeying a square law. 

On occasion, when a very low leakage flux is desired, the arrange- 
ment shown in Fig. 163 (6) is adopted, haK the secondary being 
wound next to the core and the other half outside the primary. The 



Fio. 164. — Magnetic Leakage with Sandwich Coils. 



Linkages 


general distribution of the leakage flux is shown in the diagram, but 
its magnitude is much less than before. The curve of M.M.F. over 
the section is now partly positive and partly negative as shown. 
The leakage flux is a maximum in each space between the windings, 
but its direction is opposite in the two cases. The graph of the 
linkages is of the same general shape as in the previous case, except 
that it is in two halves, each the reverse of the other. 

When the coils are sandwiched as shown in Fig. 162 (6) the dis- 
tribution of M.M.F. and linkages is as shown in Fig. 164, the same 
general principles being applied. This case is also applicable to 
shell type transformers, where the windings in each window are 
arranged in layers alternately primary and secondary. In the 
simple shell case where there is no subdivision of the winding, a 
portion of the above M.M.F. curve can be picked out corresponding 
to one primary and one secondary coil. 

Mechanical Stresses on Windings. — When adjacent primary and 
secondary coils carry currents, these are opposite in direction, and 
the two coils consequently exert a repelling force on each other. 
With normal currents, this efiect is not of much account ; but in the 
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Electrical Stresses on End Turns. — When the voltage is first 
applied to the primary of a transformer, the end turns have to be 
charged up to the line potential before any current can flow into 
the remainder of the winding, and since the two extreme turns are 
separated by a dielectric from the earth and from each other, they 
constitute a kind of condenser. These extreme turns take, conse- 
quently, a small but definite charging current, and then the next 
turns receive the voltage and are charged up in the same way. 
All this occurs very rapidly, but the effect is to concentrate the 
voltage on to the end turns at the moment of switching on. To 
avoid possible breakdowns of the insulation, the practice is to put 
extra insulation on the end turns to enable them to withstand 
the extra stress to which they are subjected at the moment of 
switching on. 



Fig. 167. — Convection Currents and Oil Temperatures in Transformer. 


Artificial Cooling. — For small transformers natural cooling is 
sufiScient, but for the larger sizes artificial means are employed to 
assist in the dissipation of the heat, since there is no rotating element 
to set up ventilation. Oil insulation is better than air in this respect, 
since the oil is a better conductor of heat. The final temperature 
rise depends upon the cooling facilities as well as upon the losses. In 
the case of oil-immersed transformers, the heat generated in the 
core and windings has to be transmitted to the tank, from the external 
surface of which it is dissipated into the atmosphere. When the oil 
is heated it becomes lighter and rises, cooler oil flowing in from the 
bottom of the tank to take its place. A circulation of the oil is thus 
set up. Fig. 167 shows the temperature of the oil at different 
points in a core type transformer. At the bottom of the tank the 
temperature is Tb ; the oil moves upwards and its temperature rises, 
finally reaching a maximum value Tt at the top. It then passes 
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outwards to the tank and sinks downwards, the heat being gradually 
transferred to the tank wall. Another method of cooling consists 
of an air-blast, which is forced through the windings and ventilating 
ducts of the core by means of a small air-pump. 

Transformer Tanks. — The tank containing the oil and the trans- 
former may be plain or corrugated. Additional cooling surface may 
be obtained by means of a number of external tubes connected to 
the tank at their upper and lower ends, the former point being just 
below the oil level. The sides of the tank consist of boiler plate. 
Convection currents in the oil cause it to circulate through these 
tubes, which thus exert a great cooling effect. 

A further development with very large transformers is to replace 
the numerous cooling tubes with several radiators. Each of these 
consists of a top and bottom header, connected by a number of 
cooling pipes, the whole being placed in a cold air blast. The oil 
headers are connected to the transformer tank, and the whole 
arrangement may be regarded as a special development of the tubular 
tank. 

Conservators and Breathers. — ^Transformer oil should not be per- 
mitted to come into contact with the open atmosphere, since the 
absorption of oven a minute amount of moisture causes a great 
deterioration in its insulating properties. To prevent this, many 
transformers are provided with conservators or oil-expansion chambers, 
especially those working at extra high voltages and those designed 
for outdoor operation. The conservator consists of a metal drum 
fixed above the level of the top of the tank, and connected by a pipe 
with the main tank, the joints being rendered air- and oil-tight. The 
main tank is then completely filled with oil, even when cold, the oil 
also partially filling the conservator. The surface of the oil exposed 
to the atmosphere is therefore greatly reduced. The convection 
currents in the main tank do not penetrate to the conservator, so 
that any sludge that is formed remains in the conservator. The 
oil expands as it heats up, so that ultimately the conservator is 
practically full of oil, the air being expelled. When the trans- 
former cools down again, the oil level sinks, and air is drawn in. 
This action is known as breathing, the in-drawn air being passed 
through an auxiliary piece of apparatus, called a breather, for the 
purpose of abstracting the moisture. 

A breather consists of a small vessel containing calcium chloride 
or other drying agent, through which the air is passed, the moisture 
being abstracted in its passage. This ensures that only dry air is 
in contact with the transformer oil. 

Buchholz Relay. — ^This is a mechanical device which may be 
attached to an oil-immersed transformer, being fitted in the pipe 
connecting the transformer tank with the conservator tank. It 
consists of two (or sometimes only one) floats, as shown diagram- 
mabically in Fig. 168. Two pairs of electrical contacts are also 
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provided as shown, these being short-circuited in certain circum- 
stances. 

A breakdown in the insulation in a transformer is always accom- 
panied by the generation of gas in the oil. A serious fault results 
in the rapid generation of this gas which, rushing through the pipe, 
pushes the lower float to the right. This causes the two lower 
contacts to be bridged, thus closing the trip circuit of the circuit 
breaker and cutting the transformer out of circuit. If a fault should 
develop slowly, gas is only generated slowly and this may be insuffi- 
cient to move the lower float. This gas, however, accumulates 
gradually in the top of the relay chamber, so that there is a pro- 
gressive lowering of the oil level in it. This causes the upper float 
to sink, so that it ultimately closes the second pair of contacts. 
This trips the circuit breaker as before, or it may be arranged to 
ring an alarm bell. An incipient fault can thus be detected, and the 
transformer switched out by hand before any major fault develops. 



Water-Cooling. — In this type of cooling, water is passed through a 
system of pipes arranged in the upper portion of the tank, where the 
oil temperature is the highest. 

Forced Cooling. — In this system of cooling, the hot oil is drawn 
off from the tank and passed through an external cooler of the surface 
condenser t 5 rpe, a motor-driven oil pump being employed to effect 
the circulation. The cooling tubes or radiators may now be omitted, 
plain transformer tanks being employed. 

In certain large installations a mixture of radiator and forced 
cooling is adopted. Up to about half full load, the radiators are 
relied upon for the necessary cooling, but for the higher loads, the 
oil pump is brought into action, often automatically. 

Transformer Oil. — Transformer oil is a mineral oil obtained by 
refining crude petroleum. It is an excellent insulator, its loss by 
evaporation is negligibly small, and its tendency to form a sludge is 
much less than with the resin oils which were once used. This 
sludge is due to the slow formation of solid hydro-carbons. When 
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deposited on the windings and in the cooling ducts, it tends to 
produce overheating. Unfortunately, its dielectric strength is affected 
to an enormous extent by the presence of even a minute percentage 
of moisture, and great care must be taken in practice to keep the 
oil dry. 

Terminal Bushings. — The terminals are brought through the tank 
by means of bushings, generally made of porcelain or paper and 
bakelite or other insulating varnish in the case of high voltage trans- 
formers. If a plain cylindrical tube is used, the potential gradient 
in the insulation is very high on the inside, this decreasing towards 
the outside. In order to reduce the maximum value of this potential 
gradient, the dielectric flux density must be reduced at the surface 
of the conductor. This can be effected either by increasing the 
diameter of the conductor or by increasing the thickness of the 
insulation. 

The condenser type of bushing makes the outer layers of the 
insulation carry their proper share of the voltage in a different way. 
It consists of a number of concentric condensers of tinfoil and paper 
in series between the central conductor and the cover of the tank. 
The voltage drop across each of these component condensers is 
inversely proportional to their capacitance, and to make the 
potential gradient uniform, they all must have the same capacitance. 
Since the insulation thickness is made the same, tke area of the 
various tinfoils must be the same. This area is equal to tzDL^ 
where D is the diameter and L the length parallel to the conductor. 
It follows, therefore, that D must be made inversely proportional 
to Ly and the bushing takes on the shape shown in Fig. 169. The 
length of the portion projecting into the tank is less than that 
projecting outwards, since the oil is a better insulator than air. 
Unfortunately, however, the bushing is not economically designed 
for surface leakage, since the distance on the surface is not the same 
between different layers. The shape is, therefore, modified some- 
what in practice. The bushing is also surrounded with a cylinder 
of fibre which is filled with compound to prevent the formation of 
corona. 

An alternative to the above is the oil-filled bushing. In this 
type, the conductor is passed through a large hollow porcelain 
insulator which is filled with oil. When intended for very high 
voltages, a number of insulating cylinders are inserted, these being 
concentric with the conductor and graduated in length. These 
baffle tubes, as they are called, prevent particles of foreign matter 
from forming themselves into a continuous chain between the con- 
ductor and the wall of the insulator. A glass tube is mounted on 
the top of the bushing, this being filled with oil when the maximum 
operating temperature is reached. A small breather is attached 
to the outer end of this tube, to prevent the absorption of moisture, 
as in the case of the main transformer. 
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Polyphase Transformer Connections. — ^The connections of two- 
phase transformers or two single-phase transformers used on a two- 
phase supply are quite simple, 
each phase being connected 
up independently and the 
system linked or not accord- 
ing to desire. With three- 
phase transformers, however, 
a number of methods of 
connection are possible, 
these methods also being 
applicable when three single- 
phase transformers are used. 

The several methods em- 
ployed are as follows : — 

Star- or /\-Gonmction. 

"^Both primaries and secon- 
daries are connected in star 
[see Fig. 170 (a)], but if one 
phase should fail it puts two 
phases out of action, which 
practically means a complete 
shut-down of the transformer. 

Mesh- or Ha- Connection, 

— Both primaries and secon- 
daries are connected in delta 
[see Fig. 170 (6)], but if 
one phase winding should 
fail the other two would 
phase current. In this 



Fio. 169. — Condenser Type Bushing. 


continue to supply a true 
respect the delta connection is 


three- 

prefer- 



ia) ib) (c) 

Fio. 170. — Three-Phase Transformer Connections. 


(d) 


able to the star. The new system is called the V-connection or 
open A. 
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It is also possible to have the primaries connected in delta and 
the secondaries in star, and vice v^rsa. 

(c) V- or open A-Connection . — Only two transformers are needed 
[see Fig. 170 (c)], but since the phase difference between the two 
secondaries is the same as that between the two primaries, the three- 
phase supply is maintained. The current in the common wire is 
the vector sum of the currents in the other two. 

(d) T -Connection . — Only two transformers are needed in this 
system of connection [see Fig. 170 (d)], but the voltages which are 
applied to their terminals are slightly different, that transformer 
which is connected to the middle point of the other only being 

\/3 

supplied with = 0*866 times the voltage between line wires. 

The ratio of transformation of both transformers is the same, so 
that a true three-phase supply is obtained at the free terminals of 
the secondaries. 

Interconnected Windings. — Three-phase transformers are some- 
times used to supply three separate single -phase circuits, the neutral 
acting as the common return. They are also used in connection 
with three- wire rotary converters (see page 437), the out-of -balance 
direct current being brought to the star point of the transformer. 
In these cases the currents in the different phase windings are usually 
unequal. This affects the magnetizing current and may result in an 
appreciable increase in the iron loss owing to flux distortion, and to 
minimize this effect interconnected windings or zigzag connections 
are sometimes adopted. There are two secondaries to each phase 
connected as shown in Fig. 171. A secondary from one phase is 
connected in series with a secondary from the next phase, the latter 
being reversed so that the phase difference between the E.M.F.'s in 
the two windings is only 60° instead of 120°. Thus the winding gh 
is connected in series with on (not no), the resultant voltage being 
VS times the voltage across each of the component windings. The 
phase of the resultant voltage is also shifted by 30°. The ad- 
vantage of this system of connections lies in the fact that if the 
load on the secondary is unbalanced, the inequality is reduced 
in the primary circuit, for each secondary directly afifects two 
of the primary windings instead of one in the ordinary method of 
connection. 

Tap-Changing under Load. — ^The object and arrangement of 
tapping coils have already been explained (see page 193). If the 
transformer can be withdrawn from the circuit when any change is 
made, a system of links or switches is all that is necessary, but when 
the tap-changing has to take place whilst the transformer is under 
load , a rather more complicated arrangement has to be adopted . The 
circuit must not be opened, even momentarily, or dangerous sparking 
will ensue, whilst the temporary short-circuit of a section of th^ 
transformer winding is equally inadmissible. 
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The principal method of effecting the change employs a reactor 
provided with a mid -point tapping. The tappings are brought out 
to a number of contacts (see Fig. 348), and in the normal position, 
two fingers, connected to the two ends of the reactor, rest on the 
same contact. One half of the total current now flows through each 
half of the reactor, but in opposite directions, so that this becomes 
practically non-inductive, and therefore causes only a negligible 
voltage drop. In changing from one tapping to the next, two 
adjacent contacts are bridged momentarily, but the reactor prevents 
an excessive short-circuit current from flowing, since it is highly 
inductive to a current flowing straight through it A further 
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advantage of this method is that it gives an additional number of 
voltages, due to the intermediate positions, and so reduces the 
number of tapping coils required. 

Tertiary Winding. — It has already been shown that third har- 
monic currents cannot flow in a balanced three-phase three-wire 
system (see page 127), and that when three similar saturated choking 
coils are connected in star, the potential of the insulated neutral 
point oscillates at third harmonic frequency about a mean value 
(see page 129). These conditions are obtained in a star-star three- 
phase core type transformer, which accordingly has an oscillating 
neutral. If either the primary or the secondary is connected in 
delta, third harmonic magnetizing currents are permitted to 
circulate, thus restoring the flux waves to their sinusoidal wave form. 
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and stabilizing the potential of the neutral. If, however, both 
windings are connected in star, the neutral potential may oscillate 
to a very undesirable extent, and to prevent this a third winding, 
called a tertiary winding , is sometimes added. This consists of 
three small auxiliary windings connected in delta and insulated 
from the other two sets of windings. The resultant E.M.F. at 
fundamental frequency around this tertiary delta is zero, so that 
no fundamental current flows. On the other hand, the tertiary 
delta constitutes a short-circuit path for the third harmonic currents, 
and these currents provide the harmonic deficiency in the magnetiz- 
ing currents flowing in the primary windings. The flux waves 
are thus restored to their normal shape, and the potential of the 
insulated neutral is stabilized. 

If an earth fault should develop on one of the main lines, the 
E.M.F. in one of the legs of the tertiary delta will disappear. There 
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Fiq. 172. — Scott System of Transfonnation. 


is now an unbalanced resultant E.M.F. acting around the closed 
tertiary delta, and this may cause it to burn out. 

Parallel Running. — In a number of the three-phase transformer 
connections there is a phase displacement of the secondary line 
voltage, as in the case of a delta-star connected transformer. If 
the primaries of this be paralleled with the primaries of a star-star 
transformer, then it is not possible to run the secondaries in parallel, 
for the line voltages in the two cases have a permanent phase 
displacement of 30°. 

A delta-star group may be paralleled with a star-delta or with 
a star-interconnected star group, but not with a star-star or delta- 
delta group. These last two may be, however, paralleled with each 
other. 

Scott System of Transformation. — The Scott system of trans- 
formation is a method whereby the supply may be changed from 
three-phase to two-phase, or vice versa. Two transformers have 
their primaries T-connected on to the three-phase supply, whilst 
their secondaries are connected independently and deliver a true two- 
phase supply (see Fig. 172). The primaries of these two trans- 
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'v/ 3 

formers are wound for voltages in the ratio of 1 : since the 


primary of the second one only receives this fraction of the line 
voltage. As is seen from the vector diagram, CD is 90° out of 
phase with AB, and consequently OH is 90° out of phase with 
EF, If the ratio of transformation were the same in the two 
transformers, however, the voltage of the second phase would be 
too low, and so the voltage given by the secondary of the second 
transformer is increased relatively to that of the fii’st one in the 


ratio 


This equalizes the voltages, which are already 90° out 


of phase with each other. 

The ampere-turns on both windings on the two-phase side are 
the same, whereas this is not apparent on the three-phase side, 
since the two windings carry the same current and have different 
numbers of turns. The current flowing from A to (7, however, is 
120° out of phase with that flowing from B to C, and is therefore 
60° out of phase with the current flowing from 0 io B. On com- 
bining the ami)ere-turns of the windings AG and CBy the resultant 
is found to be equal to V3 times the ampere-turns due to AC or 
CB acting separately, and so is seen to be the same as the ampere- 
turns due to CD. 

Although this system of connections gives rise to a balanced 
arrangement as far as the fundamental is concerned, it is not 
balanced when harmonics are considered. 

Three- to Six-Phase Transformation. — For a number of purposes 
a six-phase supply is desired, e.g, rotary converters (see page 435), and 
a simple means of obtaining this is available by the use of a three- 
phase transformer or three single-phase transformers. On the 
secondary side, all six ends are brought out separately, instead of 
connecting them to form a star or delta system. If desired, the 
mid-points of the three secondary windings may be linked to form 
a star point, although this is not absolutely necessary. The 
ends of the first secondary give phases 1 and 4, the second 
giving phases 3 and 6, and the third 5 and 2. This system of con- 
nections is known as the diametric connection. 

A six -phase supply can also bo obtained by means of a double 
delta arrangement. 

Three- to Single-Phase Transformation —On occasion a single- 
phase supply is desired from a three-phase source. The easiest 
method is to use one phase only, leaving the other two phases 
unloaded, but this causes unbalance. A better way is to connect 
the three secondaries in series as shown in Fig. 173, although this 
also leads to unbalance. 

Auto-Transformers. — In an ordinary transformer there is no 
electrical connection between primary and secondary, but since 
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the volts per turn are the same in each case, there is no fundamental 
reason why the two windings should not lie side by side without 
any intervening insulation. Carrying this idea further, the same 
wire might be used for carrying the two currents. Since it is 
presumed that one winding has more turns that the other, this 
superimposition only exists in that part of the winding which is 
common to both primary and secondary. Fig. 174 illustrates in 


Primaries 


Secondaries 



Fio. 173. — Three- to Single-Phase Transformation. 


diagrammatic form the principle of the auto-transformer, the 
voltage being reduced in tliis instance, although the reverse is also 
possible. Since the primary and secondary currents act in opposi- 
tion, the resultant current in BC is the vector sum of the two, 
this being very nearly the arithmetic difference. Thus suppose the 
primary voltage and current were 100 volts and 10 amperes respec- 
tively and the secondary voltage and current 10 volts and 100 
amperes respectively, AC would carry 10 amperes whilst BC would 
carry 100 — 10 = 90 amperes. 


Primary. ErlOO^ 


i lrlOamps 


'JOOanyy s. 
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I E 2 ^l(f Secondary. 


m 

amps. 


B 

Fig. 174. — Auto-Transformer. 


The auto-transformer is not merely a potential divider, although 
it does act in this capacity, but there is true transformer action, 
for the secondary current exceeds that of the primary when the 
ratio of transformation is greater than unity. 

A great disadvantage of the auto-transformer is that there is a 
direct electrical connection between the primary and secondary. 
If the primary is supplied at H.T., there is a possibility of a danger- 
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ous voltago reaching the secondary circuit in the event of a fault 
occurring in the winding, and this usually precludes the use of an 
auto-transformer in such circumstances. Its usefulness is there- 
fore limited to cases where the voltages and ratios of transformation 
are low, and for certain special purposes. 

Three-phase auto -transformers are usually connected in star 
or in V as shown in Fig. 175. 

One very useful application is as a starter for induction motors. 
A number of tappings are made on the winding so as to obtain a 
variable voltage on the secondary, these tappings being brought 
out to contacts after the manner of an ordinary D.C. motor starter. 
Such a piece of apparatus is termed a ccynipensator, for it allows 




Fio. 175. — Three-Pbase Auto-Transformers. 

the motor to take an excess current without putting a heavy over- 
load on the mains. In the majority of small compensators there 
is only one tapping corresponding to only one starting stop in 
addition to the full running position, the windings being connected 

in V. 

Relative Sizes of Auto- and Double Wound Transformers. — An 

ordinary double wound transformer can be converted into an auto- 
transformer by connecting the primary and secondary windings in 
series, as shown in Fig. 176. It is essential that the two windings 
be connected in such a way that the total voltage is the sum (and 
not the difference) of the voltages across the two individual windings. 

If the input be denoted by and the output by ^ 2^2 (losses 
being neglected), an ordinary double wound transformer would have 
to be designed for this output. The voltage across the first winding 
of the auto-transformer is, however, only (Ei — E 2 ) volts, and so 
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this winding need only be designed to deal with an input of (E^ — 
Similarly, since the load current is /g, the current taken by 
the second winding is only — /i) and this winding need only bo 
designed to deal with an output of E^{l 2 — ^i)- The quantity 
(j&i E^I^ can be re-written 

{nE, -E,)x^ 

Jb 



the same as before. 



An auto- transformer having an output of E^I^ may therefore 
be designed as if it were an ordinary transformer having an output 

of E^lJ^ An auto-transformer thus has a smaller core and 

smaller windings than an ordinary double wound transformer of the 

2 

same output, the ratio being — Thus an auto-transformer 

having an output of 100 kVA with a 4 to 1 ratio would be of the 

4 — 1 

same size as an ordinary transformer of 100 X — ^ — =75 kVA. 

The saving in material is thus considerable for small ratios of trans- 
formation, but is not of great importance where large ratios are 
concerned. 

Transformers for Very High Voltages. — Groups of transformers 
giving single-phase voltages up to one million volts are required 
for testing high voltage apparatus. The currents obtained from 
such testing equipments are quite small, insulation being the chief 
problem. They usually operate with one terminal earthed. 
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There are practical difficulties in obtaining the total voltage 
from one transformer, so that three auto -transformers are connected 
in series to give 1,000,000 volts. Fig. 177 shows the arrangement 
which is called the cascade connection. The middle point of the 
winding of the first transformer is electrically connected to its tank, 
so that the voltage betw^een winding and tank is limited to 166,000 
volts. The whole of this transformer is then mounted on a base 
insulated from earth for 333,000 volts. Tappings from the high 
potential end of the first transformer act as the feed for the second 



Earth 

Fig. 177. — Cascade Connections for 1,000,000 Volts. 

transformer, the base of this being insulated from earth for 666,000 
volts. The process is again repeated, the base of the third trans- 
former being insulated from earth for the full million volts. 

Voltage and Current Transformers. — Small transformers are 
often used in conjunction with voltmeters for voltage measure- 
ments on H.T. lines. The primary is wound with many turns of 
fine wire, whilst the secondary is designed to give a low voltage 
which is applied to the terminals of the voltmeter [see Fig. 178 (a)], 
the scale being arranged in most cases to read the voltage on the 
primary side. Such a transformer is called a voltage transformer 
and works under a small constant load due to the voltmeter itself. 
The ratio of transformation must be determined with the instru- 



XIV 


TRANSFORMERS 


207 


merit connected in position, for the voltage drop is such that a 
considerable difference would be made if the voltmeter were removed 
or if another one of different impedance were substituted. 

In a similar way, small instrument transformers, called current 
transformers f are used in conjunction with ammeters. The con- 
nections of an ammeter with a current (or series) transformer are 
shown in Fig. 178 (6). In this case the primary current is determined 
by what current is flowing in the mains rather than by the impedance 
of the winding, and, with the secondary circuit closed, the secondary 
current is such that the primary and secondary ampere-turns 
balance each other, neglecting magnetic leakage. The currents 
are therefore approximately in the inverse ratio of the turns and 
the ammeter can be calibrated to read the primary current, pro- 
vided that the same instrument is always used in conjunction with 
the same current transformer. This arrangement takes the place of 
the shunt in D.C. measurements and enables heavy currents to be 
measured without the trouble of designing instruments with heavy 
leads, since the instrument transformer, which is only small, can 


(a) (b) 

Voltage Transformer Current Transformer 
Fia. 178. — Voltage and Current Transformers. 

be placed in the path of the main lead, whilst the small secondary 
leads can be carried to the instrument, which may then be situated 
wherever convenient. 

A.C. wattmeters may also be used in conjunction with both a 
voltage and a current transformer. 

Another application of voltage and current transformers is 
their use in the operation of protective relays. 

The ratio of transformation should be constant within close 
limits. It is possible to calibrate the instrument with its own 
transformer, thereby avoiding the effect of ratio variation, but it is 
more usual to design the transformer so that the instrument may be 
calibrated independently of it. This necessitates low resistance of 
the windings, low flux densities and small magnetic leakage between 
the windings. The voltage drop between open circuit and the rated 
secondary load should not exceed half of one per cent. In power 
measurements the phase displacement between primary and second- 
ary voltages is important and should be kept within 1 ® of the ideal 
value. This phase displacement is roughly proportional to the 
secondary current. 

In the case of current transformers it is not essential that the 
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voltage ratio should be constant nor that the primary and secondary 
currents should be exactly in phase, but constancy of the current 
ratio and phase displacement is important. For this condition to 
be fulfilled the shape of the vector diagram should remain unaltered 
throughout the working range. To reduce the magnetizing current 
and the iron loss, silicon steel or stalloy is used and a low flux density 
is employed. The primaries usually have from 600 to 1200 ampere- 
turns at full load. The rating of a current transformer is expressed 
in volt-amperes and usually lies between 16 and 50 volt-amperes 
at full load current. 

Should it be necessary to remove the ammeter from the secondary 
of a current transformer, the secondary should first of all be short- 
circuited. The primary current would normally be unaffected by 
the removal of the ammeter, so that the resultant ampere-turns on 
the transformer core would be very greatly increased. The flux 
density would rise considerably, and the iron losses would be 
enormous. The voltage across the primary would rise and in all 
probability the transformer would be destroyed. 

The ranges of instrument transformer secondaries have now 
been standardized, 110 volts and 6 amperes being adopted for 
voltage and current transformers respectively. 

Quadrature Transformers. — A quadrature transformer is one in 
which the secondary current is 90® out of phase with the primary 
current instead of the usual 180®. They are used in making measure- 
ments with certain A.C. instruments, e.g. the Gall potentiometer, 
the connections being those of an ordinary current transformer. A 
peculiar construction is adopted, a long air-gap being included in 
the magnetic circuit to make it as leaky as possible. In fact a 
wholly non-magnet ic core might be used, but this tends to increase 
the size and is not necessary. The secondary circuit has a high 
non-inductive resistance placed in series with it, so as to cause only 
a small secondary current to flow, this being in phase with the 
secondary E.M.F. Since the load on the transformer is low and the 
no-load ampere-turns are comparatively large, the primary current 
lags by practically 90® behind the voltage across its terminals. 
The secondary current, which is in phase with the secondary voltage, 
lags by practically 180® behind the primary voltage, and conse- 
quently by 90® behind the primary current. 

Phase Shifting Transformers. — ^The phase shifting transformer 
is in reality a small induction motor (see page 323), with both stator 
and rotor wound two- or three-phase according to requirements. 
The stator winding acts as the primary and causes an E.M.F. to 
be induced in the rotor winding which is constant for any position 
relative to the stator when a constant E.M.F. is applied to the 
primary. The only variable condition is the phase angle between 
the applied and the induced voltages. This is varied by altering 
the relative positions of stator and rotor. 
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For single-phase systems a two-phase transformer is used, one 
set of windings being connected in series with a condenser, so as 
to obtain the phase difference necessary to set up the rotating 
field (see page 132). 

These phase shifting transformers are very useful for testing 
wattmeters, power factor indicators, etc. 

Boosting Transformers. — Sometimes a transformer is used for 
boosting up the supply pressure, in which 
case the primary is connected across the 
mains, whilst the low voltage secondary 
is placed in series with the mains as in 
Fig. 179. A number of tappings are taken 
from different points along the secondary 
to the contacts of a multi-way switch, the 
handle of which is connected to the line. 

The switch blade is made in two insulated 
parts connected by a low resistance or 
reactance after the manner of a battery 
switch, so that in moving from one contact 
to another the circuit is never opened, nor 
is one section of the secondary momentarily 
short-circuited. In this way, a variable boost is obtained depending 
upon the position of the switch handle. Looked at from another 
point of view, such a transformer may be regarded as a step-up 
auto-transformer. (See also “ Induction Regulators,'' page 425.) 

Examples. 

(1) The following data refer to a single-phase transformer : 

Turn ratio, 19-5 : 1. = 25, = 100, = 0*06, = 0-25. 

No-load current = 1*25 amperes, and leads the flux by 30®. The 
secondary delivers 200 amperes at a terminal pressure of 500 volts 
and a power factor of 0*8 (lagging). 

Determine by the aid of a vector diagram — 

(1) the primary applied voltage; 

(2) the primary current ; 

(3) the primary power factor ; 

(4) the efficiency ; 

(5) the regulation. 

(2) Derive from first principles a formula for the induced E.M.F. 
of a transformer. 

A single-phase transformer is supplied at 111 volts, 50 cycles, the 
number of primary turns being 250. Calculate the flux in the core. 

(3) A three-phase transformer has its primary delta-connected 
and its secondary star-connected. The primary and secondary 
line volts are 6600 and 380 volts respectively. The flux is 2*0 x 10® 

P 



Fia. 179. — Boosting 
Transformer. 
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lines and the frequency is 50. Determine the number of turns on 
each primary and secondary, neglecting losses. How would the 
losses afiect the result ? 

(4) Draw the equivalent circuits for a single-phase transformer, 
explaining the significance of each portion of the circuits. Construct 
a vector diagram, comparing it step by step with the equivalent 
circuits diagram. 

(5) Write an account of the various methods of cooling power 
transformers. 

(6) A group of transformers is Scott-connected for transforming 
from two- to three-phase. Each primary takes 20 amperes at 6000 
volts, and the secondaries deliver power at 500 volts between lines. 
There are 1000 turns on each primary. How many turns are there 
on the secondaries, and what is the current in each secondary, 
neglecting losses ? 

(7) An auto-transformer has 200 volts applied to the full wind- 
ing, the secondary circuit of which is supplied from 60 per cent, of 
the turns. When a secondary current of 50 amperes is flowing, 
determine the current in each part of the winding, neglecting the 
losses and no-load current. How would these affect the result ? 

(8) A three-phase transformer has its primaries connected in 
delta and its secondaries in star. It has an equivalent resistance 
of 1*0 per cent, and an equivalent reactance of 6*0 per cent. The 
primary applied voltage is 6600 volts. What must be the ratio of 
transformation in order that it shall deliver 480 volts on full load 
current at 0*8 power factor, lagging ? 

(9) What are tap '' coils on a transformer ? Why are they 
employed, and where are they situated in the windings ? 

(10) A three-phase transformer has its primary windings con- 
nected in star and its secondary windings connected in delta. 
With the secondary windings disconnected from their external 
loads it is observed that a current is circulating through the closed 
delta. Explain the origin of this and show how it assists in 
stabilizing the potential of the primary star point which is insulated 
from earth. 
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No-load Current. — The no-load current of a transformer consists 
of a small active component necessary on account of the iron loss 
in the core and a comparatively large reactive component which 
supplies the magnetizing ampere-turns. The total no-load current 
is the vector sum of these two components. The transformer may 
be supplied on either the high or low tension side, the two different 
no-load currents being in the inverse ratio of the number of turns on 
the two windings. Neglecting the small IR drop, thejQux producedis 
proportional to the applied voltage, so that if the relation between the 
reactive component of the magnetizing current and voltage be plotted 
for various applied voltages, the resulting curve should have the same 
shape as the B — H curve for the Jrpn. If the iron is unsaturated, 
the wave form of the magnetizing current is sinusoidal, assuming 
a sinusoidal applied E.M.F., but as soon as the iron is taken beyond 
the straight line part of the B — H curve, harmonics are introduced 
into the magnetizing current. With the flux densities now employed, 
these harmonics become very important. The third harmonic is 
the largest, and after that the fifth. In a three-phase core type 
transformer with insulated neutral, third harmonic currents cannot 
flow, and this further complicates matters. In practice, the no- 
load current frequently has a very distorted wave form. 

If the applied voltage be kept constant and the frequency varied, 
it is seen from the general equation that a high frequency corresponds 
to a low no-load current, for 


0 ) = 


X 108 
4-44/Ti 


(see page 177 ). The flux is inversely proportional to the frequency, 
an increase in which means a reduction of the flux and consequently 
of the magnetizing current. 

The hysteresis loss is proportional to /B*, where x is greater than 
unity, so that an increase in frequency causes B^ to decrease more 
rapidly than / increases. The hysteresis loss therefore decreases as 
the frequency is raised . The eddy current loss is proportional to 
and the increase in P balances the decrease in B^, the loss being 
independent of frequency. Thus the total losses are reduced, and 
the active component of the current as Well as the magnetizing 
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(reactive) component decreases with an increase in frequency which 
enables a smaller core to be used in a transformer for a given duty 
resulting in a lowering of the first cost. 

No-Load Current Wave Form in Three-Phase Tfansformer. — If 
both primary and secondary windings of a three-phase core-type 
transformer are connected in star, the two star points being insulated, 
no third harmonic current can flow {see p. 127), so that the magnet- 
izing current required to produce a sine wave of flux is not possible. 
The flux wave is flattened to a certain extent, a third harmonic 
being introduced into the flux wave. This induces third harmonic 
E.M.F.’s in both primary and secondary windings, all of which, in 
one circuit or the other, have a phase difi'erence of 3 X 120° = 
360° = 0° with respect to one another. In other words, these 
third harmonic E.M.F.’s are all exactly in phase, when considered 
acting away from the star point. The resultant third harmonic 
E.M.F. between lines is thus zero in all cases, no third harmonic 
E.M.F. appearing. Between lino and star point, however, there 
is a third harmonic E.M.F., and this causes the potential of 
the star point to fluctuate, if it is insulated from earth (see p. 
129). 

Assuming the star point of the generator supplying the trans- 
former to be earthed, the voltage between line and earth can be 
assumed to be sinusoidal. The voltage between lino and the trans- 
former star point now consists of a fundamental, which is imagined 
to equal the generator phase voltage, together with a third harmonic 
voltage. The transformer star point thus has a voltage to earth 
which consists of this third harmonic component, and thus varies 
in potential, with respect to earth, at third harmonic frequency. 
Such a star point is called an oscillating neutral^ and the voltage 
oscillation may be very considerable. 

If the transformer primary windings are connected in delta, 
different conditions are set up. Assuming the supplying generator 
to induce a sinusoidal E.M.F., this can bo supposed to produce a 
sine wave of magnetizing current in the first instance. As has 
already been shown, this results in a flat-topped wave of flux, 
which may be supposed to consist of a sine wave together with a 
third harmonic. E.M.F.’s of corresponding frequency are induced 
in the transformer windings. The induced E.M.F. of fundamental 
firequency neutralizes the apphed E.M.F., whilst the third harmonic 
E.M.F.’s produce third harmonic currents which aid in the magnet- 
ization of the core. There are three of these third harmonic E.M.F.’s, 
each having a phase difference of 3 X 120° = 360° = 0° with respect 
to one another. The three E.M.F.’s thus being in phase, the closed 
delta constitutes a short-circuit to them, and since the impedance 
is very low, a very considerable third harmonic current is set up by 
even a very small third harmonic E.M.F. These third harmonic 
magnetizing currents supply the deficiency in the magnetizing 
durent derived fi:om the supply and restore the flux wave almost to 
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its ideal sine shape. Thus there are practically no third harmonic 
E.M.F.'s induced in the secondary windings, and the potential of 
the secondary star point is stabilised at earth potential. 

If the transformer primary windings are connected in star, the 
secondary windings being connected in delta, similar conditions are 
set up. The fundamental magnetizing current is derived from the 
supply, this producing in the fost instance a flux wave containing 
a third harmonic. Third harmonic E.M.F.’s are induced in the 
secondary windings and these, being connected in delta, again con- 
stitute a short-circuit to the resulting third harmonic currents. 
The harmonic magnetization is now provided by the secondary 
windings, and the flux wave restored almost (but not quite) to its 
ideal sine shape. The potential of the primary star point is now 
stabilised and the oscillating neutral is again avoided. 

If both primary and secondary \vindings of the transformer are 
connected in delta, the harmonic magnetization is provided partly 
by each set of windings. 

Tertiary windings are sometimes used when both primaries and 



FiQ. 180. — Connections lor Measurinp Iron Loss. 


secondaries are connected in star. In this case the fundamental 
magnetization is provided by the primary windings, the harmonic 
magnetization being obtained from the circulating currents in the 
tertiary delta. The lower the impedance of these latter windings, 
the more complete is the correction of the flux wave, and the less 
the variation in the potentials of the two star points. 

No-load Losses. — The no-load losses of a transformer consist of a 
very small l^R loss and an iron loss due to J^ystcresis and eddy 
currents. The latter can be determined in the way indicated in 
Chapter VIII by simply measuring the power input to the primary 
by means of a wattmeter. The iron losses can bo separated by 
the method involving a constant flux obtained by varying the 
applied voltage and the frequency aFThe same rate (see page 81). 
Ordinarily, the wattmeter reading includes the small I^R loss, but 
if it is desired to take account of this, the connections shown in 
Fig. 180 can be adopted, the voltage coil^f the wattmeter being 
connected across the secondary. ThF wattmeter reading multiplied 
by the ratio of transformation gives the iron loss only, for the 
voltage actually used for transformer action is only that which is 
left after the small IR drop has been subtracted vectorially. The 
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voltage required is therefore the secondary voltage multiplied by 
the ratio of transformation. 

Effect of Wave Form on Iron Loss. — When the applied E.M.F. 
wave form is not sinusoidal the flux is given by 


X 

4A/T 


where k is the form factor. Thus a high form factor causes a 
reduction in the flux for a given R.M.S. value of applied E.M.F. , 
and results in a decrease in the hysteresis loss, for the work done 
in carrying the iron through a complete magnetic cycle is independent 
of the rate at which this is done. 


A correction may also be applied to allow for the effect of form 
factor on the eddy current component of the losses. This may be 
determined by taking three or four tests with different values of 
form factor, k, and plotting a curve connecting total losses and 
This curve should be linear and the total losses corresponding to 
k — 1*11 may be read oft' the graph by extrapolating to A; = l-lP = 
1*232. The change in wave form is most conveniently obtained by 
inserting a resistance or an air- cored inductance in series with the 
magnetizing circuit, this bringing about a change in wave form. 
The correction is negligible if the form factor of the induced E.M.F. 
departs less than 2 per cent, from the sinusoidal value of 1*11. 

The total iron loss is therefore slightly reduced when a peaked 
E.M.F. wave foi:*m is employed, since in such cases the form factor 
is greater than that of a sine wave. Alternatively, a flat-topped 
wave causes a slight increase in the iron loss. 

The disadvantage of a peaked wave is that it imposes a greater 
strain on the insulation. 


^Regulation of a Transformer. — By the regulation of a trans- 
former is meant the drop in the secondary terminal voltage ex- 
perienced when full-load current is taken from the transformer, and 
is usually expressed as a percentage of the open circuit secondary 
voltage. It is usual, also, to specify the power factor of the load, as 
this has a most important effect, the voltage drop being considerably 
greater for low power factors. At no-load the ratio of transforma- 
tion is practically equal to the ratio of the number of turns on 
the two windings, b ut as the load comes^ on, the secondary terminal 
voltage drops, the applied primary voltage being assumed constant. 
The ratio of transformation, therefore, is no longer the exact ratio 
of the turns, but becomes slightly larger, due to the presence of 
resistance and reactance in both windings. Referring to the 
vector diagram in Fig. 152, it is seen that the drop in voltage on 
the secondary side is the numerical difference between and F^, 
and that this is riot the same as the voltage absorbed in overcoming 
the secondary impedance, which is /g^a* The same thing occurs 
on the primary side, so that in general the voltage drop is less than 
the voltage absorbed by the impedance of the windings. 
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The regulation can be approximately determined experimentally 
by connecting the transformer as shown in Fig. 181. The primary 
voltage should be kept constant at its normal value. If the load is 
non-inductive, the wattmeter may be omitted, but otherwise it is 
necessary, in order to determine the power factor. 

Since the drop is measured by the difference of two very similar 
voltages, great accuracy in the voltage measurements is necessary 
in order to ensure a moderate accuracy in the result. This dis- 



advantage is overcome in the back-to-back method, which will next 
be described. 

ud5ack-to-Back Regulation Test. — For this test two approximately 
similar transformers are required. The primaries are connected 
in parallel across the mains as shown in Fig. 182, whilst the secon- 
daries are also connected in parallel, but with a low reading volt- 
meter inserted in one lead. It is important that the two secondaries 
should be in opposition and not aiding one another, as in the latter 
case the low reading voltmeter would be burnt out. In order to 
test this before the voltmeter is inserted, the voltage across the 



free ends should be tested by means of another voltmeter or lamp 
capable of standing do uble the secondary voltage of either trans- 
former. If a high voltage is observed, the connections to one trans- 
former must be interchanged. Having arranged this satisfactorily, 
a load circuit is connected to one secondary as shown in the diagram. 
The other transformer will not contribute anything towards the 
load current, for it has the voltmeter Fz> ‘directly in sei:ies with it. 
If the transformers are similar, the voltmeter Vd should indicate 
no voltage at all when the load circuit has the sw^jlch 0 ]^n. If 
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there is a slight voltage indicated, it means that the two trans- 
formers are not exactly similar. When a load is applied the terminal 
voltage of the loaded transformer will fall slightly, and Vd will 
give a small indication. The increase of the reading of Vd gives the 
voltage drop of the loaded transformer. This can be repeated for 
all loads up to full load and further. If a partially inductive load 
is used, a wattmeter is necessary in the secondary circuit, the same 
as before. 

The above arrangement assumes that the two secondary voltages 
are in exact phase opposition, and this is not justified for accurate 
work. As shown in the vector diagram in Fig. 152, the secondary 
voltage is not exactly 180° out of phase with the primary voltage 
when on load, so that the voltmeter Fd is reading the difference 
between two voltages that are not in exact opposition. This is 
taken into account in the arrangement shown in Fig. 183. Across 
the secondary terminals of the unloaded transformer is connected 
a high resistance that can be continuously tapped. The total 



y 

secondary voltage of the unloaded transformer is given by — 1, as 
♦ n 

shown in the vector diagram in Fig. 183, where n is the ratio of 
transformation. The secondary terminal voltage of the loaded 
transformer is given by Fj. If the voltmeter Fi> is connected to 
the extreme end of the tapped resistance, it measures the vectorial 
y 

difference between — and Fg* Moving the tapping point on the 

7h 

V 

resistance is equivalent to sliding it along the vector — The 

point of contact is adjusted until the voltmeter F/> reads a minimum, 

y 

this being equal to Fj Fz? in the vector diagram. Knowing ^ and 

7h 


F 2 , the drop is given by — — 's/V ^ — V i?. 

Equality of Ratio. — When two transformers are to work in 
parallel it is not only necessary that the secondaries should give the 
same voltage on no-load, but also that they should give practically 
the same voltage on load. Otherwise they would not share this 
equally and circulating currents would be set up between them. 
The connections shown in Fig. 182 enable this point to be tested. 
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Both secondaries are now loaded independently, and the low 
reading voltmeter detects any difference in terminal voltage at the 
various loads. Alternatively the two loads may be so adjusted 
as to make this difference voltmeter read zero, the magnitudes of the 
two loads then indicating how the two transformers would share 
8ucj>^ total load. 

^^quivalent Resistance, Reactance and Impedance.— For purposes 
of calculation, it is often convenient to consider the whole of the 
transformer impedance as concentrated in the secondary winding. 
The primary is now supposed to possess no impedance at all, whilst 
the secondary is supposed to possess a higher impedance than is 
actually the case. This hypothetical impedance is called the equiva^ 
lent impedance^ of the transformer referred to the secondary 
side, and it has a value such that it gives the same voltage drop at 
the secondary terminals as the real primary and secondary im-^ 
pedances. The resistances and reactances of the two windings can 
be treated in the same way. The equivalent resistance, is such 
that it gives rise to a copper loss in the secondary equal to the sum 
of the two real copper losses ; the equivalent reactance, gives a 
reactive voltage drop at the secondary terminals equal to that due 
to the real primary and secondary reactances. These equivalent 
values are not equal to the numerical sum of the real primary and 
secondary values. 

The equivalent impedance, etc., is usually expressed as a 
percentage, this being the percentage of the total voltage that is \ 
absorbed with full load current, i.e, etc. 

The vector diagram employing the idea of equivalent impedance 
is shown in Fig. 183. When the secondary is delivering a load 
current, /, lagging by an angle (f> behind the secondary terminal 
voltage, F 2 , the applied primary voltage, referred to the secondary 
y 

side being — , the equivalent resistance drop is given by IBgq and 


the equivalent reactance drop by /X^, in phase and in quadrature 
with I respectively. If is made equal to 100 per cent., then 
IRgq and /X^ represent to scale the percentage resistance and 
reactance drops respectively. 

It is seen from the vector diagram in Fig. 152 that, neglecting 
the no-load current, /g, the resistance drops, IiRi and I 2 B 2 i^ 
phase. The equivalent resistance drop, has the same phase, 

and is the resultant of both these individual drops. But IiBj^ = 


n 


~Biy and when this is transferred to the secondary side of the 


transformer, this voltage becomes - X 


-*i?i = /a 

n ^ ^ 


X 


^ 2 * 


The total 


resistance drop is therefore /g 



and the ohmic value 


of 
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the equivalent resistance is + -^ 2 )- Similarly, the 

ohmic value of the equivalent reactance is x\ 


ohmic value of the equivalent reactance is X^g = + Xgj, 

and the ohmic value of the equivalent impedance is Z^g = 

(|■+4 

The equivalent resistance and reactance of an auto-transformer, 
referred to the secondary side are 




n — \ 


n — 1\2 


respectively, where R^y ^1 ^2 actual ohmic values 

in the two windings. 



FlO. 184. — Short-Circuit Test. 


^ Short-Circuit Test. — The object of this test is to enable the 


regulation of a transformer to be determined without actually 
putting it on load. The secondary is short-circuited through an 
ammeter capable of reading the full load current, whilst the applied 
primary voltage is measured by the voltmeter Y (see Fig. 184). 
The applied voltage must be very low. Usu ally itus necessary to 
ha ve a c ons iderable ^resistanc e in series with the supply Jor the 
purpose o^ cuttings doTOJthe^J^^ The addition of the watt- 

meter enables the copper losses to be determined. If the secondary 
current be adjusted to its full load value, and then, without altering 
the applied voltage, the secondary ammeter be replaced by a low 
reading voltmeter, the latter will record the open-circuit voltage. 
Alternatively, the primary can be short-circuited, when it will be 
found that, in order to cause full load current to circulate, the same 
voltage must be applied to the secondary as was previously observed 
on the low reading voltmeter. The whole of this was absorbed 
previously by the impedance of the two windings, and the ratio of 
this voltage to the secondary current gives the equivalent imped- 
ance referred to the secondary side. But on open circuit Vs = 


Vp X so that the equivalent impedance is equal 
^ 1 
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The total active component of the voltage drop, referred to the 
P 

primary side, is y-, where P is the total power registered by the 

wattmeter. When this quantity is referred to the secondary side 

P T R. P 

it becomes y- 'X Tfr 7 "» so that the equivalent resistance is 

ii 1 1 ^2 

The equivalent reactance referred to the secondary side is, therefore, 

V(1F©‘ 

= 1 / Fp" X 

1 2 ^ Tj^ 1/ 

The determination of the regulation, using these results, is explained 
in the next paragraph. 



Fig. 186 . — Vector Diagram for Short-Circuit Test. 


Fig. 185 shows the vector diagram for this short-circuit test. 
Duo to the low applied voltage, the flux is very small, so that the 
open-circuit current is negligible and the primary and secondary 
currents are practically in phase opposition. 1 2 and represent 
the secondary and primary currents respectively. In order to 
generate Ig? ^ voltage E 2 is necessary, having for its active and 
reactive components 1 2^2 and ^ 2^2 respectively. On the primary 
side there are the corresponding voltages IiBi and the total 

primary applied voltage consisting of the vector sum of 
IiXi, The small flux vector 0 is at right angles to E^ and 

Since the flux is ^very small, the iron losses are negligible, so 
that the wattmeter reading practically consists of the copper losses 
of both windings, and this forms a very convenient method of 
measuring them. If the resistances are measured with direct 
currents, the results obtained are usually too low, due to the fact 
that with alternating currents the current distribution is often 
unequal, resulting in an increased power loss. 

Calculation of Regulation. — ^The equivalent circuit vector 
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diagram is re-drawn in Fig. 186. GF is an arc of a circle having 
O as its centre, and GE is a vertical dropped on to OA produced. 
If OA represents 100 per cent., then the percentage regulation is 
equal to AF. This is approximately equal to IR cos ff> + IX sin 
where IR and IX are the equivalent resistance and reactance per- 
centage drops respectively. This neglects the small distance EF^ 
and taking this into account for greater accuracy, a further term 
must be added. 

Considering the right-angle<i triangle OEG, EG^ = OG"^ — OE’^ — 
[OG + OE)(OG — OE), so that 

EG^ 

EF^iOC-OE) = ^^y 

But EG = IX cos (f) — IR sin and OG and OE may each be taken 
as 100 per cent., so that 

jpjp _ (IX cos <!> — IR sin 



Adding this term to the original approximate expression, the per- 
centage regulation becomes 


IR cos <j> “b IX sin <j) -f- 


(/X cos <f> — IR sin 
200 


Kapp’s Regulation Diagram. — By means of a graphical construc- 
tion proposed by Kapp, the voltage drop for a given load can be 
determined for all power factors. For this purpose it is necessary 
to know the equivalent resistance and the equivalent reactance, 
both referred to the secondary side. In Fig. 187 AB and AD 
represent the active and reactive components respectively of the 
equivalent impedance voltage AG. Taking the secondary current 
line. Cl, as the axis of reference, and assuming an angle of lag <f) in 
the load circuit, the secondary terminal voltage lies along a lino 
GFg. The open-circuit voltage, which is kept constant, is given 
by A Fjj, being the vector sum of AG and OF 2 . The point F 2 , there- 
fore, always lies on an arc of a circle of radius AV^ and centre A, 
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Another arc of a circle having the same radius is now drawn with 
C as centre, and if OFg be produced until it meets the other circle 
at ^2» y2^2 represents the voltage drop at the load correspond- 

ing to the secondary current Cl and the power factor cos When 
Fa is above Cl it corresponds to a lagging current, and when it is 
below it corresponds to a leading current. All that is necessary, 
then, in order to determine the voltage drop at any power factor is 
to draw a line CE2 making an angle ^ with Cl such that cos ^ is the 
power factor, when V2E2 can bo read directly from the diagram. 



It is seen that the more the current lags in the secondary circuit the 
greater is the voltage drop until AFg and AC are in phase. For 
leading currents the voltage drop decreases until it finally becomes 
zero. If the current is made to lead still further, the terminal 
voltage on load is actually greater than it is on open circuit. 

Efficiency Test. — ^The simplest method of measuring the efficiency 
of a transformer consists in mea 49 uring the output and input by 
means of two wattmeters and is usually stated for a particular load 
which is given by an ammeter in the secondary main circuit. If 
the load is non-inductive, a voltmeter and ammeter are sufficient 
to measure the power, but in most cases it is desirable to check the 
power factor by means of wattmeter observations. In any case, a 
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wattmeter must be included in the primary circuit, since there is 
a quite appreciable reactive component of the primary current. The 
efficiency is, of course, given by the ratio of the output to the input. 
This method is a wasteful one, as it necessitates the whole of the 
power used being dissipated in some form or other. 

An indirect method of determining the efficiency consists in 
measuring both the iron loss and the copper loss separately. The 
power input at no-load is practically all iron loss, and this remains 
substantially constant for all loads. The copper loss is obtained 
from the short circuit test, as already explained. Adding these 
losses to the output at any load, the input is obtained, knowing 
which, the efficiency may be calculated. 

The direct and indirect methods explained above are equally 
applicable in the case of three-phase transformers, the only difference 
being that three-phase wattmeters are necessary, or, if these are 



not available, single-phase instruments may be used for measuring 
the three-phase power, as explained in Chapter X. 

Sumpner’s Test. — This test is carried out on two similar trans- 
formers, and not only enables the efficiency to be determined, but, 
in addition, measures the copper and iron losses separately. The 
first transformer supplies the second, which is loaded back on to 
the mains after the fashion of the Hopkinson test with direct cur- 
rent machines. The net power taken from the mains is therefore 
only that required to make up the losses of the two transformers 
and the various instruments. The two transformers are connected 
back to back as described on page 215 , the second one being worked 
the reverse way, so that the winding which is normally the secondary 
now acts as the primary. If there were no losses in the circuit, the 
acting secondary (real primary) of this transformer would deliver 
back to the mains a current equal to that taken by the first trans- 
former. In order to enable this action to take place in an actual 
case, the primary of the first transformer must have its applied 
voltage boosted up a little, this being done by means of a small 
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auxiliary transformer the secondary of which is connected in series 
with the primary of the transformer which requires the boost. 
The full diagram of connections necessary for this test is shown in 
Fig. 188. 

If the primary of the auxiliary transformer be open-circuited 
the secondary acts merely like a high impedance in series with the 
primary of the main transformer. The magnetizing current of the 
latter is therefore supplied from the second transformer and the 
ammeter A registers the total magnetizing current of both. The 
wattmeter registers the total power supplied, and this repre- 
sents the iron loss of the two transformers. If the wattmeter still 
giv 6 s an indication on opening > 83 , this is due to instrument losses 
and should be deducted from the former reading. When is 
closed the auxiliary transformer supplies an additional voltage 
which can be regulated by means of the adjustable resistance R, 
The extra power supplied in this manner is measured by the watt- 
meter IF 2 , and since this causes a circulating current to be set 
up between the two transformers and loads them up, the extra 
power supplied must bo on account of the copper losses. The read- 
ing of W 2 therefore indicates the total copper loss. This does not 
cause the reading of to go up by a like amount, for the power 
supplied by the auxiliary transformer is received in its primary, and 
this primary current docs not go through the wattmeter Wi, which 
therefore continues to register the total iron loss. By varying the 
value of By the load may be varied over a wide range, enabling the 
efficiency to bo determined from no-load up to any desired overload. 
If the instrument losses are appreciable, the switches 83 and 
may be opened , when the wattmeters will register their value. These 
losses may be taken as being proportional to the square of the 
current. 

If the auxiliary transformer acts in opposition to the supply 
voltage, it reduces the terminal voltage on the test transformer, 
but this does not matter, as it simply means that, instead of supply- 
ing the second test transformer, it is supplied from it. 

The output of each transformer, in volt-amperes, may be taken 
as the product of the current read on the ammeter A and the voltage 
read on the voltmeter V, whilst the total input may be obtained 
by adding the copper loss and the iron loss to the output. The 
individual efficiency of each transformer, at any power factor cos 
is obtained as follows : — 

Efficiency of each transformer 

_ VA cos (f) 

~ VA cos J X total losses* 

Separation of Losses. — The total copper loss and the total iron 
loss may be determined separately or from the Sumpner efficiency 
test. The copper loss is divided between primary and secondary, 
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and the watts wasted in each can be determined from a knowledge 
of their relative resistances and the current flowing in each, and 
will usually be somewhere about the same. The iron loss can be 
separated into hysteresis and eddy current loss by the ^method 
explained on page 81, where the flux is kept constant by varying 
the frequency at the same rate as the voltage. In this test the 
secondary is left entirely disconnected. 

All-Day Efficiency. — Since some transformers, notably those used 
for lighting purposes, work for very considerable periods every day 
at loads much less than full load, it is advisable to take this into 
account when considering the suitability of a transformer for a 
particular duty. In this connection, an expression termed the 
all-day ejficiency is introduced, this being defined as 


Kilowatt -hoiira output per 24 hours ^ 

Kilowatt-hours output per 24 hours + Kilowatt-hours wasted per 24 hours 


In order to get a high value for this ratio, it is necessary to have 
the maximum efficiency in the neighbourhood of the load at which 
the transformer works for the major portion of the time. But 
the maximum efficiency occurs when the copper loss equals the 
iron loss,^ so that in a case of a lighting transformer the efficiency 
is designed to reach a maximum at very much less than full load, 
being usually about half full load. This means that at full load 
the copper losses considerably exceed the iron losses, whilst in a 
transformer designed to have its maximum efficiency at full load 
these two are equal. In order to reduce the iron loss, the flux 
density must be reduced, and this can be brought about either by 
increasing the cross-sectional area of the core or by increasing the 
number of turns. The former method involves an increased length 
of mean turn, resulting in an increased copper loss, whilst the latter 
method also increases the resistance of the windings. There is a 
practical limit to this, since an increase in the copper losses makes 


^ This can be proved as follows ; — 

Let output = El cos ^ and input = El cos ^ -f P< + where repre- 
sents the constant iron loss and I^R the copper loss. 


Efficiency = tj = 


El cos <f> 


El cos ^ “h Pi “h 
+ 


= 1=1-4- . _1!^. 

^ ^ El cos El COS <l> 


For n =5 max. or 1 = min., ^ = 0. 

* rj dl 

Pi 


R 


. n 

•• P/* cos ^ cos ^ 

R ^ Pi 

cos 4> EP cos 

2J=^‘andy»i?= P^, 
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the regulation of the transformer worse, and after a certain point 
this becomes prohibitive. 

As an example, consider the case of two 10 kW transformers, 
the first having a maximum efficiency of 97 per cent, occurring at 
full load and the second having the same maximum efficiency 
occurring at half full load. The full load losses of the first are 
300 watts, divided equally between the iron and the copper. At 

150 

one- quarter full load the copper loss is =9*4 watts and the 


efficiency 2 5 0 0 4^ 1^6 4- 94 ^ ™ ^ cent., the no-load 

loss being 150 watts. The losses of the second transformer at half full 

3 

load are X 5000 = 150 watts. The iron loss is 75 watts and 

the full load copper loss is 4 x 75 = 300 watts. The full load 

10 000 

efficiency is therefore i’ ^ = 964 per cent. 

iUjUUu -f- "r 5UU 


90Li-i I I I I I 

0 i i } Full IJ 

Load 

FiQ. 189. — Efficiency Curves of Two Transformers. 

The efficiency at one-quarter full load is 
2500 

2500 + 75 + 18-76 ^ P®*" 

Now assume that each transformer is kept on full load for six 
hours, one-quarter full load for twelve hours, and on no-load for six 
hours every day. The total energy output during a day is 
6 X 10 + 12 X 2-5 = 90 kWh. The total energy losses of the first 
transformer are 24 x 0’15 + 12 x 0-0094 + 6 x 0*15 = 4*61 kWli. 

90 

The all-day efficiency is therefore — - x 100 = 95*1 per 

yO 4'Ol 

cent. The total energy losses of the second transformer are 
24 X 0 075 + 12 X 0*01875 + 6 x 0*3 = 3*825 kWh. The all-day 

90 

efficiency of this transformer is ■ — - - X 100 = 95*9 per cent., 

yu -p u*o2o 

and is an improvement on the other. If a greater period of the 
time were spent on no-load, the improvement would be still more 
marked. Fig. 189 shows the efficiency curves of these two trans- 
formers. 

Q 
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Heat Tests. — When a transformer is run on a constant load its 
temperature gradually rises to a maximum value, which depends 
upon the total losses which have to be dissipated. If the heat were 
produced uniformly throughout the transformer and also dissipated 
uniformly from its surface, the temperature rise of all the parts 
would be equal. In this case, the rate of production of heat is 
constant, whilst the rate of dissipation of heat is proportional to 
the temperature rise at that moment. The instantaneous tempera- 
ture rise, 0, is then given by the equation 


0 = (1 ~ € T), 

where 0^ is the maximum temperature rise and T is a constant 
called the heating time constant ^ (see page 574). 

This latter quantity is the time taken to reach the final tempera- 
ture if the initial rate of increase of temperature were maintained and 
is indicated in Fig. 190, which shows the general form of the tempera- 
ture rise curve. The cooling curve is the same shape as the heating 
curve, except that it is inverted. 

Unfortunately, the heating is not uniform in an actual case; 
the copper may have more watts to dissipate than the iron and may 
have less cooling facilities, or vice versa. The different parts of a 
transformer, therefore, may heat up unequally, and in any case 
the heating curve, in the majority of instances, does not exactly 
agree with the theoretical curve, the continued increase in tempera- 
ture after the bend has been passed being slightly greater in an 
actual case than is inferred from the theoretical curve. 

A peculiar point sometimes observed is that on switching off 
the load the copper continues to rise in temperature for a short 


^ This law can be worked out as follows : — 

Let H and ^0 be the rate of production and of dissipation of heat 
respectively. 


Then 


d0 „ 0 j 


do 


a - 


= dt. 


Integrating, we get ^ - - - ^ — jdt or — T log ^ i + k, 

-7p 

When ^ == 0, 0 = 0 and k — ^ T log H. 

Therefore < = 2’ log fl - T log - |) = T log - 

\ 1 J 17 0 


11 — — 
rji 


T rj f T\ 

= — ~ and 0 = TH (^I - € j. 


T 

-t ^ 

Dut 0 = 0*1 when I = oo and = 0, therefore = TH and 0 0*, (1 — e^). 
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time. This is due to the fact that the iron is hotter than the copper, 
and, when cooling commences, the iron gets rid of some of its heat 
to the less hot copper and temporarily raises its temperature. 

To carry out such a heating test, the transformer must be run 
on full load until it reaches its final temperature, which is usually 
not for several hours. Various methods are adopted to reduce 
the wastage of energy. 

In the equivalent short-circuit test, the secondary is short- 
circuited and a low voltage is applied to the primary, so as to cause 
full load current to circulate. The losses are now only those due 
to copper losses, and in order to allow for the iron losses, which 
must have been measured previously, the circulating current is 
increased until the copper losses are equal to the total losses for 
full load. 

In the equivalent open-circuit test, the secondary is open- 
circuited and the applied voltage raised above the normal until 



the iron losses are equal to the total losses for full load. Instead 
of raising the applied voltage, the frequency may be lowered, thus 
increasing the flux and flux density. The open-circuit method is 
preferable when the iron losses normally exceed the copper losses, 
and vice versa. 

The loading back method may be used, employing the connections 
for the Sumpner test, the circulating current being adjusted as 
already explained. Actual full load conditions are reproduced in 
this test, and on that ground it is to be preferred. 

Three-phase transformers, or groups of three single -phase trans- 
formers intended for three-phase operation, may be coimected in 
delta-delta and a suitable voltage applied. The secondary delta is 
opened and a single-phase E.M.F. is injected into the circuit at 
the same frequency. This sets up a circulating current which is 
reflected in the primary, the magnitude being controlled by the 
single -phase voltage. If necessary, the auxiliary voltage can be 
injected into the primary, the secondary delta being left closed 
and disconnected from any other circuit. 

It is preferable to determine the temperature of the copper by 
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the increase of resistance method, as this measures the average 
temperature of all the turns and not merely that of the surface. 

Short Time Heat Tests. — In a number of cases it is undesirable 
to carry out a heat test for the length of time necessary to arrive at 
a constant temperature. But running the transformer for a shorter 
period than this enables the initial part of the temperature rise 
curve to be determined, and knowing the law which is followed the 
final temperature can be calculated. One method of estimating 
this, due to the late Prof. S. P. Thompson, is to determine graphic- 
ally the point at which the slope of the curve has been reduced to 
half its initial value. Gm is then twice the temperature rise at that 
point. ^ Unfortunately, this method is very often found to be too 
inaccurate even for practical purposes. One reason for this is that 
it depends upon the initial rate of rise of temperature, and this 
is the most irregular part of the curve in the majority of actual 
cases. 

Short time tests are not as accurate as the direct method of 
measurement. Their chief advantage lies in the fact that they 
cause a great reduction in the amount of energy oonsumed and the 
time taken to complete the test. 

'/ Load Sharing. — Two transformers operating in parallel share 
the total load in the ratio of their rated outputs, if the percentage 
resistances and reactances are the same. (The same percentage 
values mean different ohmic values when the rated outputs are not 
the same.) If one transformer has a larger percentage impedance 
than the other, it delivers less than its proper share of the load, 
which is now divided in the inverse ratio of the percentage imped- 
ances, assuming the same rated output. Again, two transformers 
may have the same percentage impedance, one having a larger 
percentage resistance and the other a larger percentage reactance. 
In this case the power factor of the loads delivered by the two 
transformers differs, that with the larger percentage reactance 
delivering more than its proper share of the reactive component of 
the load. 


Examples. 

(1) Explain how the efficiency and regulation of a transformer 
can be calculated by the aid of data obtained from the open-circuit 
and short-circuit tests. 

(2) What is meant by the equivalent resistance and equivalent 
reactance of a transformer ? 

A transformer with a 5 to 1 ratio has a primary resistance and 

^ ^ and this is equal to 

.% iand0=0«(l - })= i0«. 



XV 


TRANSFORMERS 


229 


reactance of 0*3 and 1-5 ohms respectively, and a secondary resist- 
ance and reactance of 0-01 and 0*05 ohm respectively. Determine 
the percentage regulation when delivering 150 amperes at 600 volts 
and 0*8 power factor (lagging). 

(3) The equivalent resistance drop and equivalent reactance 
drop in a single-phase transformer are 1 per cent, and 3 per cent, 
respectively. Determine, by the aid of a graphical construction, 
the regulation on full load at power factors of unity and 0*8 lagging. 

(4) A 1000 kVA transformer has an iron loss of 8*8 kW and 
a copper loss of 9*8 kW at full load current. Determine its effi- 
ciency at 25 per cent, overload and 0-85 power factor. At what 
kVA load is the efficiency a maximum, assuming unity power 
factor ? 

(5) A 500 kVA transformer reaches an efficiency of 98*33 per 
cent, at 50 per cent, overload and unity power factor, and has an 
efficiency of 98*20 per cent, at half full load and unity power factor, 
maximum efficiency occurring in the neighbourhood of full load. 
Determine the efficiency, and the core loss and copper loss separately 
at full kVA load and a power factor of 0*8. 

(6) A 100 kVA single-phase transformer takes 900 watts with 
open-circuited secondary when operated at its normal voltage of 
500 volts and at its normal frequency of 50 cycles per second, the 
secondary terminal voltage being 100 volts. The short-circuit test 
shows that the input is 1600 watts for full load secondary current, 
the primary applied voltage being 25 volts. Calculate the per- 
centage regulation with full load current at 0*8 power factor (lagging) . 
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TRANSFORMERS. — ^PRINOIPLBS OF DESIGN 

Volts per Turn. — ^Let <!> and /T be the magnetic and electric 
loading respectively and let a = IT, The output = kVA = 

4*44 /d) X IT X 10-11 

(t)2 

= 4-44/^ X 10-11, 

CL 

80 that the flux, <I>, 

_ /kVA X a X 10“ 

~ V 4-44/ 

The volts per turn, Vt, 

= 4-44/«]> X 10-« 

^ R /kVA X a X lO'i 

= 4-44/ X 10-® X yj 

= V4-44a/ X kVA X 10“^. 

If a transformer be designed with a relatively large electric 
loading, then a will be small, and the volts per turn will be low. 
There will be a large number of turns and the copper loss of such a 
transformer would be large. On the other hand, since the flux is 
relatively low, the iron loss would be small, and the transformer 
would reach its maximum efficiency at a fraction of its full load. 
For the efficiency to be a maximum at full load, the copper and the 
iron losses must be equal. This means a larger flux and a smaller 
number of turns; in other words, the constant a is increased. 
Also the flux must increase as the frequency decreases (from the 
E.M.F. formula). In practice, the constant a is approximately 
inversely proportional to the frequency, or 

af = constant. 

The volts per turn may now be written 

Vt = V4-44 X constant x kVA x 10"® 

= constant X VkVA. 
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This constant has the following average values : — 

Core Type Power Transformers . . .0*6 

Shell „ „ „ ... 1*2 

Core Type Distributing „ . . . . 0-5 

The distributing type transformer has a smaller constant in 
order to give it a small core loss and a high all-day efficiency. The 
difference between the constants for the shell and the core t 3 rpes is 
due to the difference in construction. 

Allowance for Voltage Drop. — few extra turns must be provided 
on the secondary in order to allow for the voltage drop in the wind- 
ings. The normal values for the regulation on unity power factor 
are about two per cent, at 100 kVA, falling to about one per cent, 
at 1000 kVA. Above this size, the regulation is usually round about 
one per cent., except where the transformer is required for a special 
purpose, such as operating a rotary converter. 

The regulation on unity power factor is approximately the 
same as the percentage copper loss. 

Having estimated the total voltage drop, the total secondary 
turns can be calculated from 


Ta = Ti X 


+ total drop in volts 


Comparison of Core and Shell. — Consider the core type trans- 
former in Fig. 191. The section of the limb is shown square, 
although the depth is sometimes made greater than the width in 
order to improve the shape of the tank. More frequently the limb 
is made cruciform in section, or stepped as shown in Fig. 156, so as 
to improve the shape of the coil. Rectangular coils are bad not 
only on account of their lack of economy of copper, but also due to 
the fact that in the event of a short-circuit, each turn attempts to 
assume a circular shape, the resulting deforming forces often being 
of serious magnitude. 

If the coil on the left-hand limb in Fig. 191 (a) be placed on the 
other limb, and the iron core be split into two equal parts arranged 
as shown in Fig. 191 (6), then a shell type transformer is obtained 
having the same magnetic and electric loading as before. This 
shell is squat in shape and thb tank to contain it occupies con- 
siderable floor space. The proportions for shell type transformers 
are therefore modified considerably, the depth of the central iron 
limb usually being made about three times its width. 

For the same rating, the flux is about double and the ampere - 
turns half the value in the corresponding core type. This makes the 
ratio a about four times its previous value, but as the volts per turn 
are proportional to the square root of this ratio, the constant given 
above is double for the shell type what it is for the core type. 

Size of Conductor. — The best distribution of the copper losses is 
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obtained when the current density in primary and secondary is the 
same, and this means that the cross sections of the two windings 
should be proportional to their respective currents. The usual 
current densities adopted vary considerably with the output of the 
transformer, and with other factors, such as the depth of the wind- 
ings. Average figures are 200-300 amperes per sq. cm., the lower 
figure corresponding to the higher efficiency and the lower tem- 
perature rise. 

Number and Arrangement of Coils. — The question of whether to 
adopt concentric or sandwich coils having been settled, the number 
of coils and the turns per coil can now be decided. The voltage 
per coil should not exceed 1500 volts, and the voltage between 
layers should not exceed 260 volts. When the pressure is over 
3000 volts, the coils should always be wound in sections. The 



Fig. 191. — Ck)re and Shell Type Transformers with same Copper and Iron. 

end coils are always separate and should be reinforced for voltages 
exceeding 3500 volts. 

The radial depth of each coil should not greatly exceed 2*5 cms. 
between oil ducts, except in the case of the coil nearest to the core, 
which for this purpose may be regarded as a cooling agent equal to 
an oil duct. 

With double cotton covered conductors, 0-25 mm. should be 
added to the bare diameter. A strip of fuller-board or other 
insulating material such as varnished cloth about 0-35 mm. thick 
should be placed between layers. The number of layers in a coil 
can thus be settled, and then the number of turns per layer. Thus 
the total winding length is fixed. 

As a check the copper space factors shown in Fig. 192 may be 
consulted. 

Specific Electric Loading. — ^The approximate winding height of 
the limbs can be provisionally estimated by considering the 
specific electric loading, or ampere-tums per winchng per cm. length 
of the wound portion of the limb. The following table gives average 
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values, but these* figures vary considerably with different manu- 
facturers, and particularly with regard to the reactance of the 
transformer. A high reactance goes with high ampere-tums per cm. 


kVA 

0 

600 

1000 

2000 

3000 

4000 

6000 

Ampere-tums per winding 
per cm. ... 

400 

600 

700 

850 

930 

960 

980 


Insulation of Windings. — An insulating cylinder is placed 
between the L.T. winding and the core, and between the L.T. and 
H.T. windings. There is also insulation at each end of the coils and 
sometimes between limbs. 

The cylinders may be made of bakelite or they may consist of 
a number of layers of Manila paper cemented with bakelite varnish. 



The end insulation commonly consists of a series of fuller-board 
washers and spacing blocks. These must be so arranged as to 
preserve continuity of the oil ducts. 

The conductors themselves are usually insulated with d.c.c., 
sometimes augmented with tape (particularly end turns) or with 
strips of insulation between turns. 

For insulation between layers a thin sheet of fuller-board or a 
few thicknesses of varnished cloth may be used. 

The leads from the coils to the terminals are encased in bakelito 
tubes. 

Flux. — The number of turns having been determined, the flux 
can be calculated directly from the E.M.F. formula. 

Flux Density. — The flux density usually lies between the extreme 
limits of 11,000 and 14,^ lines per sq. cm. The higher value is 
economicaT'trrt'on; rise to a large iron loss and a con- 

siderable temperature rise in the iron. C It also necessitates a large 
magnetizing current containing very comiderable harmonic#. The 
following table gives the maximum permissible flux densities in 
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lines per sq. cm. The 50 cycle figures should be reduced by about 
2000 for 76 cycles, and by a further 1000-1500 for 100 cycles. 


' kVA Output. 

Flux Density. 

25 cycles. 

50 cycles. 

0-5 (air cooled) 

12,500 

11,500 

0-5 (oil cooled) 

13,000 

12,500 

5-25 

13,500 

13,000 

25-150 

13,800 

13,500 

150-500 

14,200 

13,800 

Above 500 

14,600 

14,000 


Section and Height of Limb. — Eoiowing the flux and assuming a 
suitable flux density, the approximate net cross section of the 
limb can be estimated. In view of the insulation between adjacent 
stampmgs the gross iron section is larger, and a stacking factor of 
0*9 may be assumed where 

net section of iron 
gross „ „ „ 


Stacking factor 


If necessary one or more oil ducts may be provided in the iron. 
Tlie actual shape and section of the limb can now be settled, together 
with its length. The latter dimension is greater than the winding 
length, from one to two cms. being allowed at each end for additional 
insulation and for adjustable coil supports to allow for shrinkage of 
the winding. 

It is usual to design the limb with several sizes of stampings 
as shown in Fig. 156. The relationship between the various dimen- 
sions can be worked out mathematically,^ the following table giving 

^ As an example, the relation between a and h for Fig. 193 is worked out 
as follows : — 

Diameter of circle = d = — constant, 

6 = (d2 - a2)i. 

Total area = A — ab 2 ^ ~ 

= 2a6 - 62 

= 2a((i2 ~ a*)l - d2 ^ a*. 

For maximum area, 
dA 

= 2a X i(d2 _ a^)-h x 2a + 2{d^ - a*)! + 2a = 0. 


Substituting 6 for (d* — a*)!. 


— 2-^ -f- 26 -f- 2a = 0. 


Recirranging and multiplying by 
a* - 


h 

2' 

ab 

h ± Vb^ + 46« 


2 

Vs 

:^= 1-626, 

since the — sign is inadmissible. 

Total area = 3-2462 - 6* = 2-2462. 

6= 0-67 X V€ffeaajida= 1*09 X Varea. 


2^' 
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the values for two and three sizes of stampings (see Figs. 193 and 
194). 



Two Sizes of Stampings. 

Three Sizes of Stampings. 

a 

1 *09 X V Gro.ss Area 

1*11 X V Gross Area 

b 

0*67 X VGrossArea 

0*87 X V Gross Area 

c 


0*52 X V Gross Area 

diamotor 

1*28 X VGrossArea 

1-22 X VGross Area 


Dimensions of Magnetic Yokes. — The magnetic density in the 
yokes is made less than in the limbs in order to keep down the iron 
losses. The section of the limb is made as small as is economically 
possible in order to keep down the length of the mean turn of the 
winding, and thus keep the copper losses within limits. This 
consideration does not apply to the yokes joining the limbs, where an 
increased section actually reduces the iron losses in spite of the 



Fiq. 193. — Cross Section of Core. Flo. 104. — Cross Section of Core. 

Two Sizes of Stampings, Tliree Sizes of Stampings. 


greater volume employed. The section of the yokes is usually 
made about 20 per cent, larger than that of the limbs, and has a 
shape as shown in Fig. 157, but the proportions are kept the same 
as far as possible, as otherwise additional eddy currents are set up. 

Efficiency. — In order to estimate this, the copper and the iron 
losses must be determined. 

The secondary copper loss for full load current is obtained by 
estimating the length of the mean turn, and thence the total length 
of the winding. Knowing the cross section of the conductor the 
resistance can be estimated and then the value of PR. When the 
cross section is large, however, the current is not distributed uni- 
formly over it, due to skin effect and eddy currents in the con- 
ductors. On this account large conductors are laminated and 
arranged so that the various strips are interchanged at intervals. 
In such a case and with ordinary current densities, the total 
secondary copper loss is about 30 per cent, greater than is calculated 
on the assumption of uniform distribution of current. The per- 
centage increase varies, of course, very considerably on either side 
of the figure quoted, in individual cases. 
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To estimate the primary copper loss, the primary current must 
be provisionally calculated. This is done by assuming a suitable 
efficiency (and power factor if necessary). The resistance is 
estimated, as in the previous case, by determining the length of the 
mean turn and the total length of the winding. The length of the 
mean turn will probably be slightly different in primary and second- 
ary. The percentage increase due to lack of uniformity of current 
distribution will also probably not be the same as in the secondary 
winding, but in the absence of any further data, the same (or slightly 
less) percentage increase may be assumed. In both primary and 
secondary windings an allowance should be made for rise in tem- 
perature, the increase probably being of the order of 20 per cent. 

The iron loss depends upon the quality of the iron, its volume, 
and the flux density. Taldng first the main limbs, the weight is 



Z500 SjOOO 7,500 raOOO /2^00 15.000 

B.max. 

Fiq. 195. — Iron Losses in Transformer Stampings. 


estimated and the iron loss in watts per kgm. is read off the curves 
shown in Fig. 195, which refer to modem stalloy plates. The weight 
may be estimated from the volume, taking the density as 0-0078 
kgm. per c.c. In estimating the weight, it should be remembered 
that only 0-9 of the gross section is net iron. This calculation is 
then repeated for the magnetic yokes, which are usually worked at 
a lower magnetic density. 

The hysteresis loss is frequently quoted as being proportional 
to but whilst this is acemate for low flux densities, it is de- 
finitely not true for high flux densities. The loss can be expressed 
as proportional to JB^, where x gradually rises and may reach a 
value as high as 4 at R = 14,500. Round about B = 13,500, the 
hysteresis loss is proportional to JB^. 

Having determined all the losses the efficiency at unity power 
factor can now be calculated. The resulting figure should be checked 
against average practice as represented in the following table : — 
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kVA 1 10 100 5000 

Efficiency 93 96 98 98*5 

The following table gives representative values for iron and 
copper losses for three-phase core type transformers with secondary 
voltages about 400 volts. 

The corresponding losses for single-phase transformers may be 
estimated by considering the loss per limb. For example, a 1000 
kVA single-phase transformer with two limbs has approximately 
the same loss per limb as a 1500 kVA three-phase transformer with 
three limbs. The latter has (see table) an iron loss of 1500 watts 
per limb and a copper loss of 4000 watts per limb. The loss for 
the 1000 kVA single-phase transformer may therefore be taken as 
2 X 1500 = 3000 watts and 2 x 4000 = 8000 watts respectively. 


kVA . 

Iron loss in watts. 

Copper loss at 

16“ C. In watts. 

3300 volts. 

6000 volts. 

11,000 volts. 

26 

300 

325 

350 

680 

60 

485 

610 

540 

876 

100 

700 

750 

800 

1,600 

260 

1,400 

1,450 

1,500 

3,000 

600 

2,300 

2,400 

2,600 

6,000 

1,000 

3,600 

3,500 

3,600 

9,000 

1,500 

4,600 

4,500 

4,600 

12,000 


Temperature Rise. — The temperature rise in the windings, 
measured by increase in resistance, should not exceed 55® C., and 
in the oil, measured by thermometer, should not exceed 50® C. 
There may, however, be a temperature variation of anything up 
to 15® C. between oil at the top and bottom of the tank. 

The rise can be calculated approximately by means of the formula, 


Temp, rise in ® C. xk== 


watts lost 


cooling surface in sq. cms. 

The constant is thus equal to the watts dissipated per sq. cm. of 
cooling surface per degree rise in temperature. The following 
table gives the maximum permissible loss which can be dissipated 
per sq. cm. of cooling surface for a temperature rise of 50® C., which 
is the figure commonly specified. 


Type. 

Watts per sq. cm. 

Core without 
ducts. 

Core with 
ducts. 

Colls. 

Air insulated — Self cooled 

0-035 

0-026 

0*036 

„ „ — Air blast 

0*16 

0-12 

0*155 

Oil insulated — Self cooled 

0-14 

0-11 

0*14 

„ „ — Water „ 

0-15 

0*115 

0*16 

„ „ — Forced oil „ ... 

0-16 

0*12 

0*18 

,0 „ — ^Air blast 

0-15 

0-116 

0-16 
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When considering the temperature rise of any individual part 
of the transformer, the loss dissipated by that part and its own 
particular cooling surface only are considered. For example, when 
considering the coils, the copper cooling surface only is taken into 
account, and the copper loss only is supposed to be dissipated. 
Similarly, the iron is supposed to dissipate the iron loss only. On 
the other hand, as the whole of these losses are passed on to the oil, 
the whole of the losses have to be dissipated by the oil to the atmo- 
sphere. 

With oil-immersed transformers, the quantity of oil required 
varies from about 2 gallons per kVA in the small sizes down to 
about 0*4 gallon per kVA in the large sizes, the specific gravity 
ranging from 0-86 to 0-9, the former figure being the more usual. 

With ordinary plain or tubular tanks, the cooling constant 
varies between 0*06 and 0*03 watt per sq. cm. for a transformer 
temperature rise of 50° C. The total cooling surface in sq. cms. 

required by the tank is, therefore, . The necessary 

constant 

surface can be provided by the employment of cooling tubes or 
ribs where required. The cooling constant has the following 
average values : — 


Plain tank 

Tank with one row of tubes 

„ „ two rows „ 

»t tf three ,, ,, 

„ „ four „ 


... 0-06 watt per sq. cm. for 50® C. rise. 
... 0-046 „ ,, ,, „ „ ,, 

... 0*04 ,, ,, ,, ,, ,, ,, 

... 0-038 „ 

... 0*033 ,, ,, ,, ,f ,, 


The top and bottom of the tank are not included in the cooling 
surface. 

Predetermination of No-load Current. — The no-load current con- 
sists of an active and a reactive component, the former of which 
supplies the losses and the latter the magnetizing current necessary 
to force the flux youqd th* ^ Tna.gnp f,iq cirep it. The relative magni- 
tudes of these two components are such that the resultant no-load 
current usually lags behind the voltage by an angle of about 45° 
to 60°. The active component is obtained by dividing the total 
losses in watts by the primary applied voltage in a single -j>hase 
case, whilst for a polyphase transformer each phase is supposed to 
take its proper share of the watts, and the current per phase is 
obtained by dividing this value by the volts acting across each phase, 
1 

e,g, times the line voltage in the case of a star-connected three- 
phase transformer. 

In calculating the purely magnetizing current, the total reluctance 
of the magnetic circuit is required, and this usually includes a 
numbw of joints of somewhat indefinite reluctance. As an approxi- 
mation the reluctance of these may be taken as being equal to 20 
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per cent, of the reluctance of the remainder of the iron circuit when 
the joints are interleaved. From the B — H curve of the iron the 
number of ampere-tums per cm. may be obtained, corresponding 
to the maximum flux density in the core. This value is multiplied 
by the total length of the magnetic path and an allowance made 
for the joints, giving the total maximum ampere-turns required. 
Dividing by the number of primary turns and by V2 to obtain 
the R.M.S. value, the magnetizing current is obtained. The 
formula to be used is, therefore, 

^ Ampere-tums per cm. X length in cm. x 1*2 

Magnetizmg current = 

primary turns X V 2 

In three-phase transformers the primary turns per phase are 
taken, giving as the result the magnetizing current per phase. 

The total no-load current is then given by 

No-load current = V (magnetizing current)*^ + (iron loss current)^, 

and the angle of lag, is equal to 

, .magnetizing current 

tan”! — — i 2 ^ . 

iron loss current 

An approximate formula for the magnetizing current of three- 
phase transformers is 

Percentage magnetizing current 

2 X frequency constant X wt. of iron in kgm. 

"" 100 ^ 10 X kVA ’ 

where the constant has the following values : — 

Flux density in limbs 14,000 13,000 12,000 11,000 10,000 

Constant 37 23 13 8-8 4 

For single-phase transformers, the above figures should be 
reduced by 25 per cent. 

Predetermination of Regulation. — The voltage drop at the 
terminals of the secondary winding when on full load is due to the 
combined effect of the resistance and the reactance of the two 
windings. The total drop due to the resistance, reduced to the 
secondary side, is 

-^1^1 ^ 

The calculation of the total drop due to the internal reactance 
is given by 

Percentage reactance 

0-006 X Ampere-tums per limb (total) x Z X (.4 + B -f- C') 

Total dux per limb in megalines X Length of shorter winding in imna. 
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where I is the mean length of turn (average of primary and secondary) 
in metres, A is the depth of the secondary winding in mms., B is 
the depth of the primary winding in mms., and C is three times 
the distance between the windings in mms. 

The impedance voltage triangle can now be calculated and the 
full load voltage drop obtained from Kapp’s regulation diagram 
shown on page 221, or by calculation (see page 220). 

The normal percentage reactances for 50 
cycle, single- and three-phase transformers, 
from 6000 to 11,000 volts, are given in the 
p ^ /CZZn following table 

Conductors 


kVA. 

Percentage Reactanee. 


4 

Single-Phase. Tiiree-Phase. 

10 

2-5 2-0 

60 

3-3 2*8 

100 

3-6 3*25 

500 

4-5 3-8 

1,000 

5-0 6-0 

5,000 

6-5 6-0 

10,000 

6*0 


}r ^ Example of Design. — As an example, a 

Conductor. design IS worked out for a core type trans- 

former for 300 kVA, three-phase, 50 cycle, 6600 
volts (delta-connected with tappings at plus and minus 5 per cent, 
to compensate for supply variations) to 400 volts (star-connected 
with neutral brought out for 231 volts for lighting load). The 
temperature rise is not to exceed 50® C. by thermometer, and it is 
to be provided with a boiler plate tubular tank. 


Secondary current (full load) = 


Primary 


^^^ = 433 A. 
Vs X 400 

300 X 10^ 

Vs X 6600 X 0-982 


27 

(phase) = = 16*6 A. 


Volts per turn = 0*55 X V 300 = 9*5. 

Assume regulation at full load and unity power factor to be approxi- 
mately 1*25 per cent. 

L.T. volts on no-load = 400 X 1-0125 = 405 V. 

Core Section : — 

Flux density (assumed). = 13800. 

Flux per lunb. = 4-4^ 56 

= 4-28 X 10® lines. 
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Net cross section of iron required = 


4-28 X 10« 
13800 


Gross cross section of iron re- 
quired 

Choose three sizes of stampings. 
Width of largest stampings 

„ „ intermediate ,, 

„ „ smallest „ 


= 310 sq. cms. 

= ~ — 344 sq. cms. 

= Ml X 
= 20-6 cms. 

= 0-87 X VMi 
= IG l cms. 

= 0-52 X 
= 9*7 cms. 


Diameter of circumscribing circle — 1-22 x \/344 

= 22*6 cms. 


Gross cross section = 20-6 x 9*7 + 16*1 (16*1 — 9-7) 

+ 9-7 (20-6 - 16-1) 

= 347 sq. cms. 


Secondary Winding: — 

Secondary turns per phase = ~ 

This will be placed nearest to the core and wound in two layers. 
Secondary turns per layer = 12J. 

Assumed current density = 240 A/sq. cm. 

Cross section of secondary (tenta- 433 , ^ 

tive) 240 ^ 

Secondary conductor = six strips in parallel, each 

0-95 X 0-32 sq. cm. (see Fig. 
196). 

Total copper cross section = 6 x 0*95 x 0-32 

= 1-82 sq. cms. 

The conductor is insulated with tape to a thickness of 0*5 mm.,' 
giving overall dimensions (including paper between piles of con- 
ductors) of [3 X 0-95 + 2 X 0-05 + 0-1] x [2 x (0-32 + 0 05)] = 

3*05 x 0*74 sq. cms. 

Radial depth of winding = 2 X 0-74 + 0-05 

= 1-53 cms. 

For calculating the height of the winding, the first turn must be 
counted as two, on account of the spiral effect. 

Height of secondary winding = 3-05 X 13-5 = 41*2 cms. 
Clearance at ends : — 

This is larger at the top than at the bottom due to the H.T. 
clamping ring. 

Top clearance = 4 cms. 

Bottom clearance = 2 cms. 

This is made up of fuller-board, wound in with the end turns. 

R 
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Inside diameter of winding 

== 25 cms. 

Outside „ „ „ 

= 25 + 2 X 1-53 
= 28-1 cms. 

Primary Winding : — 

Primary turns per phase (normal 

25 X 6600 X Vs 

winding) 

~ 405 

= 705. 

5 per cent, tappings 

== 35 turns. 

Turns per limb 

= 740 (+ 5%) 

= 705 (normal) 

= 670 (- 5%). 

Primary conductor 

= No. 12, S.W.G. 

= 0*264 cm. diameter. 

Cross section of conductor 

= 0 0548 sq. cm. 

15*6 

Current density 

= 0-0548= 285 A/sq. cm. 

On account of the better cooling, the current density is increased 

in the outer winding. 

Ordinary coils per limb 

= 8. 

Conductor diameter (d.c,c.) 

= 0*30 cm. 

Turns per coil 

= 83. 

Turns per layer 

= 12. 

Layers 

= 

Insulation between layers 

= 2 X 0*125 Empire cloth. 

„ „ coils (spacer) 

= 0*5 cm. 

„ „ tapping coils 

1 (two spacers to allow taps to 

be brought out) 

= 1*0 cm. 

Volts between layers 

= 2 X 12 X 9*5 = 228. 

„ „ pairs of coils 

= 83 X 2 X 9*5 = 1580. 

Reinforced coils per limb 

= 2. 

Conductor diameter (t.c.c.) 

= 0*315 cm. 

Turns per coil 

= 3a. 

Turns per layer 

= 7. 

Layers 

= 5^. 

Insulation between layers 

= 4 X 0*125 Empire cloth. 

„ „ coils (spacer) 

^ 0*5 cm. 

Volts between layers 

= 2x7x95- 133. 

„ „ pairs of coils 

= (83 + 38) X 9*5 = 1150. 

Ordinary coil length 

= 12 X 0*30 + 0*15 (tape) 

= 3*75 cms. 

„ „ depth 

= 7 X 0*30 + 0*15 + 0*15 (tape) 
= 2*40 cms. 

Reinforced coil length 

= 7 X 0*315 + 0*15 (tape) 

— 2*35 cms. 

f» i> depth 

= 6 X 0*315 + 0*25 + 0*15 (tape) 
= 2*30 cms. 
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Total height of primary winding 


Top clearance (for symmetry) 
Bottom „ ,, „ 

Inside diameter of winding 
Outside „ „ „ 

Yoke Section : — 

Flux density (assumed) 

Gross cross section of iron re- 
quired 

Height of largest stampings 
„ „ intermediate „ 


= 3-75 X 8 + 2-35 x 2 
+ (10 spacers = 5*0) 
= 40 cms. (say). 

— 4-6 cms. 

= 2*6 cms, 

~ 32 cms. 

-- 32 + 2 X 2-4 

— 36-8 cms. 


= 0-8 X 13800 
= 11040. 

344 

- = 430 sq.cms. 


0-8 
20-6 
0-8 ^ 
161 
^ 0*8 ' 


25*75 cms. 


20*1 cms. 


„ „ smallest „ 

Distance between limb centres 

Overall height of core 
>j width ,1 jf 
Weight of core : — 

Limbs, 327 kgm. ; Yokes, 

528 kgm. 

Core loss : — 

Limbs, 870 watts ; Yokes, 930 
watts 

Magnetizing current : — 

Limbs 


Yokes 


Total 

Secondary copper loss : — 
Length of mean turn 
Weight 

Resistance per phase (hot) 


Copper loss (allowing 15 per 
cent, for eddy currents, and 
5 per cent, for connections) 


lOl 

= -g=12.1 cms. 

~ 36*8 +1*2 (clearance) 

= 38 cms. 

= 47*2 + 2 X 25*75 = 98*7 cms. 
= 2 X 38 + 20*6 = 96*6 cms. 


= 855 kgm. 


— - 1800 watts. 


2 X 50 

34 X 327 



100 

^ 10 X 300 ' 

= 3*7 

per 

cent. 




2 X 50 

8-8 X 528 



100 

^ 10 X 300 

= 1*6 

per 


cent. 

~ 5*3 per cent. 


= 84 cm. 

= 101 kgm. 

^ 1*6 84 X 25 

“ 10 « ^ 

-- 0-00224 ohm. 


X 1-2 


= 3 X 4332 X 0-00224 X 1-2 
= 1510 watts. 
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Primary copper loss : — 

Length of mean turn 
Weight 

Resistance per phase (hot) 

Copper loss (no allowance for 
eddy currents but 6 per 
cent, for connections) 

Total copper loss (hot) 

Percentage Reactance drop (from 
formula on page 239) 

Percentage Resistance drop 


„ Impedance 
Regulation at full load and unity 
p.f . (from formula on page 220) 

Efficiency, full load 


Examples. 

(1) Draw sketches of the core of a three-phase core type trans- 
former, and the shell of a single-phase shell type transformer, indi- 
cating the differences. 

(2) Explain how the relative price of copper and iron may affect 
the economical design of a transformer. 

(3) A certain 100 kVA single-phase transformer is designed for 
operating on 500 volts, 60 cycles, the secondary voltage being 
100 volts. It has a maximum efficiency of 98 per cent, occurring at 
full load. It is desired to operate it on 440 volts, 40 cycles. What 
output may be expected from it for the same ultimate temperature 
rise 1 How would its behaviour be affected ? 

(4) What are the relative advantages and disadvantages of the 
rectangular and cruciform sections for the iron cores of transformers ? 

In a particular case the section of the limb is 100 sq. cms. A 
winding 8 cms. deep is to be placed on the core, allowing a minimum 
clearance of 2 cms. between core and winding. Calculate the 
lengths of the mean turn, using (a) a rectangular section and (6) two 
sizes of stampings. 


= 108 cms. 

= 124 kgm. 

_ 1-6 108 X 705 

“ 10« ^ 0 0548 

= 2-67 ohms. 


= 3 X 15-6* X 2-67 X 105 
= 2240 watts. 

= 1510 + 2240 
= 3750 watts. 

= 3-77 per cent. 

_ Total copper loss in watts 
“ kVA X 10 

_ 3760 

“ 300 X 10 
= 1-25 per cent. 

=\/l‘25® + 3-77^ = 4-0 per cent. 

= 1*31 per cent. 

_ 300 X 100 

300 + 3-75 + 1-8 
= 98-2 per cent. 
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(6) A 250 kVA single-phase transformer operating on 2200 to 
550 volts at 50 cycles has a core of square section. The width of the 
iron is 25 cms. and the gross depth of the iron is also 25 cms., with 
two vent ducts each 1 cm. wide. The available winding length per 
limb is 75 cms., and the distance between limbs is 30 ems. Design 
suitable windings, indicating their arrangement. 

(6) Determine the main dimensions of the core of a 60 kVA, 
60-cycle, core type transformer to operate on 500-200 volts, together 
with the number of turns in each winding. Use a limb of square 
cross section and a flux density of 10,000 lines per sq. cm., the iron 
loss at this density being 0*015 watt per c.c. The eflficiency is to 
be a maximum at full load. 

(7) A 25 kVA, 50-cycle, single-phase core type transformer has 
a limb the net iron cross section of which is 130 sq. cms. The 
primary and secondary voltages are 500 and 100 volts respectively. 
Determine the number of turns on primary and secondary windings, 
and the cross sections of the conductors. Use a flux density of 
11,000 lines per sq. cm. and a current density of 200 amperes per 
sq. cm. 

(8) The limb of a core type transformer has three sizes of stamp- 
ings, the widths of which are 6*0, 10*0, and 12*8 cms. respectively. 
The top yoke is to be designed with a flux density equal to 80 per 
cent, of that in the limbs. Make a dimensioned sketch of the 
magnetic part of the yoke section. What is the object of this 
reduced flux density ? 

(9) A 500 kVA, 6600-415 volt, single-phase, 50-cycle trans- 
former has a limb with two sizes of stampings. The gross section 
of the main iron stampings is 25 cms, x 18 cms., and on each side 
of this is a smaller batch of stampings each 6 cms. X 15 cms. 

Determine a suitable number of turns for each winding, and 
a suitable section for the top and bottom yokes. 

Employ a flux density of 12,000 lines per sq. cm. for the 
limbs. 

(10) A 250 kVA, single-phase, 50 cycle, core type transformer 
operating on 6600-500 volts is to be designed with approximately 
6*5 volts per turn, and a flux density of approximately 11,800 lines 
per sq. cm. 

Design a suitable core section and yoke section, using two sizes 
of stampings. The width of the smaller stampings should be 
approximately 0*616 time the width of the wider stampings. 
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ALTERNATORS. — PRINCIPLES AND CONSTRUCTION 


Simple Alternator. — An alternator is an alternating current 
generator and in its elementary form consists of a coil of wire rotating 
between the poles of a magnet, as shown in Fig. 2. The two ends 
of the coil do not need to be connected to a commutator and are, 
instead, connected to a pair of slip rings, on each of which a brush 
presses for the purpose of collecting the current. In an ideal case 
the induced E.M.F. obeys a sine law of the type 

t e = JSm sin co<. 

An increase in the number of turns results in an increase in the 
induced voltage. 

Frequency and Number of Poles. — The majority of actual alter^ 
nators are multipolar machines, the number of poles employed being, 
in general, much greater than is the case in D.C. generators of the 
same size. Alternators are usually designed to generate at definite 
frequencies, and there is a rigid relationship between the speed, the 
number of poles, and the frequency. If there are p poles, the 

E.M.F. goes through ^ cycles per revolution or cycles per 

Z .u X vH) 

second, where n equals the r.p.m. Thus 

^ 120 

The r.p.m. at which alternators must run for various frequencies 
and numbers of poles are given in the following table : — 


No. of Polea 

2 

4 

6 

6 

10 

12 

16 

20 

Speed for/ “ 25 ... 

1600 

760 

600 

376 

300 

250 

187-6 

150 

„ / » 40 ... 

2400 

1200 

800 

600 

480 

400 

300 

240 

„ / » 50 ... 

3000 

1600 

1000 

760 

600 

600 

376 

300 

» „ / “ 60 ... 

8600 

1800 

1200 

900 

720 

600 

450 

360 

.. „ / - 100... 

6000 

3000 

2000 

1600 

1200 

1000 

760 

600 


Polyphase Alternators. — A simple two-phase alternator may be 
obtained by adding a second coil similar to the first, but situated at 
right angles to it so that this angle is always maintained during 
rotation (see Fig. 74). Jin the case of multipolar machines, corre- 
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sponding conductors in the two phases are always situated half a 
pole pitch distant from one anotherV 

A simple three-phase alternator is shown in Fig. 81, corresponding 
conductors being always situated two-thirds of a pole pitch distant 


from each other, ■ 


Rotating Field and Rotating Armature. — From a theoretical point 


of view it is immaterial whether the armature rotates between the 


poles or whether the poles rotate inside a stationary armature. The 
rotating field typ e is now 8tandardjpraiitice,-^xceiit_^fQr-^^ 
experimenlaTmachines, the armature presenting a hollow cylindrical 
surface to the field system. The latter now consists of a yoke 
supported from the shaft, with the poles projecting radially outwards 
and facing the armature. The stationary element is called the 
stator and the rotating element the rotor, 

^A^here are sever al in herent advantages of the routing field type . 
A higher peripheral speed may be employed, since it is easier to 
make a sound mechanical job of the poles and pole windings than 
of the armature winding with its end connections, since, owing to 
the centrifugal force, the end connections of the armature must be 
braced securely in position. Also, since the armature is on the 
outside, there is more room for its winding, whilst in the case of high 
voltage machines it is preferable to have the H.T. winding stationary. 
There is a further advantage in connection with the slip rings. A 
three-phase alternator with a rotating armature requires three slip 
rings, and a two-phase machine four, whilst only two are necessary in 
either case with a rotating field. With a rotating armature, also, 
the slip rings must be insulated for the full armature voltage^ 

Low Speed Alternators. — In the usual form of low and medium 


speed alternators, the magnet poles are bolted on to a yoke ring, 
which is supported by means of spider arras from the rotor hub. 
Since the majority of the weight of the rotor lies near its outer edge, 
its flywheel effect is so considerable that it avoids the necessity for 
any extra flywheel. This would otherwise be necessary, since a 
uniform angular velocity is desired for smooth running. In fact, 
this type of alternator is often referred to as the flywheel type. 

Owing to the low speed, these alternators usually have a large 
number of poles, this tending to make the diameter much larger for 
a given output than is the case in a D.C. generator. The general 
tendency is for the machines to become large in diameter and small 
in length to a noteworthy extent. Even with the low speeds of 
revolution which are adopted, the peripheral speeds of the pole faces 
are kept up, due to the large diameters, the values of the peripheral 
speed ranging from 60 to 70 metres per second. 

This type of alternator is usually directly driven from a recipro- 
cating engine and frequently has only one bearing. The end of the 
shaft on the engine side then terminates in a forged coupling which 
is bolted directly on to the engine crankshaft. 
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High Speed Turbo-alternators. — The proportions of high speed 
alternators which are intended for direct coupling to steam turbines 
are much different from those of the low speed type. Owing to the 
high speeds of rotation which are employed, the diameters are made 
very much less, resulting in a corresponding increase in the axial 
length. Even then the peripheral velocities of the rotating element 
may be as high as 140 metres per second, and this necessitates a very 
sound mechanical rotor construction. Special types of rotating field 
systems are thus called into being, and these will be dealt with in 
detail later. The stator construction is not very different from that 
in low speed alternators except for the greatly changed ratio of 
diameter to length. The number of poles is invariably eitbfer two 
or four. 

Since the speed is very much higher, the bulk of a turbo-generator 
is very much less than that of a flywheel type alternator of the same 
output, and consequently the total surface available for dissipating 
heat is very much less. In order, therefore, to prevent an undue 
temperature rise, artificial cooling must be employed, and this 
usually takes the form of an air-blast. The outer casing which 
guides the air past the heated surfaces serves the additional purpose 
of deadening the noise of the machine, which would otherwise be 
considerable, due to its high speed and the restricted air passages in 
its construction. 

A separate class of alternators has been developed in conjunction 
with water turbines having a vertical shaft. 

Inductor Alternators. — In these machines both armature and field 
windings are stationary, no rotating contacts being employed at all. 
The rotor consists of a heavy iron system with two rings of projecting 
pole pieces. These are magnetized by a central fixed exciting coil, 
so that aU the poles of one ring have one polarity, whilst all the poles 
of the other ring have the opposite polarity. The E.M.F. in the 
armature coils is induced by the variation in the magnetic flux, due 
to the fact that the magnetic circuit is made alternately good and 
bad as the inductors move past the armature coils. The flux never 
cuts the armature coils in the reverse direction, simply varying 
between a maximum and a minimum value. This necessitates a 
large amount of flux, which, although it cannot be called leakage 
flux, is wholly waste as far as the generation of E.M.F. is concerned 
and results in a considerable increase in the iron weight of the 
machine. One characteristic of this class of alternator is the falling 
away of the voltage as the load comes on, which, although of advan- 
tage for parallel running, is undesirable as far as the voltage 
regulation is concerned. 

Stator Construction. — The stator frame is merely an arrangement 
for holding the armature stampings and windings in position and 
does not fulfil any magnetic function. In large low speed alter- 
nators the size of the stator frame usually results in it being cast in 
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two or three sections, these being bolted together as indicated in 
Fig. 197, which shows the general arrangement of rotor and stator, 
the frame of the latter being cut in two halves. In order to increase 



the ventilation a number of holes are cast in the frame, this being 
allowable since it does not interfere with the magnetic flux and does 
not unduly weaken the mechanical strength if done in moderation. 
Fig. 198 is one example of stator construction, the diagram showing 



Fia. 198. — Stator Frame. 


a cross section of the frame. This type of stator is suitable, with 
modifications, for medium and large size alternators. The stampings 
are held in position by being clamped between two end cheeks, a 
number of bolts passing right through from side to side. Radial 
ventilating ducts are provided in the stampings by the insertion 
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of distance pieces, so that air can be thrown out from the air-gap 
by centrifugal force, escaping by the vent holes in the outer case. 

The stators of turbo-alternators present very little real difference 
from those of low speed sets, although their external appearance is 
widely different. The great points of difference are the smaller 
diameter and the increased length. They frequently consist of a 
box t}q)e frame fabricated from mild steel plates welded together 
and supporting the laminated iron core. The compai*tments in the 
frame serve as passages for the ventilating air. The stator frames 
of low speed, as well as high speed, machines are now frequently 
fabricated from mild steel plates, this typo of construction gradually 
displacing the cast t 3 pe with many manufacturers. 

Cast-iron end shields, built up in sections, are bolted on to both 
sides of the exterior of the stator frame for the purpose of providing 
a mechanical protection for the end connections, which frequently 
are at high potentials. 



Stator Core. — In the rotating field type of alternator the stator 
stampings consist of annular rings with the slots along the inside 
edge. For all except small machines these stampings have to be 
built up in sections (see Fig. 199), being bolted and keyed on to the 
frame at the back. In order to nullify the effect of the joint as far 
as possible, the sections are staggered so that the joints of adjacent 
stampings do not coincide. Radial ventilating ducts are provided 
at intervals by inserting spacers. These may consist of skeleton 
castings so arranged as not to impede the passage of the air, or they 
may be built up from two stampings thicker than the rest and 
separated by means of a number of distance pieces welded on. 
One t 3 pe of construction for ventilating ducts employing channel 
iron spacers is shown in Fig. 200. 

Slots. — Three distinct types of slots are used in A.C. machines, 
the first being the open ty'pe as used also in D.C. machines (see Fig. 
201). These are frequently recessed near the mouth for the 
purpose of inserting a wooden or fibrous strip designed to keep the 



XVII 


ALTERNATORS 


251 


winding in place. Open slots enable former wound coils to be 
employed and are thus easier to wind than the other types. They 
also have the advantage of allowing the slots to be thoroughly 



impregnated with insulating varnish before the coils are wound. 
Their disadvantage is that the available area for the air-gap is less 
than is the case when the other types are employed and that they 
cause slight oscillations of the flux from side to side as the teeth move 
past the pole face. This is due to the great difference in permeability 
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of the tooth and slot. The lines of force cling on to the retreating 
tooth as long as possible, and then snap across the slot to the next 
tooth coming along. This tends to produce harmonics in the E.M.F. 
wave form and necessitates laminated pole shoes in order to reduce 
the eddy currents which would otherwise be generated to a con- 
siderable extent. 

The use of totally closed slots or tunnels removes these disadvan- 
tages, since a uniform iron surface is presented to the pole face, 
but other disadvantages are introduced. Due to the fact that the 
winding is totally surrounded by iron, the inductance of the coils is 
materially increased, and this has the effect of causing an increased 
drop in the voltage as the load current is increased, thus making the 
regulation of the machine worse. To reduce this effect as much as 
possible, the bridge over the roof of the tunnel is made very thin 
in order to force up the flux density of the leakage lines in this 
neighbourhood and thus decrease the permeability. But if this 
bridge is made less than about 1 mm. the tunnels are apt to become 
broken open during the operation of stamping, this fact exercising 



Open 



Semi- 

closed 



Fig. 201. — Types of Slots. 


a practical limit to the thickness of the roof. Another disadvantage 
of the tunnel type of slot is that the coils must be hand wound by 
threading them through the holes, thus increasing the labour of 
winding and the danger of abrasion during the process. 

The semi-closed slot is a compromise between the wide open 
slot and the tunnel. The danger of bursting the narrow bridge 
is avoided and an air-gap is inserted in the path of the leakage lines 
of force. Moreover, nearly the whole of the surface of the armature 
is useful for flux bearing purposes, which tends to eliminate ripples 
from the wave form. The actual winding is easier to carry out than 
when totally closed slots are employed, as the conductors can be 
passed through the mouth of the slot, although more labour is 
involved than when open slots with former wound coils are adopted. 

High Voltage Generators. — For many years the limit of generator 
voltage was regarded as about 1 1 ,000 volts, but a number of genera- 
tors have now been constructed for 33,000 volts. Two methods are 
employed for providing the necessary insulation on the stator wind- 
ings. In the first, an improved quality and greater thickness of 
insulation is employed, whilst in the second a special concentric 
conductor is adopted. The stator slot is now circular in section, 
with a relatively small slot opening. There are three concentric 
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conductors per slot, known as the bull, inner, and outer respectively. 
In connecting the conductors in the various slots to form a winding, 
all the outers of one phase are connected in series, one end forming 
the star point. These are then connected in series with the corre- 
sponding inner conductors, and finally with the bull conductors. 
There is thus never more than one-third of the phase voltage between 
any bull and inner in the same slot, between any inner and outer in 
the same slot, and between any outer and the core itself which is, 
of course, earthed. 

A 33,000 volts generator costs more than a machine of the same 
output but for a lower voltage, but it has definite advantages. There 



are no transformers required for stepping up the voltage to 33,000 
volts, transformer losses are eliminated, and there is an appreciable 
reduction in the cost of the heavy current cables required. 

Rotors. — The yoke ring and spider form a flywheel upon which 
the poles are mounted. Up to a diameter of two or three metres the 
spider is generally cast in one piece, but for larger sizes it is usual to 
cast it in sections, which are bolted together. To increase the 
mechanical strength, wrought iron rings are shrunk on to the hub 
and over projections near the rim as shown in Fig. 202. The rim 
has to be of sufficient cross section to carry half the flux per pole, and 
also to give the necessary flywheel effect, the calculation of which 
involves a knowledge of the engine which is to drive the alternator. 

The poles may be fixed to the rim in several ways. A method 
in common use consists in screwing them on from the under side 
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of the rim by means of set screws as shown in Fig. 202. When 
laminated pole shoes are used with cast steel poles they may be 
attached by dovetailing them on to the yoke ring, lateral movement 
being prevented by means of keys. When the poles are laminated 
throughout they may be dovetailed on to the yoke ring in the same 



Fio. 203. — Laminated Pole Construction. 


way. When ventilating ducts are employed in the poles, holes 
should be made through the yoke ring to meet them, and the ducts 
should further be in line with the stator air ducts so as to obtain a 
through passage for the air. 

Sometimes laminated poles are attached to the yoke ring by 
means of set screws. In this case the laminations are pierced from 
side to side by a wrought iron bar so as to provide something solid 
for the set screws to grip (see Pig. 203). 

Shape of Pole Shoe. — If a rectangular 
pole shoe is employed with a uniform air- 
gap the resulting theoretical wave form 
obtained is a rectangular one. Actually, 
due to fringing, the two vertical sides of 
the rectangle become sloping ones, but 
notwithstanding this the wave form 
obtained in such a case is very far from 
being a sine wave. The E.M.F. induced in 
a particular conductor is proportional to its 
length in the magnetic field, the density of 
the magnetic field and the velocity of the 
conductor. The latter must be kept constant 
so that either the active length of the conductor or the density in 
the air-gap must be made to vary according to a sine law. The 
active length of the conductor is settled by the shape of the pole 
face. Fig. 204 (a) shows a development of the air-gap wherein the 
active length of the conductor is proportional to sin 0. Apart 
from the mechanical difiiculties presented by such a construction, 
there would be a tremendous amount of magnetic leakage across 



Fig* 204. — Shai)ed Pole Shoes 
to produce Sine Wave. 
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the adjacent tips of neighbouring poles. By turning the second 
part of each pole face round, however, as shown in Fig. 204 (5), 
the disadvantage of the magnetic leakage is obviated, and by the 
approximation shown in Fig. 204 (c) the manufacturing difficulties 
are done away with. 

The skewing of the pole shoes does not appear very noticeable 
in practice, as it is only necessary to do it to a small extent. 
Take the case of a 6-pole alternator with an air-gap diameter of 
36 cms. With a ratio of pole arc to pole pitch of 0*65, the distance 
X in Fig. 204 (c) would be 

- (1 - 0-65) = 6-6 cms. 

With an armature core length of 18 cms. this means that the angle 
a is given by 

1 8 

tan « = = 2-73, 

whence a = 70®. 

Another method of obtaining a good approximation to a sine 
wave consists in having an air-gap of variable length, so that the 
magnetic density in the gap varies according to a sine law. The 
minimum air-gap occurs along the centre line of the pole and 
corresponds to the point of maximum flux density and the peak 
of the wave. If this length is represented by I, the length of the 
gap at any other point displaced by 0® electrical from the centre 
line is given by 

I 

X — . 

cos 0 

Fig. 205 shows such a variable air-gap. When cos 0 gets small the 
air-gap becomes very long and the pole shoe is cut away altogether, 
the small amount of flux required being produced by fringing. 
Supposing a ratio of pole arc to pole pitch of 0-667 be employed, the 
length of the air-gap at the extreme end of the pole shoe is 


cos (0-667 X 90®) cos 60® 

It is rarely worth while carrying the pole shoe beyond this. 

A simple approximation to this form of pole shoe can be obtained 
by chamfering the pole tips so that the air-gap length at the tips of 
the pole shoe is double the value in the centre. 

Field Coils. — In addition to the usual coil winding for the poles, 
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a type of winding frequently adopted consists in having a single 
layer of strip wound on edge, the strip being bent to the right shape 
before assembly. The adjacent layers are insulated by a layer of 
paper or other insulation, the outside surface being coated with 
varnish. This construction is very sound mechanically, as there is 
no tendency for adjacent conductors to roll over one another, due 
to centrifugal force. Another advantage of this t>q)e of coil is its 
superior heat dissipating properties. 

Slip Rings. — The slip rings necessary for conveying the field 
current to the rotor are generally made of gun metal, brass or cast 
iron. The usual type of construction consists of a cast iron spider 
carried from the shaft upon which the slip rings are bolted, insulated 
bushes and washers being employed as in the brush spindles of 
D.C. machines. A common type of construction is shown in Fig. 
206, there being three lugs cast on to each ring for bolting on to 
the spider. Another lug is also cast on for the purpose of attaching 



the lead carrying the current to the field coils. The dimensions of 
the slip rings are usually settled from mechanical considerations, 
as these demand larger sections than would bo required on purely 
electrical grounds. 

Carbon brushes are employed, current densities of from 5 to 7 
amperes per square cm. being adopted with ordinary types of 
brushes. 

Rotors for Turbo-alternators. — Owing to the high speed at which 
turbines run, the number of poles is either two or four, the diameter 
of the rotor being kept down in order to prevent the peripheral speed 
from exceeding the safe limit. This results in the appearance 
differing greatly from that of low-speed rotors and has led to the 
development of the cylindrical type of rotor, where the field windings 
are distributed in slots. 

The cylindrical type of rotor consists of a core and shaft generally 
forged in one piece, although in some cases it is built of boiler plate. 
Ra^al slots are cut around the periphery, as shown in Fig. 207. 
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The slots are omitted or modified over certain regions, thus forming 
the poles. This results in a uniform air-gap being formed all the 
way round. The slots receive the pole winding, which consists of 
former wound coils of copper strip laid in flat and suitably insulated. 
A phosphor bronze or steel wedge is driven into the mouth of each 
slot so as to keep the winding in place. The end connections are 
also covered by means of phosphorbrbnze end shields, which prevent 
them from flying outwards under the action of centrifugal force. 
Small slots are frequently cut at the bottom of the main slots, so 
as to act as additional ventilating ducts, these being shown in Fig. 
207, communicating with the radial ducts. 

In certain cases where very large outputs are concerned, the 
rotor is constructed from three forgings. There is a central portion 
consisting of a cylinder with its centre removed, and a portion at 
each end which looks like a giant forged half coupling. The three 
portions are assembled by means of shrink links. Long slots with 



expanded ends are cut so as to join the central portion with each end 
portion, heated links being inserted in these slots which, on cooling, 
shrink and bind the two forgings securely together. These are 
called three piece rotors. 

The cylindrical type of rotor has certain advantages over the 
salient pole type, inasmuch as a superior cooling surface is obtained, 
due to the distribution of the winding. Further, the mechanical 
balancing of the rotor is not so difficult, and, due to the smooth 
surface exposed by the cylindrical type, noiseless running is more 
likely to be attained. 

Since the winding of the cylindrical type rotor is distributed over 
several slots, the flux density in the air-gap increases towards the 
centre of the pole, thus tending towards the generation of the ideal 
sine wave. For example, if the winding is distributed over three 
pairs of slots the theoretical wave form is of the type shown in curve 
(a). Fig. 208, whilst if the same winding were concentrated in the 
outermost slots the theoretical wave form would be given by curve (6), 
Fig, 208. The latter arrangement generates a higher R.M.S. value 
of the voltage, but does so at the expense of the wave form, 
s 



258 ALTERNATING CURRENTS ch. 

Ventilation. — ^Turbo-alternators are much smaller than low speed 
sets for a given output, so that the natural cooling surface is 
necessarily less. If the efficiency is of the same order, then ap- 
proximately the same losses have to bo dissipated. It follows, 
therefore, that an efficient ventilating system is essential and forced 
ventilation is now always adopted. 

On the smaller sets cold air is drawn in by centrifugal fans 
mounted on the ends of the rotor, this air passing over the end- 
bells and traversing the air-gap. From here it passes outwards into 
the radial vent ducts which are provided at frequent intervals in 
the stator core. 

In larger machines an excessive air pressure is required to force 
the air through the air-gap, so that additional air passages are 
required. Both radial and axial ducts are now provided, Fig. 209 
representing a turbo-alternator of this type. Air enters the rotor 
through axial holes extending the full len^h of the field core. These 
holes feed ventilating ducts provided every few inches. From these 
ducts the air moves across the air-gap and escapes through radial 



Fig. 208. — Theoretical Wave Form, 


ducts in the stator core. Particular care must be taken to cool the 
rotor end connections, some of the air being diverted directly over 
these. 

One of the troubles met with lies in the dust which accumulates 
in the ducts, clogging them so as to impair the efficacy of the whole 
ventilating system. To avoid this the closed circuit ventilating 
system has been developed. Instead of the hot air being allowed to 
escape, it is cooled by a series of cold water pipes, and used over and 
over again. This air is also dried by means of calcium chloride or 
some other drying agent, so that moisture is excluded from the 
machine as well as dust, a very important point, since moisture has 
a very deleterious effect upon the insulation. Arrangements are 
also made to throw the machine open to the atmosphere in case 
of need. 

Hydrogen Cooling. — The substitution of hydrogen for air as a 
coohng medium in a closed ventilating system does not involve any 
fundamental change in construction. To avoid leakage of air into 
the cooling circuit, the hydrogen is maintained at a pressure slightly 
above that of the atmosphere. The advantages of hydrogen as a 
cooling medium are reduced windage and ventilating losses, due to 
the density of the gas, and an increased life of the insulation, due 
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to the absence of oxygen and moisture. There is also less noise. 
The reduction in the losses may be such as to bring about an increase 
in efficiency up to half of one per cent. The purity of the hydrogen 
is maintained above 95 per cent., this being well above the explosive 
limit. It is also necessary to provide a special sealing device at the 
shaft to prevent the escape of hydrogen. 

Synchronous condensers (see p. 526) employing hydrogen cooling 
have also been used, the construction being here simplified since 
there is now no necessity for a shaft seal. 

Armature Windings. — The ordinary type of winding used in D.C. 
machines is also suitable for alternator armatures, but is not usually 

[sj [nJ [sj [nJ [sj [nJ 


(a) 

Simple 

Wave 

Winding 

(b) 

Distributed 

Wave 

Winding 


(C) 

Distributed 
Lap 

Winding 

Fio. 210. — Single-Phase Bar Windings. 

adopted. The ordinary D.C. winding is called a closed circuit 
winding, because it closes on itself, whilst the windings used on 
alternators are called open circuit windings, since there is no closed 
circuit in the armature itself. 

The simplest example is the wave winding illustrated in Fig. 
210 (a), where the winding is shown in a development. The 
E.M.F.’s in all the conductors aid one another, there being eight 
conductors in all (in an 8-pole alternator). This only utilizes one 
slot per pole, and if the winding is to be distributed in more slots, 
it takes the form shown in Fig. 210 (6), there being one unsym- 
metrical end comiection for every time the winding goes right round 
the armature. 

An alternative a^angement showing a distributed lap winding is 
represented in Fig. 210 (c). The winding now consists of a number 
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of lap coils, each batch of coils being connected to the next batch by 
means of special' end connections coXled jumpers, wind ing^ isj)f 

the , two layer type wit h diamond-shaped coils. The coiIs~may span 
a poIe^^itc iCT>utshort-pitched (or coils are used wherever 

possibleV In some cases, the coils span more than a pole pitch. It 
is^not usual to fill up all the slots in a single -phase alternator, since 
the last conductors add but little to the total voltage, as the phase 
of the conductors in the various slots differs considerably. For 
example, if there are six slots per pole, the phase difference between 
conductors in adjacent slots is SO"", and the vector diagram in Fig. 
211 shows the various voltages obtained by using 1, 2, 3, 4, 5 and 6 
conductors. The following table shows the numerical values of the 
voltage obtained in the different cases, and as each conductor adds 
to the impedance of the winding, it is usual in 
such cases to limit the number of slots used to 
about two-thirds of the total. 

Table showing Effect of Distributing Winding. 


No. of Slots 
used. 

Voltage. 

Voltage added by 
last Conductor. 

1 

1-00 

1-00 

2 

1-93 

0-93 

3 

2-73 

0-80 

4 

3-34 

0-61 

5 

3-73 

0-39 

6 

3-86 

0*13 



Concentric Coil Windings. — ^Tho concentric 
coil type of winding can be derived from the 
distributed lap winding shown in Fig. 210 (c). 

Since all the conductors in one batch of coils are 
connected in series, a re-arrangement of the individual connections 
is permissible. This has been done in Fig. 212 (o), from which the 
concentric coil winding in Fig. 212 (b) is evolved. The final form 
of the winding is shown in Fig. 212 (c), the connections between the 
several turns in a coil being omitted for the sake of clarity. 

A two -phase winding of this type is obtained by providing a 
second winding similar to the first, but displaced by half a pole pitch 
as shown in Fig. 213. The end connections of the two windings 
have to be of different shape, in order to enable them to clear one 
another. These end connections are bent back to save space and 
to enable them to be clamped firmly in position. The end connec- 
tions of one phase project further from the stator core than do those 
of the other phase, thus forming what are called two plane or two 
range end comiections as shown in Fig. 214. (See also Fig. 224.) 

In the three-phase concentric coil winding, there are three 
separate windings displaced by 60® or one-third of a pole pitch from 


Fja. 211. — Vector 
Diagram showing Phase 
Difference of Conductors 
in Different Slots. 
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FiQ. 212. — Single-Phase Concentric Coil Windings. 


£l1 [aJ IjlI 



Fio. 213. — Two-Phase Concentric Coll Winding. 
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(a) Three Coil Shapes 


Phase 1 III 11 1 in II I III II I III II 





Phase 1 III II I III II I III 11 I III II 

The connections between coils omitted 

Fig. 216. — Three-Phase Concentric Coll Windings. 



Phase I III II I HI n i m n i m n i m n i m n 
The connections between coils omitted 
Fig. 216.—Slx-Poie Three-Phase Concentric Coll Winding. 
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the winding is reduced ; and, finally, it leads to an improvement in 
the wave form of the generated E.M.F. 

Fig. 217 shows a three-phase diamond winding with full pitch 
coils, there being two slots per pole per phase. Only a portion of 
the winding is shown, extending over two pole pitches, but beyond 
this the winding repeats itself. The phase displacement between 



Flo. 217. — Three-Phase Diamond Winding. Full Pitch Coils. 

180 ^ 

adjacent slots is ^ = 30°, and the coils span six slot pitches 

^ X o 

or 180°. 

Fig. 218 shows the same winding arranged with chorded coils, the 
only difference being that the coils span five slot pitches or 150°. 

Fig. 219 shows a similar type of winding, also with chorded coils, 
but this time with a fractional number of slots per pole per phase. 
The winding represents a four-pole, three-phase winding with 



Fio. 218. — Three-Phase Diamond Winding. Chorded Coils. 

18 slots, i.c. 1*5 slots per pole per phase. Since there are 9 slots in a 
double pole pitch, the phase displacement between adjacent slots 
360° 

is — ^ = 40°, and the coil span is four pitches or 160°. 

9 

When the winding has a fractional number of slots per pole, only 
certain numbers of slots can be used to give a balanced winding. 

Considering the fraction reduced to its lowest terms, the 
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numerator must be a multiple of the number of phases, from which 
it follows that the denominator must not be. For example, 108 
slots with 8 poles is permissible in a three-phase machine, since 


108 

8 


= — , and 27 is a multiple of 3. 

id 


Again, slots per pole per 


phase cannot be used on a three-phase machine, because — has a 


denominator equal to the number of phases. 

Involute Windings. — In this type of winding, the end connections 
are arranged in a double layer as in the diamond coil winding. They 
are, however, bent back to an angle of 90°, and mounted in a plane 
at right angles to the axis of the stator. They are usually formed 
separately on this account, as is also done in many cases with con- 



31 123 31223 1 1233122 



Fio. 219. — Three-Phase Diamond Winding. Chorded Colls. Fractional Number of Slots 

per Pole. 


centric or diamond coils. The involute t5rpe of winding combines to 
some extent the advantages of both of the other two types described. 

Armature Conductors. — In small machines the armature (stator) 
conductors are made of single wires or strips, but in the larger sizes 
they are built up by connecting several strips in parallel. Apart 
from convenience in manufacture, this minimizes the eddy current 
loss in the bars, due to different portions of the cross -section lying 
in magnetic fluxes of different density. These component strips are 
lightly insulated from each other, and the complete conductor is so 
constructed that each parallel element occupies different positions in 
succeeding slots. This is effected by the arrangement of the end 
connections. In other cases, the parallel elements are transposed in 
the slot itself. 

fjf Breadth Factor. — In the majority of instances the armature 
grinding is not concentrated in one slot per pole per phase. As the 
result of this, the conductors in neighbouring slots have E.M.F.’s 
induced in them which differ slightly from one another in phase. 
Since the total E.M.F. induced in the coil is due to the E.M.F.’s in 
the component conductors connected in series, this difference in 
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phase causes a loss of voltage, since the individual E.M.F.’s must be 
added vectorially instead of arithmetically. For example, in a 
three-phase alternator having three slots per pole per phase there 
are nine slots distributed over one pole pitch. The phase difference 
between the E.M.F.’s induced in conductors in adjacent slots is 
therefore 20°. The vector diagram for this case is shown in Fig. 220, 
the resultant voltage being 2*88 instead of three times the voltage 
per slot. Distributing the winding in three slots thus causes a 
4 per cent, loss in voltage, bu t is nevertheless preferable to having 
it concentrated in one slot or three times the size, as this would 
tend towards the production of irregularities in the wave form. 
For this and other reasons, the single slot winding is not 
used. 

The ratio of the voltage actually obtained to the voltage which 
would be obtained if the winding were all concentrated in one slot 
is called the Breadth Factor, and in the case shown in Fig. 220 its 


value is 


?f«==0-96. 


The value of the breadth factor is unity if 



FlO. 220.— Effect of distributing Winding in Three Slots. 

the winding is concentrated into one slot per pole per phase, but 
when it is distributed its value is always less than unity, decreasing 
as the number of slots is increased. 

If the winding were distributed in an infinite number of slots 
extending over a complete pole pitch, then the diagram shown in 
Fig. 220 would become a semicircle with the resultant E.M.F. as 
the diameter, for a circle may be regarded as a polygon with an 
infinite number of sides. The breadth factor in this case is equal 

2 A - ^ 

to - = 0*637. .A ' 

TT ^ 

In the general case, let the phase angle between the E.M.F. ’s 
induced in adjacent slots be a, and let one phase of the winding 
consist of conductors arranged in n consecutive slots. There are, 
therefore, n voltages to be added vectorially. The voltage per slot 
is represented by AB, BC, CD, etc., in Fig. 221. From 0, draw a 

line OP perpendicular to AB. Now OBP = OBC, and a = 180° — 

OBP - OBC = 180° - 2 . OBP, But OBP = 90° - BOP, so that 

a = 180° - 2 (90° - BOP) = 2 . BOP = AOB. Also, PB = 
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OB . sin BOP = OB sin and AB 

2d 


2 X OB sin - . The total 


voltage induced by conductors in n adjacent slots is, therefore, 

n X 2 X OB sin when added arithmetically. Similarly the 

resultant voltage induced in the con- 
ductors in the same slots is = 2 x 

OB sin The breadth factor is given 


_ 

^ “ 71 X AB 



2xOBx sin y 
n X 2 X X sin ? 


na 


sin 


. a 
n sin - 


According to present practice, the 
number of slots per pole per phase is 
usually limited to five in the case of 
flywheel type alternators and eight in the 
case of turbo-alternators. The following 
table gives the values of the breadth factor in a number of cases of 
single-, two- and three-phase machines. 


Fig. 221. — Breadth Factor. 
General Case. 


Tallb of Breadth Factors. 


Slots per Pole 
per riiasc. 

Single-Phase, Half 

1 Slots Wound. 

Single-Phase, Two- 
thirds Slots 
Wound. 

Two-Phase, Ail 
Slots Wound. 

Three-Phase, All 
Slots Wound. 

1 





1*000 

1*000 

2 

1*000 

— 

0*924 

0*966 

3 

— 

0-8G6 

0*910 

0*960 

4 

0*924 

— 

0*906 

0*958 

6 

— 

— 

0*904 

0*967 

6 

0*910 

0*836 

0*903 

0*956 

8 

— 

— 

— 

0*956 


Effect of Ratio 


Pole Arc 


-In order to study the effect of this 


Pole Pitch* 

ratio on the induced voltage, the case of an alternator will be dis- 
cussed where the pole pitch and the flux per pole are fixed. As a 
first approximation, a rectangular pole shoe and a uniform air-gap 
will be assumed, the resulting wave form being, of course, rect- 

130l© S^PC 

angular. A variation in the ratio pitch obtained by 

choosing different lengths of pole arc, getting different magnetic 
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densities at the pole face. The area of the resulting flux curve is 
constant, since this is proportional to the product of the magnetic 
density and the pole arc, and thus represents the total flux per pole, 
which is assumed constant. With a constant speed of rotation, the 
E.M.r. wave form is similar to the curve of flux distribution, and 


\<rPn}eArc-^i \ 

-Pole Phcti 


(a) Ratio 


Pole Arc 
Pole Pitch 


= 0*4 


; 'r<- Pole Arc — ; 
K — '—Pole Pilch ~ ^ 


; '^PoleArc-^^ | 
K Pole PitchA >{ 

.. . ^ Arc 

(6) Ratio pj^jj =. 0-6 


— Pole Arc — | 
^ — Pole Pitch 


(c) 


_ , . Pole Arc 
Pole Pitch 


0-6 


id) Ratio 


Pole Arc 
Pole Pitch 


- 0-7 


Fig, 222. — Effect of Ratio 


Polo Arc 
Pole Pitch 


on Wave Form. 


thus the area of the E.M.F. wave form is also constant. Working 
out the form factors and relative R.M.S. values of the E.M.F. \s for 
the various cases in Fig. 222, these are found to be different and they 
are tabulated in the following table. 


Polf’ Arc 

Ratio 

Form 

Factor. 

Relative 
R.M.S. Voltage. 

Relative 

Max. Voltage. 

0*4 

1-58 

0-632 

1-000 

0-6 

1-41 

0-666 

0-800 

0-6 

1-29 

0-516 

0*667 

0*7 

M9 

0-478 

0-571 


According to the above table, the ratio which gives a form 
factor closest to that of a sine wave is approximately 0*7, but if 
the pole face is shaped it is found that the best value is somewhat 
lower than this. 

Calculation of E.M.F. — Each conductor on the armature cuts 
Op lines of flux in every revolution of the armature, O being the 
number of lines of flux per pole and p the number of poles. Since 
each turn consists of two active conductors together with the 
inactive end connections, the lines cut per turn per second are 
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With a sinusoidal wave form the form factor 


where n represents the revolutions per second. But the 
frequency / is equal to so that the average E.M.F. induced per 
turn is 

2^pl{ X 10“ ® volts 
= 40/ X 10“ ® volts. 

R.M.S. value \ 
average value/ 

is 1*11, and therefore the R.M.S. value of the induced E.M.F. per 
turn is 

4*440/ X 10 ® volts. 

For other shapes of E.M.F. wave the R.M.S. voltage per turn 
is given by 

X 10“ ® volts, 

where is the form factor. 

If there are T turns in series per phase the voltage per winding 
becomes 

E = 4};^<bfT X 10“ ® volts. 


It has been shown, however, that distributing the winding in 
several slots per pole results in a slight loss of voltage, and so the 
breadth factor has to be taken into account, when 

E = ^k^k^^JT X 10 ® volts, 
k^ being the breadth factor. 

When a winding is adopted in which the turns do not span a 
complete pole pitch there is a further slight loss in voltage. The 
E.M.F. due to the two conductors in a turn is now rather less than 
twice the E.M.F. per conductor. Suppose the two conductors span 
only 170° instead of the full 180°. The two conductor E.M.F.’s 
are now 10° out of phase with each other and the resultant E.M.F. 
of the two is 2 X cos 5° = 1*992 times the conductor E.M.F. In 
general if the coil spans 180° — T, the reduction factor (or pitch 
T 

factor) is cos — =k^, so that 

E = 4:k^k2k^^fT X 10 “® volts. 


There is a further slight loss of voltage if the coils which are 
connected in series are not situated exactly a pole pitch apart. 

The voltage obtained in this way is the open-circuit voltage per 
winding, and, in the case of a three-phase star-connected alternator, 
the line voltage is obtained by multipl 3 dng by \/3. To find the 
full load terminal voltage, the drop caused by the armature impe- 
dance and the effect of armature reaction must be taken into 
account, and this will be discussed later (see page 281). 
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Methods of obtaining a Sine Wave.— The ideal method of obtain- 
ing a sine wave of induced E.M.F. is to cause the conductors to cut 
a sinusoidally distributed flux at a constant rate. In practice, 
however, this is not possible, and all practical methods are only 
more or less close approximations to the ideal. 

The effects of skewed pole shoes and air-gaps of variable 
length have already been discussed (see page 254), as well as the 
effect on the distribution of the field flux of distributing the field 
winding in a number of slots in the case of the cylindrical type 
rotor of a turbo -alternator (see page 257). 

The shape of the wave can also be improved by various means 
on the stator. The stator slots may be skewed, this producing 
the same effect as skewing the pole shoes ; the conductors enter 
the field more or less gradually. The armature winding is now 
always distributed in a number of slots per polo per phase. The 
resultant induced E.M.F. is the sum of the separate E.M.F.’s 
induced in the different conductors, taking into consideration their 
various phase angles. This results in a slight loss of voltage as far 
as the fundamental of the wave is concerned, but it causes the 
harmonics to cancel each other to a certain extent. The effect can 
bo seen at once by drawing a number of trapezoidal waves, slightly 
displaced with respect to each other, and determining their resultant 
graphically. The resultant wave is a closer approximation to a 
sine wave. A somewhat similar effect is produced by the use of 
the chord winding, where the two sides of a coil span rather less 
than a complete pole pitch. The phases of the E.M.F.’s in the 
two conductors are not exactly the same and so tend to smooth 
out the harmonics. Again, the same effect can be produced by the 
use of a fractional number of slots per pole per phase or by the use 
of several empty slots. The value of the ratio of pole arc to pole 
pitch is also of importance, this effect being discussed on page 268. 

Higher harmonics can be minimized by not having an exact 
number of teeth per pole arc. If this were not done the number of 
teeth under the pole shoe would be one more in certain positions 
of the rotor than in others. This would cause a fluctuation in the 
reluctance of the magnetic circuit and also cause small E.M.F.^s of 
high harmonic frequency to be induced. These particular higher 
harmonics are called tooth ripples. Another method of reducing 
these tooth ripples is to use an air-gap which is relatively long so 
as to increase the reluctance. The relative effect of the teeth is 
thus reduced. 

The connection of the stator windings for a three-phase supply 
in itself eliminates harmonics of three and multiples of thre6 times 
the fundamental frequency, provided the neutral be not earthed. 
This, however, is rarely the case. 

All the above methods are employed (although not simultane- 
ously) for the production of a close approximation to a sine wave of 



272 


ALTERNATING CURRENTS 


CH. 


induced E.M.F., and modem machinery does closely approximate 
to the ideal in this respect. 

Clamps for End Connections. — The end connections of the arma- 
ture coils consist of a number of conductors carrying currents flowing 



PlO. 223. — SUtor for 25,000 kVA, 3000 R.P.M., 3-pha8e, 60 cycle, 6600 volt Alternator 

(B.T.H.). 


in the same direction, and this results in considerable mechanical 
stresses being set up on occasion, particularly in the case of turbo- 
alteraators. In ordinary low-speed alternators, no special precau- 
tions need be taken to deal with these stresses, but with turbo- 
alternators it is different. This is due to the longer pole pitches 
and to the greater number of ampere-turns per pole employed. 
Experience has shown that very heavy clamping devices are neces- 
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Bary in these cases to prevent the coils being torn from their 
fastenings under the influence of an accidental short-circuit. Figs. 
223 and 224 show typical examples of the heavily clamped end 
connections of a turbo-alternator. 

Damping Grids. — When a polyphase alternator delivers a current 
a rotating magnetic field is set up by the combined action of the 



Fr). — Clamping Arrangements for Stator End Connections. 


armature currents, and if the speed of rotation of the rotor is not 
exactly uniform the poles will sometimes gain on this flux as it 
rotates and sometimes lag behind. SChe pole face can therefore 
bo imagined to be situated in a ma^gnotic field which oscillates 
from side to side, and any closed circuit in the neighbourhood will 
have a current induced in it. The generation of such a current 
tends to damp out the motion which produces it and thus tends 



towards smoother running. In order to effect this, special windings 
are sometimes wound in slots or holes in the pole shoe. These 
windings are known as dumping grids or amortisseurs, and consist of a 
number of heavy copper rods, one in each hole, riveted at the ends to a 
common bar so as to form a short-circuited grid, as shown in Fig. 225. 

In cylindrical type rotors the damping grids take the form of a 
squirrel cage (see page 328). Surrounding the end connections is a 
copper ring with a number of fingers projecting into the slots. The 
ring and fingers are cut from a single large sheet of copper. 
Separate strips placed in the top of the slots between the slot wedges 
and the winding complete the squirrel cage. 

T 
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In some cases a stationary squirrel cage damper is mounted on 
the stator, opposite to the rotor end connections, the object being to 
reduce the magnetic leakage from the latter. 

Excitation and Exciters. — The ordinary tyjoes of alternator 
require to be excited by means of D.C. from some external source, 
and for this purpose it is usual to instal special D.C. generators called 
exciters in connection with large alternators. One system frequently 
adopted consists in having an exciter for every alternator, directly 
driven from the alternator shaft. An alternative method is to 
have one exciter of sufficient capacity to deal with the excitation of 
all the alternators in question, the exciter being steam-driven. In 
this case the exciter can also be made to supply additional power 
for the purpose of lighting the generating station and for other 
auxiliary services. Sometimes also there will be a pair of D.C. bus 
bars convenient, in which case the necessary exciting current can 
be obtained from the mains. 

When each alternator is fitted with its own exciter, the regula- 
tion of the exciting current can be effected by means of a resistance 
in the exciter field, wliich deals with a comparatively small current, 
but when a common exciter serves a number of alternators the field 
regulation must be effected by resistances in the exciter main 
armature circuit. The field regulating resistances must therefore 
be capable of carrying larger currents, thus resulting in an increase 
in size. 

In modern large turbo-alternators the exciting current required 
for full load current at the lowest rated power factor may bo several 
times the exciting current required to give normal voltage on open- 
circuit. The terminal voltage of the exciter in the latter case is, 
therefore, only a relatively small percentage of its full voltage. This 
means that it is working on the straight line portion of its voltage- 
excitation characteristic, and a certain amount of voltage instability 
may be encountered. To obviate this, some alternators are provided 
with what is called a service exciter, the function of which is to 
supply the excitation of the main exciter. The latter now consists 
of a separately excited D.C. generator. 

When an alternator delivers a leading current, its field is 
strengthened (see page 282) on account of the armature reaction, 
and in certain cases this strengthening effect is sufficient to cause 
a very considerable E.M.F. to be generated, even if the D.C. field 
current be interrupted. The leading current in the stator con- 
ductors sets up a rotating field of its own just as in the case of an 
induction motor (see Chapter XX). Not only may the E.M.F. be 
maintained on interrupting the D.C. field current, but an unexcited 
alternator may build up its voltage if switched on to a capacitance 
of sufficient magnitude. The residual magnetism induces a small 
voltage which produces a small capacitance current. This 
strengthens the field and the action goes on until the E.M.F. is com- 
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pletely built up. The value of the E.M.F. which can be obtained 
in this way depends upon the capacitance of the circuit to which the 
machine is connected. If the capacitance is large enough, very 
dangerous potentials may be reached, exceeding those normally 
obtained. This effect has a direct practical application in the 
switching on of unexcited alternators to long open-circuited feeders 
possessing considerable capacitance. This practice should always 
be avoided where possible. 

Tirrill Regulator. — The Tirrill regulator is an automatic device 
employed for regulating the voltage of an alternator under varying 



loads, and is shown diagrammatically in Fig. 226. There is a main 
control solenoid, CS, connected across the alternator terminals, 
either directly or through a voltage transformer, PT^ and an 
exciter control solenoid, ECS, connected across the exciter armature. 
A differentially wound relay, R, with a U-shaped core operates two 
contacts which open and close a short-circuit across the exciter 
field rheostat, those contacts being protected by a condenser, (7, 
which is shunted across them. One of the differential relay windings 
is connected across the exciter terminals and the other is connected 
across the same points but in series with the main contacts, MC. 
The latter are mounted one on each of the control levers. The 
pull on the exciter control solenoid is balanced by springs and that 
exerted on the main control solenoid is damped by a dash pot. 
The pull on the main control solenoid is independent oi the position 
of the core and is balanced by a weight. 
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If the generator voltage falls the plunger on the main control 
solenoid tends to sink and the main control lever to rotate in a 
clockwise direction, and vice versa. The lever is in equilibrium at 
one voltage only. When the voltage falls this lever closes the 
main contacts. This brings the second relay winding into operation, 
which neutralizes the other one and demagnetizes the relay. The 
spring then pulls off the keeper and closes the relay contacts, thus 
short-circuiting the exciter field rheostat. The exciter voltage then 
rises until the generator voltage is sufficient to restore equilibrium 
in the main control lever. The exciter voltage continues to increase 
by a small amount and this causes the exciter control solenoid to 
rotate its control lever so that the main contacts are opened. This 
now removes the short circuit across the exciter field rheostat. 
The only moving parts of the mechanism consist of very light 
contacts which, when the regulator is in circuit, are continuously 
vibrating, their maximum travel being only inch. 

The time lag is practically non-existent and these regulators 
are most successful in maintaining a practically steady pressure. 

Examples. 

(1) Compare critically the rotating field and the rotating arma- 
ture types of alternator, and explain the reasons which have led to 
the adoption of the former as the standard type. 

(2) A three-phase low speed alternator has three slots per pole 
per phase. Make a sketch of the development of a suitable coil 
winding with end connections in two planes. 

(3) Calculate the breadth factor of a three-phase, 4-pole, turbo- 
alternator having a total of 72 stator slots. 

If the stator of this machine were re-wound for two -phase 
working, using the same rotor and the same conductors per slot, 
would the output be the same, greater or less than the original 
output? Give reasons and calculate the percentage difference. 

(4) Explain what steps are taken to ensure that an alternator 
shall generate an E.M.F., the wave form of which shall be a close 
approximation to a sine wave. 

(5) Write an account of the methods employed for ventilating 
large turbo-alternators. 

(6) A three-phase star-connected alternator is required to give 
6700 volts between lines on open-circuit at 50 cycles and 600 r.p.m. 
There are eight conductors per slot and three slots per pole per 
phase. Determine the useful flux per pole, assuming a sine wave. 

(7) A three-phase, star-connected, 50 cycle, 4-pole alternator has 
60 slots on the stator, with 2 conductors per slot. The armature 
winding is of the two layer type. Short pitch coils are used, a 
conductor in slot No. 1 being connected to a conductor in slot No. 13. 
Determine the useful flux per pole required to induce a line voltage of 
6700 volts. Assume a sine wave of induced E.M.F. 
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ALTERNATORS. — PERFORMANCE AND TESTING 

Magnetization Curve. — ^The graphical relationship which exists 
between the exciting current and the terminal voltage of the arma- 
ture is called the magnetization curve, and can be obtained experi- 
mentally by taking various values of the exciting current and 
observing the corresponding armature voltages, the machine being 
on ypen-circii it. Usually it is necessary to insert a considerable 
resistance in series with the field winding in addition to the ordinary 
shunt regulator, in order to bring down the exciting current so as 
to obtain points on the lower portion of the curve. The resulting 
graph follows the general shape of the B — H curves. Another 
magnetization curve can be obtained by making the alternator 
give out full load current at unity power factor and obtaining the 
relation between the exciting current 
and the terminal voltage as before. If 
the necessary inductances are available, 
the test can be repeated with a power 
factor of less than unity. !Pig. 227 shows 
the nature of the curves which are ob- 
tained in the test. 

Load Characteristic. — The load charac- 
teristic of an alternator is obtained 
by determining the relationship between 
the terminal voltage and the load current, 
the exciting current and speed being kept constant. 

As the a rmature cur reiilLia-incrcased the terminal volts jlr op, 
due to a number of causes. The resistance and reactance of the 
armature winding absorb some of the volts which are generated, 
whilst the armature reaction generally results in an actual decrease 
of the volts generated, owing to its weakening effect on the magnetic 
field. The magnitude of the latter effect depends to a very large 
extent upon the angle of lag or lead of the armature current and 
results in a strengthening of the magnetic field when a leading current 
is delivered. In fact, if the angle of lead be sufficient, the increase in 
the generated volts is such that, taking into consideration the phase of 
the volts absorbed by the armature impedance, the terminal voltage 
on load is actually higher than the no-load E.M.F. Fig. 228 shows 
a typical series of load characteristics obtained at different power 
factors, and clearly shows the effect of lagging and leading currents. 
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Exciting Current 

Fia. 227. — Magnetization Curves. 
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When the alternator is a polyphase machine, care must be taken 
to obtain a balanced load, both as regards power factor and current. 

When performing the test at any particular power factor, it 
will be found convenient to insert a power factor indicator, as 
otherwise great difficulty will be experienced in maintaining it 
constant. An alternative method is to take a series of readings 
with a constant current but varying power factors, obtained by 
altering the relative amounts of resistance and reactance in the 
circuit. A number of such curves must bo taken, each one corre- 
sponding to a different current (see Fig. 229). To obtain the load 
characteristic for a particular power factor, draw a vertical line 
through the value chosen and read off the voltages corresponding to 
the various currents from the curve. In this way, one point is 


p.f.=0-7 

p.f.=0-8 

p.f.=0-9 

p.f. = l 

p.f.=0-9 

p.f.=0-8 


Load Current 

Fiq. 228. — 
Load Characteristics. 



Fig. 229. — Effect of Power Factor 
on Terminal Voltage. 



obtained from each of the curves in Fig. 229, but this can be repeated 
for as many power factors as desired. 

Regulation. — When an alternator is subjected to a varying load, 
the voltage at the terminals of the armature varies to a certain 
extent, and the amount of this variation determines the regulation 
of the machine. The numerical value of the regulation is defined as 
the percentage rise in voltage when full load is switched off, the 
excitation being adjusted initially to give normal voltage. This 
gives a lower figure than the percentage fall in voltage when full 
load is switched on, and is favoured, therefore, by the manu- 
facturers. The reason for this difference can be seen by referring 
to Fig. 227. Assume tha-macbinfiLiLLbe oji open-circuit and giving 
a voltage represented by the point A oii the no-load curve. On 
switching on full load at unity power factor the voltage drops to 
that represented by the point B and the drop in voltage is given 
by the vertical distance between A and B, Now let the excitation 
be increased until the original voltage is reached, full load being 
maintained all the time. In this way point C is reached. On 
throwing off the load, the voltage rises to a value given by point Z), 
and the vertical distance between G and D measures the rise in 
voltage. Owing to the greater saturation due to the larger exciting 
current, this rise is less than the fall obtained when the load is 
switched on. If this be repeated with a load having a power factor 
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of less than unity, the current being a lagging one, the percentage 
fall or rise of the voltage would be correspondingly greater. 

Close regulation is not asked for in modern alternators, as the 
protection of the machine is considered more important than its 
inherent regulation. It is now usual to design an alternator with 
a considerable amount of internal reactance, as this limits the short- 
circuit current, a most important point when dealing with modern 
high power units. The voltage is then maintained approximately 
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Percentage of Open-Circuit Excitation at Normal Voltage 


Fig. 230. — Turbo- Alternator Characteristics. 

constant by the aid of automatic voltage regulators, of which the 
Tirrill regulator is an example (see page 275). 

If it is not possible or desirable to measure the regulation by 
direct experiment, it can be obtained indirectly by other means 
which do not necessitate the alternator being fully loaded. For 
this purpose it is necessary to perform two tests, viz. the open- 
circuit test to obtain the magnetization curve (already described) 
and a short-circuit test to obtain the impedance of the alternator 
armature. The latter test wiU now be considered. 

Short-Circuit Test. — In this test the armature is directly short- 
circuited through an ammeter, whilst additional resistances must 
be inserted in the field circuit to limit the exciting current so as not 
to burn out the armature. The relation between the armature 
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current on short-circuit and the exciting current is then obtained 
over as large a range as possible, the speed being kept constant. As 
will be explained later small variations of the speed do not affect 
the armature current to any appreciable extent, so that there is no 
necessity to have close speed regulation. The resulting curve 
should be a straight line, as shown in Fig. 230. Under short- 
circuit conditions the armature cmrent is practically 90° out of 
phase with the vojtage, and the armature M.M.F. has a demag- 
netizing action on the field (see Figs. 236 and 236). The resultant 
ampere-turns inducing the armature E.M.F. are therefore the 
numerical difference between the field and the armature ampere- 
turns. This induced E.M.F. is equal to A'B' in Fig. 238, and is 
also equal to IZ where I is the armature current and Z the 
impedance of the armature winding. 

If the resistance of the winding be measured by means of a 
direct current, the reactance can be calculated and the impedance 
triangle determined. 

In the majority of cases the resistance is small compared with 
the reactance, so that if the speed varies, the frequency and the 
reactance (= 2ufL) vary accordingly. Thus the impedance is prac- 
tically proportional to the speed, and since the induced voltage is 
also proportional to the speed, the short-circuit current remains 
practically constant over a wide range. 

As an example, consider an armature having a resistance of 0*1 
ohm and a reactance of 0»8 apparent ohm at a frequency of 50. 
The impedance is Z = VO-l^ + 0-8^ = 0-806 apparent ohm, and if 

the induced voltage is 100 the short-circuit current is _ - — = 124 

U'oOb 


amperes. On halving the speed, the frequency drops to 25 and the 
impedance becomes = V 0-1^ + 0-4* = 0-412 apparent ohm. 

The voltage is now 50 and the short- 

50 

circuit current becomes =121 



0-412 

amperes, a drop of only 3 per cent, 
for a speed reduction of 50 per cent. 
Fig. 231 shows a typical example of 
the variation of the short-circuit 
current with the speed. 

Polyphase alternators behave in 
the same way as single -phase ones 
in this respect, aU the terminals 
being short-circuited through the necessary ammeters. 

The ratio of the field current required for normal volts on open- 
circuit to that required to circulate full load current on short-circuit 
is called the short-circuit ratio. Its value usually lies between 0-6 and 
1 *4. The steady short-circuit current with normal open-circuit excita- 
tion therefore also lies between 0*6 and 1-4 times full load current. 


Fio. 231. — Effect of Speed on Short- 
Circuit Current. 
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A low short-circuit ratio is obtained with a short air-gap length 
and results in poor regulation. Such a machine requires a relatively 
large change in field excitation for a given change of load. 

Armature Reaction. — When the armature 
is supplying current there are two distinct lid 111 

sources of M.M.F. acting upon it, viz. that 
due to the main field system and that due to 
the armature current itself. The former is o® — ■ - V — 

approximately constant, but the latter is not ^ ^ 

so in a single -phase case, since it alternates 
with time and rotates in space, assuming a I iST I I S I 
rotating armature. Fig. 232 represents sue- — ^ 

cessive instants of time in a single-phase ^ 

alternator having one conductor per pole, the co® -d — 

current being supposed to be in phase with ^ 

the E.M.F. Assuming a sinusoidal space dis- 
tribution of the main flux and also that the | I I 5 I 
curve of armature M.M.F. follows a sine law — ‘ — ^ 

with respect to time, the maximum induced 
E.M.F. occurs when the conductors are passing co° 
the centre line of the poles. The armature 
current is also a maximum at this instant, 


w 111 


111 


and the curve of armature M.M.F. now has 
its maximum height. Points above the line 
are taken to represent M.M.F.'s aiding the 
main N pole. Successive instants are shown 
at intervals of 30° electrical, the armature 



M.M.F. dying down and reversing synchro- 
nously with the current. Now consider a point 
situated on the centre line of the N pole. 
There is the constant main M.M.F. acting, 
but in addition to this there is an alternat- 120 * 
ing M.M.F. due to the armature alternately 
weakening and strengthening it. The average 
flux is unaffected, but it pulsates from instant 
to instant, now less than and now greater 
than its mean value. Next consider a point 
situated at the right-hand edge of the N pole 
(the trailing pole tip). This is subjected to 
similar fluctuations of M.M.F., but the 



strengthening is much more than the weaken- 
ing. The opposite is the case for a point 
situated at the leading pole tip of the N 
pole where there is more weakening than 
strengthening. The same thing occu’'s under 
the S pole, with the result that there is no 
resultant strengthening or weakening, but 


[£j 

180® 

Fio. 232. — Armature Reactiou 
Current in Phase. 
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30* 



only distortion. What one side of a pole gains the other side loses, 
so that it corresponds to a pulsating swing of the flux from side to 
side of the poles. 

Next consider the same case when the 
current lags behind the induced E.M.F. by 
90°. These conditions are represented in 
Fig. 233 and can be traced out in the same 
way as in the previous example. Tak- 
ing a point lying under the centre line of 
a pole, it is found that there is always a 
weakening effect, although variable in mag- 
nitude. The trailing pole tip is subjected 
to an action which is mainly weakening, 
although a slight strengthening occurs about 
120° from the start. The leading pole tip is 
also subjected to a general weakening effect 
with a slight strengthening about 60° from 
the start. The net result is a perpetual 
weakening with a slight periodical swaying 
of the resultant flux from side to side. 

When the current lags by an angle less 
than 90° there is both weakening and distor- 
tion, the weakening getting greater and the 
distortion less as the angle of lag increases. 

When a leading current is considered, the 
current arrives at its maximum value before 
the conductor gets to the centre line of the 
pole, and the weakening effect is turned into a 
strengthening one, again accompanied by dis- 
tortion, the strengthening increasing and the 
distortion decreasing as the angle of lead is 
increased. 

It is thus seen that when an alternator 
is delivering a lagging current the magnetic 
flux is decreased in magnitude so that the 
induced voltage is actually less than on no- 
load, whilst the phase relationship of the 
^ ^ ^ current causes an increased loss of the voltage 


90* 
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FlO. 233. — Armattire 
Reaction. Current 
lagging 90*. 


which is generated, thus accounting for the 
increased rate at which the voltage falls away 
when the machine is supplying an inductive 
load. 

Conversely, when an alternator is supply- 
ing a leading current the flux is increased, 
thus causing an increase in the voltage 
generated, whilst the phase relationship 
existing between the current and voltage 
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reduces the drop in voltage and may even make it a rise if the 
current leads by a sufficient angle. The load characteristic of the 
alternator, therefore, rises with increase of load under these 
conditions. 

The efifects of armature reaction can be further studied by 
reference to Fig. 234. At (a) are shown the no-load conditions, 
the ampere-turns of the field winding acting along the centre line of 
the pole. The conductor which happens to be in this particular 


ITr 






Fia, 234. — Distribution of M.M.F.’s. 


position has its maximum E.M.F. induced in it at this instant. 
Since the armature current is zero at no-load, the armature exerts 
no reaction in these circumstances. When the armature delivers a 
load current, the flux distribution becomes modified after the 
manner indicated at (6), which represents the conditions for a 
unity power fstctor load. The resultant flux is, on the whole, 
displaced along the air-gap, towards the trailing pole tip, as can 
be seen from a detailed examination of Fig. 232. Let the magnetic 
axis of the resultant M.M.F. now lie along the line The 
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armature conductors which are having maximum E.M.F. induced 
in them are also lying on this line. The magnetic axis of the turn 
which is inducing its maximum E.M.F. is therefore along the line 
Other turns to right and to left of this one will have magnetic 
axes to the right and the left of the line but conditions of 
symmetry show that the line IT^ represents the centre line of the 
whole armature M.M.F. as well as the centre line of the single turn 
indicated in the diagram. The centre line of the field M.M.F. lies 
along the centre line of the polo as before. It is now seen that the 
centre line of the resultant M.M.F. lies between the centre lines of 
the field and the armature M.M.F. ’s (considered in the same direc- 
tion), as is to be expected. The axis of the resultant M.M.F. is 
nearer to that of the field M.M.F. than to that of the armature 
M.M.F., because in this instance the field ampere-turns are greater 
than the armatime ampere-turns. 

The conditions for an armature current lagging by 90° are 
shown at (c). There is now no distortion of the flux, but only 
weakening. The position of the armature conductors when inducing 
their maximum E.M.F. is along the centre line of the resultant 
M.M.F., which is now also the same as the centre line of the field 
M.M.F., since there is no distortion. Maximum current does not 
occur, however, until the moving system has rotated through a 
further 90°, or half a pole pitch. Conductors in this position are 
indicated in Fig. 234 (c), from which it is seen that the centre line 
of the armature M.M.F. lies along the same line as the centre line 
of the field M.M.F., but the two are in opposition. The armature 
reaction is now a pure weakening effect, there being no lateral 
distortion in either direction. 

For currents lagging by less than 90°, there is a combination of 
the lateral distortion and the direct weakening, whilst for leading 
armature currents, the distortion is in the other direction, and the 
weakening effect is converted into a strengthening one. 

Armature Reaction in Three-Phase Alternator. — In the case of 
a polyphase alternator with a stationary armature, the armature 
currents set up a rotating M.M.E . (see Chapter XI) which, if the 
load , be a balanced one, is constant in magnitude and rotates 
synchronously, assuming sine waves. As shown on page 141, the 
actual wave of M.M.F. is alternately more peaked and more flat- 
topped than a true sine wave. This rotating M.M.F. thus remains 
fixed with respect to that due to the main field system. If the 
armature be rotating, the M.M.F. due to it rotates at synchronous 
speed with respect to it, but in the reverse direction, so that it is 
stationary in space, and again reacts in a constant manner on the 
main field, which is now stationary. In either case distortion is 
produced when the power factor is unity, this being combined with 
a weakening effect when the current is lagging and a strengthening 
effect when the current is leading. 
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The resultant M.M.F. is due to the combination of the field 
M.M.F. and the armature M.M.F. , the latter in its turn being the 
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i.e. the centre lines of their respective ampere -turns occur at dif- 
ferent points in the air-gap. The centre line of the resultant M.M.F. 
differs from that of the field M.M.F. when the armature is delivering 
current, so that the position of the armature for maximum E.M.F. 
is altered. This changes the time at which the maximum E.M.F. 
occurs, or, in other words, alters its phase. 

Fig. 235 {a) represents the conditions (in a rotating armature 
alternator) when the armature winding is delivering current to an 
external circuit at unity power factor. The centre line of the 
M.M.F. due to the field winding is taken as being the centre line of 
the pole, but the centre line of the resultant M.M.F. occurs further 
to the right. The diagram is drawn for the instant when the current 
in Phase I is a maximum. The M.M.F. space waves are drawn for 
all three phases separately, together with their resultant. The 
positions of these component M.M.F. waves are determined by the 
positions of the corresponding conductors, the centre of the Phase I 
conductors coinciding with the centre line of the resultant M.M.F. 
The resultant space wave of M.M.F. due to the armature is obtained 
by adding together the waves due to the three phases separately. 
The instantaneous values of the currents in Phases II and III are 
each equal to minus half their maximum value. (This diagram 
should be compared with Fig. 113.) The resultant armature M.M.F. 
wave is slightly more peak^ than a true sine wave. 

Next consider the conditions when the armature has moved half 


a pole pitch to the right [see Fig. 235 (6)J. The current in Phase 1 

*+■ \/3 

is now zero, the currents in Phases II and III being — ^ — and 



times their maximum value respectively. 


The resultant 


armature M.M.F. wave is now slightly more flat-topped than a sine 
wave, but its centre line is the same as before. The armature M.M.F. 
has a constant angle of displacement with respect to the field M.M.F. 
at all instants during the cycle. The mean wave form of the 
armature M.M.F. is assumed to be a sine wave, and when combined 


with the M.M.F. due to the field winding, gives rise to a resultant 
wave of M.M.F. which is exactly 90'' out of space phase with the 
armature M.M.F. 


Fig. 235 (c) represents the conditions when the current in Phase I 
is a maximum, the power factor of the external circuit being zero. 
The current in Phase I now reaches a maximum 90" after the instant 


when the centre line of the Phase I conductors is passing the centre 
line of the resultant M.M.F. wave. The resultant armature M.M.F. 


is now wholly demagnetizing, there being no distortion as in the 
previous case. The resultant M.M.F. is the numerical difference of 
the field M.M.F. and the armature M.M.F. There is, consequently, 
no displacement in phase, and the E.M.F. when delivering a current 
at zero power factor is in phase with the E.M.F. on no-load. This 
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is not the case when the power factor has other values ; in such cases 
there is an alteration in the phase of the induced E.M.F. 

The effect can be further studied by means of Fig. 236. At (a) 
the armature M.M.F. is represented as acting at 90° (half a pole 
pitch) to the resultant M.M.F. , the latter being the vector sum of 
the M.M.F.’s due to field and armature. On no-load the phase of 


Field M.M.F. 



A multure M.M.F. 

^ 

(b) 

Cos >p ==>0 


Field M. M. F. 

^ 

Resultant 
M. M. F. 





Cos ^ - 0-8 (lagging) 

Field M.M.F. 


(d) 



Cos (p - 0-8 (leading) 


riQ. 236.— M.M.F. Diagrams for Three-Phase Altcraator. 


the induced E.M.F. is determined by the phase of the field M.M.F., 
since this now coincides with the resultant M.M.F. When delivering 
load, the phase of the induced E.M.F. clearly lags behind its phase 
on no-load. At (6) the armature is delivering a current at zero 
power factor (lagging). The armature M.M.F. now acts 180“ 
instead of 90° behind the resultant M.M.F. There is obviously no 
phase displacement, and no distortion, but only weakening of the 
flux. At (c) the conditions are represented for a load power factor 
of 0-8 (lagging), and at (d) lor a load power factor of 0-8 (leading). 
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At (c) there is both phase displacement (and flux distortion) together 
with a reduction in the resultant whilst at (d) there is a 

phase displacement (and flux distortion) together with an increase 
in the resultant M.M.F. 

The diagrams in Fig. 236 should be compared with those in 
Fig. 234. At (a) in Fig. 236, the field M.M.F. is shown leading the 
resultant M.M.F. by a certain angle, and the resultant M.M.F. is 
shown leading the armature M.M.F. by 90°. At (6) in Fig. 234, 
the same sequence is observed. 

Again at (6) in Fig. 236 the conditions are seen to be the same 
as at (c) in Fig. 234. 

Lagging currents thus cause a diminution in the induced E.M.F., 
whilst leading currents bring about an increase. Lagging currents 
tend to demagnetize, and leading currents to magnetize, the 
alternator. 

Armature Reactance. — -When a current flows through the 
armature winding, local fluxes are set up at various places. Flux 
set up in this manner, linking with the armature winding but not 
with the field winding, is called leakage flux, and is the cause of the 
armature reactance. Broadly, it may be divided into (a) slot 
leakage and (6) end connection leakage. In the latter case, the 
leakage flux has a distinct independent existence, but in the case 
of slot leakage the flux has no separate physical existence, being 
merged in the main flux, which becomes, in consequence, distorted 
locally. 

Armature reactance results in a voltage drop in the winding, in 
the same way as does its resistance, this voltage drop usually being 
of the order of 10-15 per cent. 

Synchronous Impedance. — The method of determ ining t he unpe- 
d ance of the a^ature described on page 280 assumes that the voltage 
generated wE^ short-circuited is the same as when on open-circuit, 
and this assumption is not justified, for in addition to the armature 
possessing resistance and reactance there is a true armature reaction 
as well. Armature reaction is due to the magnetizing action of the 
armature upon the main field and is an M.M.F. effect. Armature 
reactance is due to an E.M.F. being induced in the armature con- 
ductors, on account of the current carried by it. The first effect, 
by weakening the field, reduces the voltage actually generated; 
the second uses up some of the generated volts before the terminals 
are reached. Really, the main induced E.M.F. and the E.M.F. of 
self-induction do not combine as they do not exist separately, but 
the M.M.F.’b which produce the respective fluxes exist and produce 
a resultant flux. It is convenient, however, to regard the two 
E.M.F. ’s as separate from a mathematical standpoint. 

When the current in the armature is a lagging one the effect of 
armature reaction is to weaken the main field besides distorting it, 
whilst when the armature current leads the weakening action 
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becomes a strengthening one. Again, when the armature current 
lags armature reactance sets up an E.M.F. which is in partial 
opposition to the induced E.M.F., causing a drop in voltage, whilst 
when the armature current leads the reactance introduces an E.M.F. 
having a component which increases the induced E.M.F. From 
this point of view the armature reaction and reactance produce 
similar effects and may be combined in what is called the syn- 
chronous reactance. This is not a true reactance, but can be con- 
sidered as such for a variety of piuposes. When combined with the 
resistance in the usual way, a quantity called the synchronous 
imjpedance is obtained, which thus takes into consideration the 
armature reaction and the armature reactance in addition to its 
resistance. 

The synchronous reactance is usually not constant, but pulsates 
periodically on account of the var3dng reluctance of the armature 
magnetic circuit as the rotor changes position. This reluctance also 
varies between Inaximum and minimum limits synchronously. 

Predetermination of Regulation by Behn-Eschenburg’s E.M.F. 
Method. — In this method the open-circuit magnetization curve and 
the short-circuit characteristic are necessary, so that the synchronous 
impedance may bjp obtained as explained above. The impedance 
triangle is then determined and the regulation can be obtained by 
drawing a vector diagram as shown in Fig. 237. In the first case 
the full load current is assumed, the power factor of the external 
circuit being unity. By multiplying each side of the impedance 
triangle by the current, a voltage triangle is obtained representing 
the voltages absorbed by the armature resistance and synchronous 
reactance. Taking the phase of the current as a datum line, 
this voltage loss triangle can be erected in position. The total 
generated voltage consists of the terminal voltage together with 
the impedance voltage added at its proper phase angle, so that the 
tip of the induced voltage vector OE lies along a horizontal line 
drawn through Vz, The magnitude of OE is obtained from the 
open-circuit magnetization curve, and the vector is drawn by 
taking O as centre and with OE as radius, striking an arc so 
as to cut the horizontal line through A line VE is then 

drawn equal and parallel to OVz^ when OV represents the terminal 
voltage. 

When a lagging current is dealt with [see Fig. 237 (6)], the phase 
of OF is taken as the datum line and 01 is drawn lagging behind 
it at the correct angle <}> and the same construction repeated, remem- 
bering that the voltage overcoming the resistance of the armature 
is in phase with the current. 

Fig 237 (c) shows the vector diagram for a leading current. 

These vector diagrams can be repeated for other values of the 
load current by making the size of the impedance voltage triangle 
proportional to the current. 

U 
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In this way, points on the load characteristic can be calculated 
for all values of the load current and for any power factor. 

In practice this method gives values for the voltage drop which 
are too high and has been named, in consequence, the pessimistic 
method. 

Armature Ampere-turns. — The armature ampere-turns are 
approximately equal to the field ampere-turns necessary to force 
full load current through the armature on short circuit. This 
neglects that portion of the field ampere- turns which actually sets 
up the flux required to generate the small E.M.F. necessary to 


(a) 


Current in Phase 



% 

\ 



Current Leading 

FlQ. 237.— Behn-Eschenburg's E.M.F. Diagram. 


produce the short-circuit current. The true value of the armature 
ampere- turns is less than is given by this method. 

It was shown on page 141 that for a uniform air-gap machine, 
the resultant maximum effect of three phases varies from twice 
to Vs times the maximum effect due to any one phase acting by 
itself. If there be N total conductors on the armature, each 


carrying a current of I amperes, then the R.M.S. ampere-turns per 
phase may be taken as the maximum value hemg^^lN, The 


resultant maximum ampere-turns of the whole armature winding. 
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therefore, vary between = 0*471/jYand — ^ ^ IN = 

0-408/iV’. The average of these two values is 0-4AIN, so that 

0‘44IN 

the resultant maximum ampere-turns per pole are — — — . This 

neglects the efiFect of distribution, but where cylindrical type rotors 
are employed this is largely neutralized by the corresponding 
distribution of the field winding. 

When an alternator is short-circuited, the armature ampere- 
turns are wholly demagnetizing, and for a salient pole machine the 
total demagnetizing effect is less than for a machine with a 
cylindrical rotor. The constant 0*44 is now modified to a certain 
extent, the maximum armature ampere -turns per pole becoming 
0*35 IN 

approximately — ~ — . The value of the constant depends to a 
certain extent upon the ratio of pole arc to pole pitch. 



Fia. 238. — Separation of Armature Beaction and Reactance. 


Separation of Armature Reaction and Reactance. — The method 
of calculating the regulation outlined above introduces errors because 
the armature reaction and reactance are treated in the same way. 
If these two effects, the true armature reaction (an M.M.F. effect) 
and the leakage reactance (an E.M.F. effect) be separated, then a 
very close approximation to the truth is obtained. This can be 
done by the aid of the magnetization curves on open-circuit and 
on full load at zero power factor. It is seen from Fig. 237 that if the 
current be made to lag by 90"", then the difference between the E.M.F. 
on open-circuit and on load is practically equal to the voltage drop 
due to the reactance of the winding. The small IE drop is at right 
angles to the terminal voltage and is negligible. In other words, to 
obtain the terminal volts, the IX drop (X is here the true leakage 
reactance and not the synchronous reactance) is subtracted 
arithmetically from the open-circuit voltage. 

Considering the point A (see Fig. 238) on the open-circuit curve, 
the terminal voltage is AE and the exciting current D'JS, the 
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alternator being on no-load. On the application of full load 
current at zero power factor, there is a drop in terminal volts, ABy 
equal to IXy but in addition to this, the armature reaction is now 
acting, and this necessitates an increase in the exciting current in 
order to maintain the same effective flux. This increase in the 
exciting current is represented by EF, so that the point C on the full 
load curve corresponds to the point A on the open-circuit curve. 
The increase, EFy when multiplied by the total number of field 
turns, is equal to the total armature ampere- turns as calculated 
above. For the same armature current, however, the triangle ABC 
is of constant shape and size, so that the lower curve may be said 
to be a repetition of the upper one, only dropped by a constant 
distance AB and moved to the right by a constant distance BC, 
It follows, therefore, that the triangle A'B'C' is the same as ABC 
and, moreover, since the curves are always practically straight 
lines near the origin, it may also be said that the two triangles 
D'A'C' and DAC are equal. In order to determine a point such as 
A on the open-circuit curve corresponding to the point C on the full 
load curve, therefore, a horizontal line DC is drawn equal to the 
known length D'C\ and then from the point Z), a line DA is drawn 
parallel to D'A\ This line cuts the open-circuit curve at J, after 
which the lengths AB and BC can be readily determined. In order 
to obtain a reasonable degree of accuracy it is desirable that the line 
DA should be inclined to the open-circuit characteristic as much as 
possible. 

On dividing the voltage represented by .4^ by the corresponding 
armature current, the leakage reactance of the armature is obtained, 
whilst the exciting current EF may be considered as that required 
to overcome the effects of armature reaction at this current. This 
exciting current can, if so desired, be converted into ampere-turns. 

Zero Power Factor Characteristic. — In actual practice it is 
difficult to obtain the complete zero power factor characteristic 
on experimental grounds. Large oil-immersed reactors, built like 
transformers but without any secondaries, are employed for this 
purpose. If one point be determined, together with the short- 
circuit point, then the graph may be obtained by means of the 
following construction. 

When short-circuited, the current lags by an angle approximating 
to 90°, due to the large ratio of X to liy so that for this purpose the 
point C' (Fig. 238) may be considered as being at zero power factor. 
Let C be the one determined point on the zero power factor character- 
istic. The points A' and A are at present unknown, but by trial 
and error two parallel, lines A'C' and AC can be obtained equal in 
length. There is only one slope at which this occurs. Having 
found this slope other points may be determined by drawing further 
lines from the open-circuit curve, equal in length to AC and inclined 
at the same angle, until the whole curve is constructed. 
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Potler^s Regulation Diagram. — ^The complete regulation diagram 
can now bo drawn by a method originally suggested by Potier, 
combining both the E.M.F. and M.M.F. diagrams (see Fig. 239). 
The terminal voltage is represented by OF and the load current by 
01 lagging by an angle <^. To OF is added the resistance drop IR, 
parallel to 0/, and the leakage reactance drop IXy at right angles 
to this. The vector sum of these voltages, OEy is the induced E.M.F. 
This is proportional to minus the rate of change of the effective 
flux and therefore lags behind it by 90°. The flux (and also the 
exciting current) may thus be represented by a vector 90° ahead of 
the induced E.M.F. The magnitude of the exciting current, /«, is 
obtained from the open-circuit magnetization curve, and is that 
necessary to induce the voltage OE, To this must be added the 
vector la, drawn parallel to 01, this representing the exciting current, 
which when multiplied by the field turns per pole balances the 



armature reaction ampere-turns per pole. It is in direct phase 
opposition to 01 since it is required to neutralize it. But since 
la is drawn as a current, and not as ampere-turns, it can be obtained 
directly from Fig. 238, where it is represented by the length BC 
or EF. Alternatively it can be calculated from 0-441 N I j) as shown 
on page 290. The total field current required is given by //, the 
vector sum of Iv and la. The induced E.M.F. corresponding to this 
field current can now be determined from the open-circuit character- 
istic, from which the regulation can be calculated immediately. 

The diagram can be repeated for any power factor and also for 
any load current by suitably altering the value of (f) and by adjust- 
ing the lengths of all vectors proportional to the load current. 

It is important to note that the right hand (E.M.F.) portion of 
this diagram is a time diagram; whereas the left hand (M.M.F.) 
portion is a space diagram. 

The actual construction of the diagram may be conveniently 
carried out in the following manner. The open-circuit and zero 
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power factor characteristics are required, these being plotted to 
percentage scales as shown in Fig. 240. By means of the con- 
struction shown in Fig. 238, the armature reactance and armature 
reaction are separated. The former is expressed as a percentage of 
normal line volts and the latter in terms of alternator exciting cur- 
rent. These are represented by IX and AT a respectively. In the 
right hand portion of the diagram, OF is then drawn vertically to 
represent normal volts, 01 being full load current at any specified 
power factor. The IR drop is then added to OF at the correct 
phase angle, this drop being y'S times the IR drop per phase, 
expressed as a percentage. The IX drop is next added, this being 
obtained from the first portion of the diagram. The induced E.M.F., 



Percentage of Open>Circuit Excitation at Normal Volts 

Fiq. 240. — Construction for Regulation. 

OjB, is thus obtained, the value being marked on the open-circuit 
characteristic at O'E'. The resultant M.M.F. required to induce 
this voltage is given by 00' in terms of exciting current. To this 
must be added the exciting current necessary to overcome the effects 
of armature reaction, viz. A To, this vector being drawn parallel to 
01. The total field current, OF, is thus obtained, and when the 
load is thrown off, this induces an E.M.F., 0"F". The regulation 
can now be calculated from the rise in volts above normal. 

Cyclical Variation in Exciting Current. — It has been shown that 
the flux linked with each polo fluctuates slightly from instant to 
instant, and this induces an alternating E.M.F. in the exciting coil 
which produces a small alternating current superimposed upon 
the main direct exciting current. The frequency of this current 
is double that of the armature current, as can be seen from Fig. 232, 
for the flux of any particular pole goes through its whole cycle 
of events whilst the armature coils are advancing through one 
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pole pitch, during which time the armature current goes through 
half a cycle. If a third harmonic be present in the main current 
wave, a fourth harmonic is produced in the field circuit. In general, 
only even harmonics are generated in the field windings, and 
their magnitude depends upon the shape of the armature current 
wave form and upon the angle of lag. The presence of these 
fluctuations can easily be shown by allowing an alternator to come 
to rest with its load still connected. Just before it reaches stand- 
still the frequency is very low, and the field ammeter will indicate 
the beats in the exciting current. Under actual working conditions, 
their presence can be detected by means of an oscillograph or by a 
Joubert’s contact, the instantaneous voltage drop over a known 
resistance placed in series with the field being measured. 

Synchronizing* — The operation of paralleling two alternators is 
known as synchronizing, and certain conditions must be fulfilled 
before this can be effected. The incoming machine must have its 
voltage and frequency adjusted to that of the bus bars, and, in 




Fig. 241. — Synchronizing with Lamps dark. FlO. 242. — Synclironizing with Lamps bright. 

addition, the phase of the two voltages must be the same for correct 
synchronizing. The instruments or apparatus for determining when 
these conditions are fulfilled are called synchroscopes. 

The simplest method of synchronizing is by means of two lamps 
connected across the ends of the double pole paralleling switch, as 
shown in Fig. 241. If the conditions for synchronizing are fulfilled 
there is no voltage across the lamps and the switch may be closed. 
It is very rarely that the lamps are completely black for any length 
of time, and the speed of the incoming machine must be adjusted 
as closely as possible so that the lamps light up and die dowm at a 
very slow rate. The alternator may then be switched in at the 
middle of the period of darkness, which must be judged by the 
speed at which the light is varying. When the incoming machine 
is 180° out of phase, there is double the voltage of one machine 
acting across the two lamps in series, so that each lamp must be 
capable of standing the full terminal voltage of one alternator. 

An alternative system of connections is shown in Fig. 242, 
where the lamp connections are crossed. For synchronizing there 
must be no volts across the switch, and as there are full volts between 
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the two poles of the switch, it follows that the lamps will be lit with 
their maximum brilliance at the correct moment for synchronizing. 
This method has an advantage over the previous one inasmuch as 
the lamps are much more sensitive to changes of voltage at their 
maximum candle power than when they are quite black, and a 
sharper definition of the exact point of synchronism is thus obtained. 
Both methods are, however, employed. 

When the voltage of the alternator is such that lamps cannot 
be used directly, small voltage transformers may be installed, the 
synchronizing lamps being connected across the secondaries. The 
primaries may be connected straight across the switch or they may 
be cross- connected as with low tension alternators. 

A pair of special synchronizing bus bars are often provided on 
switchboards where there are a number of alternators running in 
parallel. There is only one set of sjmchronizing gear, and this is 
connected between these auxiliary bus bars and the main bus bars. 
The incoming machine is plugged on to the synchronizing bus bars, 
one voltmeter indicating the main bus bar voltage, and a second 
that of the incoming machine. The one set of synchronizing gear 
can thus be used for any of the alternators as desired. 

For polyphase machines it is only necessary to synchronize one 
phase, as all the other phases will then be in synchronism as well, 
Wben connecting up an alternator in the first place, however, it is 
necessary that it should be 'phased out correctly, t.e. the phases must 
be connected in their correct order of 1, 2, 3 and not 1, 3, 2. In 
the latter case it is, of course, impossible ever to synchronize the 
machines. Any two leads of the new alternator must then be inter- 
changed to reverse the sequence. 

A commonly adopted method of synchronizing three-phase 
alternators, introduced by Siemens and Halske, consists in having 
three lamps connected as shown in Fig. 243 (a). The order in 
which the lamps light up shows whether the incoming machine is 
running too fast or too slow. The lamps are not connected sym- 
metrically, as they would then light up and die down simultaneously, 
but Lj is connected between A and Z>, is connected between 
B and F (not B and E), and is connected between C and E (not 
G and F). Fig. 243 (6) shows the corresponding vector diagram. 
If the frequencies of the two machines are slightly different, the 
two stars have a relative movement with respect to each other. 
Assuming that the incoming machine DEF is rotating a httle fast, 
the star DEF will have a slow rotation in a counter-clockwise direc- 
tion with respect to the star ABC, The voltage AD on lamp 
will then be increasing from zero, the voltage CE on lamp will 
be increasing and near its maximum, and the voltage BF on lamp Lg 
will be decreasing, having passed through its maximum. The lamps 
will then light up one after the other in the order 2, 3, 1, 2, 3, 1, 
etc. Next, suppose the machine DEF is running a trifle slow. 



xvin 


ALTERNATORS 


297 


The star DBF in the vector diagram will now rotate slowly in a 
clockwise direction with respect to the star ABC. The voltage 
AD on lamp will be decreasing, having passed through its maxi- 
mum some time previously. The voltage CE on lamp wiU be 
decreasing, having just passed through its maximum, whilst the 
voltage BF on lamp L 2 will be increasing up to its maximum value. 
The lamps will therefore light up in the order 1, 3, 2, 1, 3, 2, etc., 
which is the reverse order to that in the previous case. It is common 
practice to mount the three lamps at the angles of a triangle, and 
the apparent direction of rotation of the light indicates whether the 
machine is running too fast or too slow. The actual synchronizing 
is done when the lamp is in the middle of its dark stage. 

Synchroscopes. — Synchronizing by means of lamps is not very 
exact, as a considerable amount of judgment is called for in the 
operator, and in large machines even a small angle of phase displace- 




Fia. 243. — Siemens and HalsTte Synchronizer. 


ment causes a certain amount of shock to the machines. On this 
account a number of more complicated synchroscopes have been 
devised, of which two types will be described. 

If an ordinary dynamometer wattmeter has both its fixed and 
moving windings made of fine wire and each is supplied with an 
alternating voltage, the deflection will depend upon the phase 
difference of these two voltages. When they are in quadrature 
the deflection wdll be zero, and if one advances in phase with respect 
to the other it will cause a continued deflection of the pointer until 
they are in phase, after which the pointer will slowly retrace its 
path. It will thus appear to oscillate from side to side, assuming a 
central zero. If a condenser is placed in series with one coil, the 
deflection will be zero when the two voltages are in phase, and this 
is what is required, and to compensate for the resistance in the 
condenser circuit a little reactance is placed in the other to establish 
exact quadrature. The switch is closed when the pointer is stationary 
and on the zero. In order to indicate whether the incoming machine 
is running too fast or too slow, an ordinary synchronizing lamp 
is arranged to illuminate the dial of the instrument. This lamp 
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is bright when the pointer is swinging one way and dark on the 
return swing, which is consequently not seen. When viewed from 
a little distance the pointer has the appearance of rotating in a 
constant direction. In this way “ too fast ” is indicated by an 
apparent rotation in one direction and “ too slow by an apparent 
rotation in the other, since the lamp now lights up the opposite 
swing of the pointer. 

A type of rotary synchroscope often employed is very similar 
in construction to the power factor indicator shown in Fig. 143. 
In reality it consists of a small motor, the field of which is provided 
by the bus bar volts, whilst the rotor currents are supplied by the 
incoming machine. The rotor is wound with two coils at right 
angles, the currents in which differ in phase by approximately 90®. 
This is obtained by connecting a resistance in series with one and a 
reactance in series with the other, as shown in Fig. 244. Only 
three slip rings are required, since a common return is used for 



To Incoming 
Machine 


To Bus Bara 


both coils. A pointer is attached to the rotor and serves to indicate 
the correct time for synchronizing. The E.M.F.’s of the bus bars 
and of the incoming machine will now be in phase, so that the 
currents in the stator and in coil A on the rotor will be in phase 
since they both lag by 90° behind their respective E.M.F.’s Coil A 
will set itself so that the path of the resultant flux is as short as 
possible. There will be no torque acting on coil B, since its current 
is in quadrature with the stator current. The pointer now rests 
on the zero of the scale. If the two alternators are running at the 
same speed but with a constant phase difference, the stator current 
will produce a torque in both the rotor coils, so that the rotor will 
take up a new position of equilibrium, the deflection of the pointer 
indicating the difference in phase of the bus bar volts and those 
of the incoming machine. If one machine is gaining on the other, 
the angle of phase difference is continually increasing, and this 
results in a continually increasing deflection. In other words, 
the pointer rotates with a speed proportional to the difference in 
the two frequencies. If the fast machine is now made to go slower 
than its companion the direction of rotation is reversed, and the 
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correct time for synchronizing is when the pointer is stationary and 
vertical. 

The actual instrument is made with four poles, and a double- 
ended pointer is used, either end being considered, since a gain of 
a complete cycle is now indicated by half a revolution. 

For use in engine rooms where the synchroscope is viewed from 
a distance, a signalling arrangement is provided whereby a red or 
a green light is shown, depending upon whether the speed is too 
high or too low. This is obtained by a toothed disc on the rotor 
spindle, which engages with one of two pawls according to the 
direction of rotation. These operate a vertical arm which falls 
over to one side or the other and thereby interposes a red or a green 
glass in front of the lamp. 

A diagram showing how the alternators and synchroscope are 
connected to the synchronizing bus bars is shown in Fig. 245. 



Earthed Neutral. — Three-phase star-connected generators are 
frequently earthed at their star points in order to prevent the volts 
to earth rising to any undue value. With a balanced load and 
sinusoidal wave forms, this earth circuit will not carry any current, 
but this is not true with an unbalanced load. It was shown on 
page 127 that the third harmonic, and all the other harmonics which 
are a multiple of 3, neutralize one another in a three-phase star 
winding because they are exactly in phase opposition in two adjacent 
phases. But considering the local circuit formed by joining 
together a generator and a load star point, it is seen that a third 
harmonic current can flow. The ninth and fifteenth harmonics act 
in a similar way, but in practice the triple frequency currents are 
the only ones which need be considered. To limit this current, 
reactances may be inserted in the earth lead as shown in Fig. 246. 
(See also “ Petersen Coil,” page 557.) These cholung coils provide 
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a triple impedance to the third harmonic currents, the value of 
which automatically drops to one- third when dealing with an 
ordinary out-of-balance current. 

If the earthing is done by means of resistances, it is the usual 
practice to earth one generator only. 

Efficiency Test. — The most convenient method of testing an 
alternator for efficiency is by means of a motor the efficiency of 
which is known for all the required loads. The alternator can then 
be loaded under various conditions and the output and input 
measured, the latter being equal to the output of the motor. The 
efficiency can thus be obtained directly. 

Measurement of Losses. — If it is desired to measure the various 
losses separately, a motor having a capacity of about one-tenth 
that of the alternator will be found to give the best results. The 
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alternator can then be run unexcited at its correct speed and the 
watts output of the motor determined from its input. This gives 
the friction and windage loss. The alternator is now normally 
excited and the increase in the watts output gives the normal iron 
loss at no-load. In the same way, the iron loss at different excita- 
tions can be obtained. 

In order to determine the armature copper losses, it is not 
sufficient to measure the resistance on D.C., as, owing to the skin 
effect and eddy currents, this gives values which are too low. 
A better way is to short-circuit the armature and excite the fields 
sufficiently to cause full load current to flow through the armature. 
The friction and the iron loss for this excitation must be determined 
by the auxiliary motor as described above, and then the increase 
in the power to drive the alternator when the armature is short 
circuited. 

To measure the excitation loss, all that is necessary is to know 
the exciting voltage and exciting current, these being measured on a 
D.C. circuit. 

The efficiency for any output can now be calculated by adding 
all the losses to the output to get the input. The power factor of 
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the load should be specified, as this affects the armature copper 
loss. Strictly speaking, the other losses are also shghtly affected, 
but not to such an extent as to make it worth while allowing for it. 

Hopkinson Test. — This method of determining the efficiency is 
convenient when two similar alternators are available for the 
purpose. One acts as a generator and drives the other as a motor, 
the balance of the power being supplied mechanically by means of 
a third machine the efficiency of which at various loads must be 
known. In order to make a circulating current flow between the 
two alternators, their excitations are made different, and, in addi- 
tion, the two alternators are rigidly coupled, so that they are out 
of phase to a certain extent. An angle of phase displacement of 
about 25® gives good results. 

The output of the alternator can be measured by wattmeters 
in the usual way, and the total losses supplied by the third machine 
can be divided equally between the two test machines, and in this 
way the individual efficiency of each alternator can be calculated. 

Retardation Test. — ^The retardation method of testing, which is 
particularly applicable in the case of flywheel type alternators, 
consists in measuring the rate at which an alternator slows down 
under different conditions when the driving power is removed. The 
rate at which the speed is decreasing is a measure of the rate at which 
kinetic energy is given out, this being used up to overcome the 
losses at that particular instant. The instantaneous power (in 
watts) given out by the rotating system when slowing down is 

0*011 X 10“’ X Mn X instantaneous rate of decrease of speed in 
(r.p.m.) per second, 


where n is the speed in revolutions per minute and M is the moment 
of inertia in C.G.S. units, ^ The test, therefore, demands a knowledge 
of the moment of inertia of the rotor and the various instantaneous 
values of the speed and the slope of the speed- time curve. In order 
to carry out the test, the alternator is run up to speed, preferably by 
means of a belt drive. The belt is then thrown off and the alter- 
nator allowed to come to rest with nothing but friction and windage 
to cause it to slow down. If the alternator is motor-driven through 
a direct couphng, the power is switched off the motor and the 
combined set allowed to come to rest. The losses occasioned by the 
motor are then calculated by carrying out a similar test on the motor 
alone and deducted from the total to get the alternator losses. 

^ The kinetic energy E at any angular velocity co is JMco*. Then 
jy dE d{\Ma)^) dca 7i^27m ^ 27r dn 

^ ~ lu di ^'W ^ 60 * 


= = 0-01 1 Afn^C.a.S. units 

9U0 (U at 
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Whilst the alternator is coming to rest, speed measurements are 
taken from instant to instant, and these are plotted as shown in 
Fig. 247. The test is then repeated with the alternator fields 
excited, the machines now coming to rest in a shorter time since 
there is the added drag due to the iron losses. 

At any particular speed, the slope of the speed- time curve can 
be determined by drawing a tangent to the curve at that speed and 
measuring the drop in speed corresponding to one second, i.e, 
AB 

to the correct scales (Fig. 247). It now remains to determine the 
JjO 

moment of inertia. This can be done by ordinary mechanical 
methods, but this is a cumbersome task and can be avoided in the 
following way. The total power to drive the alternator light at 
one particular speed is measured by noting the input, and the 
moment of inertia is determined from the equation 

P = 0-011 X 10“’ X Mn X instantaneous rate of decrease of speed, 




Fig. 247. — Betardation Curves. FiG. 248. — Separation of Losses 

by Iteturdatlon Test. 


P being the watts required to drive the set at n revolutions per 
minute, the slope being obtained from the retardation curve. This 
equation can now be re-written 

P = kn X instantaneous rate of decrease of speed, 

where the constant k can be evaluated as shown. 

The losses can now be calculated at various speeds, and curves 
can be drawn, as shown in Fig. 248, from which the friction and the 
iron loss at any speed can be determined separately by means of the 
vertical distance between the various curves. 

Heating Tests. — Before an alternator is put into actual 
operation it is desirable to test its temperature rise when working 
under full load. Since the temperature rise does not attain a 
maximum value until many hours have elapsed, this test involves 
a considerable expenditure of energy which, apart from the cost, 
it is difficult to dissipate. The Hopkinson test avoids the latter 
difficulty, but it is seldom that two similar alternators are available 
for test. It is therefore desirable to set up artificial conditions which 
will imitate the real heating effects, and one method of doing this 
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is by reversing half the poles on the rotor, which method will now 
be described briefly. 

Reversed Poles Test. — The field windings are divided into two 
halves, one of which is reversed so that the E.M.F.’s induced in the 
corresponding halves of the armature winding are in opposition. 
On short-circuiting the armature, therefore, no current flows 
since the E.M.F.’s are balanced. But by increasing the excitation 
in one half of the field winding or by decreasing the excitation 
in the other half the equilibrium of the armature E.M.F.’s is 
destroyed and a current flows the magnitude of which can be 
regulated by adjusting the excitations. Full load cuiTent can be 
obtained in this way without the expenditure of the full amount of 
power, since one half of the machine is acting as a generator whilst 
the other half is acting as a motor. It is, in fact, a kind of Hopkinson 
test on the two halves of a single machine. The grave disadvantage 
of this test is the large unbalanced mechanical stresses which are 
set up and which cause considerable vibration. This can be miti- 
gated to a certain extent by reversing alternate pairs of poles 
instead of reversing one half completely. Thus in a 12-pole alter- 
nator poles Nos. 3, 4, 7, 8, 11 and 12 would be reversed. It is 
desirable that the alternator should have an even number of pairs 
of poles, as otherwise there would be one pair left over and these 
two poles would have to be cut out. 


Examples. 

(1) What is the meaning of the term “ synchronous reactance 
as applied to an alternator? How can the armature reaction be 
separated from the leakage reactance in an alternator ? 

(2) Draw a typical open-circuit magnetization curve for a turbo- 
alternator, and explain how the zero power factor characteristic 
can be obtained, if the only loading apparatus available consists of 
a large oil-immersed iron-cored choking coil of fixed inductance. 
Show how the efiects of armature reaction and armature reactance 
can be separated, using the two graphs already mentioned. In 
what units are armature reaction and armature reactance measured 
in practice ? 

(3) . A single-phase alternator has a resistance voltage drop of 
3 per cent, and a leakage reactance voltage drop of 20 per cent, on 
full load. The armature reaction ampere- turns are 40 per cent, of 
the resultant field ampere-turns. Determine the regulation at 
full load current and (a) unity power factor and (6) a power factor of 
0-8 lagging. 

Magnetization curve : — 

Volts 4000 6000 6000 7000 8000 8600 

Amperes 23 32 48 72 102 124 

Normal voltage = 6000 volts. 
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(4) A 1000 kV A, 1 1 ,000 volt, three-phase star-connected alternator 
has an effective resistance of 2 ohms per phase. The characteristics 
on open circuit and with full load current at zero power factor are : — 


Field Current, amps. 

40 

50 

no 

140 

180 

O.C. Terminal volts 

5,800 

7,000 

12,500 

13,750 

15,000 

Terminal volts at f.l.c, and 
2-p-/- 

0 

1,500 

8,500 

10,500 

12,400 


Determine the percentage regulation for full load current at a 
lagging power factor of 0*8. 

(5) Write an account of the uses of the open-circuit and short- 
circuit characteristics of an alternator. 

(6) Explain why armature reaction exerts different distorting 
and weakening effects at different power factors. 

(7) Describe fully one method of determining the efficiency of a 
large low speed alternator. 




CHAPTER XIX 


ALTERNATORS. — PRINCIPLES OF DESIGN 


Speed and Number of Poles. — When designing an alternator the 
output, voltage and frequency must be specified, the speed depending 
to a large extent upon the output and the t 3 rpe of prime mover 
adopted. In general, the larger the output the slower the speed, 
since the diameter goes up and the peripheral velocity must be 
kept within limits. For turbo-alternators, the available speeds 
are very limited owing to the fact that either 2 or 4 poles are 
invariably employed. In any case, only certain definite speeds 
are available, as they must fulfil the equation 


number of poles = 


r.p.m. 


The table on page 246 shows these speeds for various numbers of 
poles and frequencies. 

Output Coefficient. — The E.M.F. is given by 

E = 4Jc^1cJc^(bT X 10-8 
and putting = Ml, = 0-96, and = 1-00, 

E = 4-26/0)^ X 10-8. 

This voltage in a three-phase case is that between line and neutral 
when star-connected. 

The flux, O, is equal to X iftr X L, where Bg is the average 
flux density in the air-gap, r is the pole pitch, 0 the ratio of pole 
arc to pole pitch, and L is the gross length of the core. 

The total magnetic loading is, therefore, = pBgiJjTL. 

Similarly the total electric loading is m x 2T x I where m is 
the number of phases. The whole current, /, is here assumed to 
flow through each conductor. The ampere-conductors per cm. of 

. . 2inIT , . ... 


periphery are q = 


where D is the air-gap diameter. 


The output in watts = mEI 

= w X 4*26 X ^ X Bgif/rL X T X lO"® 

= 0-0668 npBgtlirqDL X lO*®. 
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Moreover, the pole pitch t is equal to — , so that 
mEI = 0-175 nBgijjqD^L x 10“ 

The output is thus proportional to the speed, n, the ratio of pole 
arc to pole pitch, i{j, the magnetic flux density in the air-gap, Bg, 
and the specific electric loading, q. Values for all these quantities 
are made as large as is economically practicable, the limiting figures 
depending upon the properties of the materials used. In any 
commercial design, therefore, the above equation can be written 

kVA = hnD^L 

where A; is a constant known as the output coefficient and is equal to 

4 

0-175 Bgifjq X 10 This represents ~ times the output per unit 

7t 

volume at one revolution per minute, and practice has shown that 
this constant varies with the size of the machine. 

Average values of the output coefiicient for polyphase alter- 
nators are given in the following table, but it must be emphasized 
that rigid adherence to these figures is not essential. 


Output Coefficients and Ampere-conductors per cm. 


kVA 

r.p.m. 

0*2 

0*6 

1-0 

20 

5*0 

10-0 

20-0 

! ' 

1 40-0 

i 

Output coeflficient X 10* 

= A; X 10« 

2-2 

2-5 

2-8 

3-0 

3-4 

3-7 

4-0 

4-5 

Ampere-conductors per 
cm. = 5 

275 

310 

340 

370 

420 

4G0 

500 

[ 

650 


Specific Electric Loading. — The ampere-conductors per cm. of 
periphery, or specific electric loading {— q), fixes the armature 
reaction, and largely determines the temperature rise of the winding. 
A high value for q results in a high leakage reactance and a large 
armature reaction, with a high value for the regulation. If close 
voltage regulation is desired, a low value for q must be adopted. 
When used in conjunction with some form of automatic voltage 
regulator, close regulation is not desirable, since parallel operation 
is not then so satisfactory. As a consequence the regulation is 
usually about 20-25 per cent, on unity power factor. 

The above table gives average values for q for 50 cycle alternators 
up to about 6600 volts. For higher voltages, slightly lower figures 
should be adopted on account of the additional slot space occupied 
by insulation. For lower frequencies, the value of q may be slightly 
increased. 

The high values for q are largely due to the increased depth 
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permissible in the stator slots. This is offset to some extent by 
the choice of a somewhat lower current density on account of 
the great cross sectional area of the conductors in large sizes. 

Air-gap Diameter. — When the value of D^L is known there are a 
number of various values of D and L which can be inserted. For 
example, a 2000 kVA 50 -cycle polyphase alternator running at 
600 r.p.m. has an output coefficient 3*12 x 10' ® (cm. measure). The 
value of D^L is, therefore. 


D^L = 


2000 

500 


X 


10 ® 

3-12 


= 1-28 X 10®. 


An upper limit for D is reached when the peripheral speed 
exceeds, say, 70 metres per second, and a lower limit is reached when 





Fiq. 249. — Shapes of Eotor. 






the poles become too crowded together. The maximum permissible 
diameter therefore becomes D = 


70 X 60 X 100 


7u X 600 

The following values of D and L are possible : — 


= 268 cms. 


D 

126 

150 

175 

200 

225 

260 

L 

82-0 

670 

41*8 

320 

25-3 

20-5 


The diagrams in Fig. 249 show the shapes of the section of the 
rotating element in the different cases. 

Flux and Flux Density. — The total flux is directly proportional to 
the average density in the air-gap, and hence to the tooth density. 
High voltage machines require more slot insulation, thus limiting 
the size of the tooth, and this necessitates a reduction in the air-gap 
flux density. Too high a flux density in the air-gap leads to excessive 
densities in the iron and to high stator tooth losses. Too low a flux 
density, on the other hand, leads to an uneconomical use of the 
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material. The flux densities are, in general, lower than in D.C. 
machines, because the latter are usually designed to operate at 
much lower than 50 cycles per second. 

The permissible flux density increases with the output. An 
increased output is obtained by an increase in both flux and ampere- 
conductors, so that the flux does not increase so rapidly as the 
output. Assuming a constant efficiency, the iron losses are pro- 
portional to the output. With a constant flux density, however, 
the iron losses would not increase in proportion to the output, so 
that the maximum permissible flux density is increased. 

The total flux is proportional to DL, so that for a given value of 
the total flux is increased when D is reduced, since DL = 

D^L 

Turbo-alternators with a long core length have, therefore, 

a relatively heavy flux, and this is counterbalanced to some extent 
by reducing the maximum flux density. 

The following table gives typical values of the maximum air-gap 
flux density. 


Output In 
kVA. 

Air-gap Flux Densities in Lines per sq. cm. 
j (maximum value.) 

Low and Medium Speed 
Alternators. 

Turbo- Alternators. 

0-500 

5500-7000 

5500-6500 

500-1000 

7000-8000 

6500-7500 

1000-2000 

8000-8500 

7500-8000 

2000 and 
upwards 

8500-9000 

8000-8500 


The above figures are for 50-cycle machines and may be increased 
by 10-15 per cent, for / = 25. Again, in the case of high voltage 
alternators, the densities should be reduced by about 5-10 per cent. 

The diameter can be settled by assigning a value to the ratio 
T _ pole pitch 
L core length 

this ratio, and the value may be taken from the curve shown in 
Fig. 250. 

Let ^ = a (from the curve). Then — = L, D^L = and 
^ ap ap 


For economy of copper there is a best value for 


- 7 ' 


apD^L 


If D is increased, the flux is decreased, since L decreases more 
rapidly than D increases. The total electric loading is simul- 
taneously increased, and the armature reactance and reaction are 
increased. This results in a relatively lower short-circuit current, 
with consequent added protection for the machine. Too small a 
value for D is not therefore desirable. 
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Air-gap Diameter of Turbo-Alternators. — Considerations of peri- 
pheral speed now determine the air-gap diameter in all except small 
machines. Peripheral speeds of 100-140 metres per second are 
adopted, but these figures necessitate a very strong mechanical 
construction. With 4-pole, 50-cycle machines the diameter is 
therefore limited to 125 cms. for 100 metres per second, and 175 cms. 
for 140 metres per second, the latter only being employed on very 
large sets. For 2-pole, 50-cycle turbo-alternators, the air-gap 
diameter is limited to 85 cms. in the largest sizes built, and to lesser 
values for smaller sets. 

As a consequence of the limit to the air-gap diameter, the core 
length becomes very long in turbo-alternators of large output, thus 
necessitating special cooling arrangements. 



Poles 

Fig. 250. — Pole Pitch and Core Length. 


For 4-poles, the best value for ^ is about 2, and adopting this 

Li 

value, ^ = 2, and D is approximately equal to 2-5L. The value 

of then becomes equal to 0*4Z)3, D = 1-36 x If 

this value of D causes a peripheral speed higher than the maximum 
permissible, then D is taken at the maximum permissible value. 

The output at which the maximum diameter is reached can be 
determined as follows : — 

D^L = 0-4 X 1753 = 214 X 10«. 

Output = 3*6 X 10-« X 2-14 X 10® X 1500 == 11,500 kVA. 


The output coefficient, 3*6 x 10 ®, corresponds to the figure in the 

^ ui kVA 11,500 

table on page 306 for = 7-7. 

In the case of bipolar turbo-alternators, a suitable value for 


j = 2*,7, when ^ = 2*7 and D is approximately 1-72L. The value 
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of D^L now becomes equal to X == 0-582)^, and 7) = 1*2 X 

^ From considerations of peripheral speed, however, D should 
not exceed 85 cms. for 50-cycle sets. 

The output at which the maximum diameter is reached is deter- 
mined as follows : — 

D^L = 0*58 X 85^ = 0*355 X 10«. 

Output = 2*8 X 10- « X 0*355 X 10« X 3000 = 3000 kVA. 

The output coefficient, 2*8 X 10"®, corresponds to the figure in 
the table on page 306 for = 1. 

Air-gap Diameter of Hydroelectric Alternators. — There is a wide 
range of speed with these machines, and very often they are designed 
with a vertical shaft. The peripheral speed of a waterwheel on 
full load is much less than the velocity of the water, but on light 
load they are approximately equal. Suppose full load is suddenly 
thrown off and the governor does not act quickly enough. There 
may be a rise in speed of 50-100 per cent. Specifications commonly 
allow for 75 per cent, overspeed. The air-gap diameter is now 
limited by the maximum peripheral speed at the overspeed, with 
the result that the diameter is reduced and the core length increased 
in comparison with the values for alternators where this overspeed 
is not encountered. The core length is increased to such an extent 
in some cases that artificial ventilation in the middle becomes 
necessary. 

Length of Stator Core. — The preliminary value for the length of 
the stator core is definitely fixed when once the values of the output 
coefficient and the air-gap diameter have been decided upon, since 

^ kVA D^L 
^ ~ nkD* Z)* ■ 

Ventilating Ducts. — The usual practice with respect to flywheel 
t3rpe alternators is to have a number of radial ventilating ducts in 
the stator about 1 to 1*5 cms. in width and spaced about 8 cms. apart. 
In the case of turbo-alternators an increased ventilation is necessary, 
since the overall dimensions are much smaller for a given output. 
This means that each cubic cm. of material must dissipate more 
heat, since the efficiency and the total losses are approximately the 
same in each case. The distance between the ventilating ducts is 
therefore reduced to about 5 or 6 cms. 

Number of Slots. — These vary from three to five per pole per phase 
in the ordinary rotating field alternators. The larger the number 
of slots the nearer does the wave form approach the ideal sine wave, 
but the copper space factor of the slot goes down at the same time, 
particularly with high voltage machines. In the latter case, there- 
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fore, the tendency is to use three and four slots per pole per phase, 
whilst with low voltage machines four and five are frequently em- 
ployed. With turbo-alternators, the pole pitch is usually consider- 
ably greater, and this leads to larger numbers such as five to eight 
slots per pole per phase. The total number of slots is then obtained 
by multiplying by the number of poles and the number of phases. 
Fractional numbers of slots per pole per phase are largely employed 
with diamond coil windings. 

Armature Winding. — The number of armature conductors is 
settled by E.M.F. considerations, but this number must be 
divisible by the total number of slots. The induced voltage 
per winding is first calculated, this being equal to the line voltage 

1 

in a single- and two-phase case and times the line voltage in 

the case of a three-phase star-connected alternator. The total 
number of turns in series per phase is then given by the equation 

E = 4:k^h2k^(bfT X 10“ ® volts (see page 270) 

= 4*260/T X 10“® volts 

as a first approximation. The approximate value of the useful 
flux per pole can be obtained from a knowledge of the dimensions 
of the pole shoe and by assuming a suitable flux density taken from 
the table on page 308. The number of turns required can then be 
calculated, and the nearest possible number is adopted, taking into 
consideration the number of slots. The flux is then adjusted to 
suit the number of conductors. The winding itself may be either 
of the concentric or diamond coil type. The total number of 
conductors decreases as the kVA increases, and with very large 
outputs indeed it is a common practice to employ one conductor 
per slot with several windings in parallel. In such cases, the 
resultant E.M.F. ’s of the various parallel circuits must have no 
phase difference. 

Size of Armature Conductors. — The section of the conductor to 
be employed is obtained from a knowledge of what is a suitable 
current density to adopt. This varies with the total current 
carried by the conductor, and values are shown in the curve in 
Fig. 251. Solid wire of circular cross section should be used up 
to sections of about 0-25 cm.^, but for larger sizes the conductor 
becomes difficult to bend and two or more conductors are connected 
in parallel. For the larger sizes of conductor, rectangular strip is 
often employed, as this brings about a higher copper space factor 
in the slot. 

On account of the eddy current loss in large bars, the conductors 
are twisted or transposed. In the former case there are two series- 
connected sections, each being the image of the other. In trans- 
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posed conductors, each parallel element occupies every position in 
the slot in turn. 

At the bottom of the slot where the magnetic leakage is negligible, 
thick bars are employed, bars of reduced thickness being used nearer 
the mouth of the slot. Bars of equal thickness are then grouped 
and twisted, each group being connected to a solid end-connector. 
For very heavy currents, several end- connectors are connected in 
parallel. 



Size of Slots. — When the number of conductors per slot and 
the cross-sectional area of the conductors are settled, the space 
that they will occupy, when covered with the necessary insulation, 
can be drawn out and the slot dimensions fixed. Since the width 
of slot plus tooth is fixed, the dimensions of the slot determine the 
dimensions of the tooth, and this should not be too narrow. A 
suitable maximum magnetic density in the teeth is 19,000 lines per 
sq. cm. 

The slot width depends upon the slot pitch. The tooth width 
may be made equal to the slot width for a slot pitch of 2 cms., 
and equal to twice the slot width for a slot pitch of 8 cms. The 
maximum slot width is approximately 2*5 cms. 

Sub-slots are also used on occasion for purposes of ventilation. 
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Armature Losses. — In order to predetermine the heating of the 
armature, it is necessary to obtain an estimate of the losses incurred 
by it. These will consist of copper and iron losses. 

The copper loss can be predetermined from a knowledge of the 
number and dimensions of the conductors. The mean length of 
a turn must be estimated, and the number of turns in series per 
phase being known, the total length of conductor per phase can be 
obtained. Then, knowing the cross-sectional area, the resistance 


Ampere-Turns per Cm. 



or 

Watts Loss per kgm. at 50 cycles per second 

Fig. 252. — Core Losses and Magnetization Curve. 


per phase can be calculated, taking care to allow for the rise of 
temperature. At a temperature of about 50° C. the specific resist- 
ance of copper is approximately 2 microhms per cm. cube. From 
the current per phase and the number of phases the total watts lost 
due to ohmic resistance can be calculated. The figures obtained in 
this way will be frequently too low, as the current is not always 
uniformly distributed over the conductors, due to eddy currents, 
and this always results in an increase in the watts lost in a 
conductor. 

The increase may be as high as 60 per cent., an average value 
being about 30 per cent. 
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The iron loss, comprising the hysteresis and eddy current losses, 
is dependent upon the flux density in the core, and may be estimated 
approximately from Fig. 252, which refers to sheet steel for armature 
stampings of 0*35 mm. thickness. 

Cooling Surface. — In determining the cooling surface of the 
armature, the inner and outer cylindrical surfaces of the stampings 
may be considered together with the two ends of the iron core and 
one side of each ventilating duct. 

Estimated Temperature Rise. — The estimated temperature rise of 
the armature depends upon the watts which have to be dissipated 
per square cm. of the cooling surface. With the usual ventilating 
ducts, a temperature rise of approximately 40® C. will be obtained 
when the watts per square cm. are 0*12 to 0-15, the cooling surface 
being estimated in the above manner. Here also the temperature 
rise may be taken as being proportional to the watts per square 
cm. of cooling surface, but these preliminary calculations are by 
no means accurate and are subject to a number of disturbing 
conditions. 

Flux per Pole. — The no-load useful flux per pole can be calcu- 
lated from the E.M.F. formula, since the number of conductors is 
now settled. The form factor, Ajj, the breadth factor, and the 
coil span factor, fcg, can also be estimated fairly accurately, and the 
useful flux per pole on no-load is given by 


E X 
^k^k^kJT 


f being the frequency, T the turns in series per phase and E the 
no-load induced E.M.F. per phase. For the same terminal voltage 
the induced E.M.F. on full load must be greater owing to the loss 
of voltage occasioned by the impedance of the armature. The 
resistance may be calculated from a knowledge of the dimensions 
of the winding and an estimate may also be made for the reactance, 
but the calculations are rather involved. As a rough approxima- 
tion, the latter may be taken as 10-15 per cent, of the no-load 
voltage. The full load useful flux per pole is thus obtained, to 
which must be added the waste leakage flux, which will ordinarily 
be of the order of 10 per cent, to 35 per cent, of the useful flux. 
Average values for the leakage factors are as follows : — 


1 

kVA. Output ... 

1 

2-5 

5 

10 

25 

60 

100 j 

200 

300 1 

600 

1000 

2000 

10,000 

Leakage Factor 













- X 

1-4 

1-35 

1-30 

1-28 

1-26 

1*22 

1-20 

1-18 

1-15 

M2 

110 

108 


Air-gap. — The radial length of the air-gap in modern low speed 
alternators is fairly constant for a given size of machine, increasing 
as the bore of the stator goes up. Fig. 253 shows the approximate 
values of the air-gap length in the case of salient pole alternators. 
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Considerably longer air-gaps are employed in the case of turbo- 
alternators. The factor which determines to a great extent the 
length of the air-gap in these cases is the regulation which it is desired 
to obtain. In order to limit the value of the short-circuit current a 
comparatively large amount of synchronous reactance is deliberately 
provided for in the design of the machine. From this it follows that 
the armature must have a very considerable number of ampere- 
turns, and this in its turn necessitates very strong field coils. The 
ampere-turns of the latter are chiefly used up in overcoming the 
reluctance of the air-gap, the length of which is adjusted to suit 
individual conditions. The above considerations sometimes lead 
to the use of air-gaps of 6 cms. or more in turbo-alternators. 

Other advantages of a long air-gap are, that it tends to 



k V A 

Fig. 253. — Approximate Air-gap Lengths. 

keep down the iron loss in the teeth, it assists ventilation 
and tends to obviate noisy running, and it keeps down the 
magnitude of the unbalanced magnetic pull should the rotor 
become decentralized. 

Ampere-turns per Pole. — Before the ampere- turns per pole can 
be calculated, it is necessary to know the flux densities in the 
various parts of the magnetic circuit, and also the lengths of the 
lines of force in the different materials. The various magnetic 
sections are settled by choosing suitable flux densities, and for this 
purpose reference may be made to the following table : — 



Lines per Sq. Cm. 

Armature cores 

Armature teeth 

Magnet poles 

Magnet yokes ... 

Rotor teeth (cyl. type) 

Rotor core ( „ „ ) 

10,000—12,000 

15.000— 17,000 

14.000— 17,000 

10.000— 12,000 

17.000— 20,000 

10.000— 12,000 
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The flux in the armature core and teeth is alternating and thus 
sets up an iron loss. At higher frequencies, therefore, a lower 
density is adopted, this accounting for the considerable range shown 
in the table, where the higher figures correspond to a frequency of 
25 and the lower figures to a frequency of 50. 

The magnetic sections being chosen and the various flux densities 
calculated, the corresponding values of H must be obtained from a 
B — H curve of that particular material. From the formula 

^ ^ X Ampere-turns per cm. 

the ampere- turns required for the various parts can be obtained. 
Adding all these ampere-turns together, the total no-load ampere- 
turns required per pole can be evaluated. It is usual to consider 
the poles and yoke as carrying all the field leakage flux in addition 
to the useful flux, whilst the armature only carries the useful flux. 

The above calculation should now be repeated for full load at the 
minimum specified power factor. 

Field Winding. — A tentative length of winding space and an 
approximate depth of the winding must first be fixed. The length 
of the mean turn can be estimated from the known dimensions. 
Then 

Volts per Coil = Exciting Current X Resistance of Coil (Hot) 

= Exciting Current X Turns X Resistance of Mean 
Turn (Hot) 

= Ampere-turns X Resistance of Mean Turn (Hot) 
and Resistance of Mean Turn (Hot) = 

Ampere-turns 

From this the resistance per metre can be obtained, and a workshop 
rule to get the cold resistance is to multiply by The nearest wire 
to this in the wire tables is chosen and its insulated diameter noted. 
Allowing 5 per cent, for loss of winding space due to imperfect 
winding, the number of turns per layer and the number of layers 
can be calculated. The total number of turns per pole and the 
resistance of the winding are next evaluated, giving the current 
taken by the coil. The ampere-tums thus obtained should agree 
substantially with the number aimed at in the first instance. For 
a temperature rise of about 40*^ C. the watts per square cm. of 
cooling surface should be about 0-15 to 0*25 for rotating fields. 
Further, the watts wasted in excitation should range from about 4 
per cent, for small alternators to about 0*4 per cent, for very large 
alternators. 

Estimated Efficiency. — ^All the losses having been estimated, the 
probable efficiency can now be evaluated. In order to compete 
with rival machines, similar efficiencies must be obtained, and the 
following table shows average values. 



XIX 


ALTERNATORS 

Fvll Load Efficiency at Unity Power Factor, 


317 


kVA 

100 

600 

1000 

10,000 

100,000 

Efficiency per cent. ... 

92 

94 

95 

97 

98 


Estimated Open-Circuit Magnetization Curve. — The ampere-turns 
for one value of the voltage and flux have already been worked out, 
and the corresponding exciting current can also be evaluated, since 
the field turns per pole are known. This gives one point on the 
curve, and a number of other points can be obtained in a similar 
manner. A value of the voltage is chosen and the corresponding 
flux calculated. The ampere-turns required to drive this flux 
through the various parts of the magnetic circuit are worked out, 
from which the exciting current is evaluated as above. 

Example of Design. — As an example of a design, the main dimen- 
sions will be worked out for a three-phase rotating field alternator 
having an output of 500 kVA, 2200 volts, 50 cycles per second, 
and 375 r.p.m. 

rru u ^ 1 . 120 X 50 _ 

The number of poles is — — = 16. 

The alternator being star-connected, the volts per winding 

will be = 1270 volts. 

V3 

__ - , 500,000 

The full load current will be —7= = 132 amperes. 

V3 X 2200 ^ 

An output coefficient of 2*86 X 10“® will be chosen, and the 
value of D^L becomes 


D^L = 


kVA 

r.p.m. 

500 

375^ 


10* 

2-75 


470,000. 


Choosing a ratio of 


pole pitch 
core length 


= 0-85 (see Fig. 250), 


Therefore 

and 


tzD 

l6l 

D^L = 0 * 2311 ) 3 , 


0*86, and L = 0-231D. 




,000 

231 


127 cms. 


L = 


470,000 

1272 


= 29*3 cms. 


An air-gap diameter of 125 cms. and a gross core length of 31 cms. 
will be adopted. 

There will be three ventilating ducts, each 1 cm. wide, leaving 
four batches of stampings each 7 cms, in width. 
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The pole arc is 


TT X 125 
16 


X 0-65 = 16 cms. 


With three slots per pole per phase the total slots number 
3 X 16 X 3 = 144, having a slot pitch of ^ 


Assuming q = 350 (see page 306), the total ampere-conductors are 
Tt X 125 X 350 = 137,000, so that the total number of conductors 

should be approximately — == 1040. With 144 slots, 8 con- 

•^uctors per slot will be chosen. 

The no-load useful flux per pole is 


. 2200 

O == —7- X 


10 ® 


V3 4-26 X 50 X 48 X 4 


= 3*1 X 10«. 


and the approximate air-gap flux density is 


3*1 X 10« 

16 X 31 X 0*9 


7000. 


To determine the size of conductor, reference is made to 
Fig. 251. A current density of 430 amperes per sq. cm. will be 
assumed, giving a conductor having an approximate cross-sectional 
132 

area of == 0-307 sq. cm. Using strip 0-40 cm. wide and 0-75 cm. 

deep, and allowing 0-25 cm. per side for the slot lining, a slot width 
of 1*35 cms. is required with two conductors side by side. The 
active slot depth required is 2 X 0-25 + 4 X 0-75 = 3-5 cms. The 
slot dimensions chosen are 1-35 cms. wide and 4-0 cms. deep. The 
minimum thickness of tooth is 2-72 — 1-35 == 1-37 cms. 

The average flux per tooth (no-load) is 

Q.l y 1A« 

— ^ = 0-344 X 10® lines. 

The maximum flux per tooth (no-load) is 

^ X 0-344 X 10« = 0-54 x 10« lines. 

The minimum cross-sectional area of a tooth is 


1*37 X (31 — 3) X 0-9 = 34-5 sq. cms. 

0-54 X 10® 

and the maximum flux density (no-load) is — == 15,700. 

To get the density in the iron behind the teeth, the flux per 
magnetic circuit in the armature is 


3-1 X 10® 


= 1-55 X 10® lines. 


£L 
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The diameter at the tooth roots is 125 + 2 X 4*0 = 133 cms. If a 
depth of 7 cms. of iron behind the teeth be chosen, the flux density 
behind the teeth becomes 


1-55 X 10« 


7 X 28 X 0-9 


n = S 800 , 


which is satisfactory. 

The external diameter of the stator core is 133 + 2 X 7*0 = 
147 cms. 

To calculate the iron loss refer to Fig. 252. Then 


Watts per kgm. = 1*4 with 0*52 mm. stampings. 

Weight of iron in core = ^ (147^ — 133^) X 28 X 0-9 X 0-0078 

= 625 kgm. 

Weight of iron in teeth = 144 x 4-0 X 1*37 X 28 X 0-9 X 0*0078 
= 156 kgm. 

Watts per kgm. in core = 4-0 

Watts lost in core = 4-0 X 625 = 2500 

Watts per kgm. in teeth = 10*6 

Watts lost in teeth = 10-6 X 156 = 1650 

Total no-load iron loss = 2500 + 1650 = 4150 watts. 


The copper loss is calculated as follows : — 


Pole pitch 


K X 125 
16 


= 24*6 cms. 


Length of end connection assumed 
Embedded length of conductor 
Length of turn = 2 X 31 + 2 X 30 
Length per circuit = 122 X 192 
Cross-sectional area 

Resistance per winding (hot) 


Total armature PR loss 
Total armature loss 


= 30 cms. 

= 31 cms. 

= 122 cms. 

= 23,400 eras. 

= 0*30 sq. cm. 

_ 2 X 10-« X 23,400 
“ 0*30 

= 0*2 ohm, say. 

= 3 X 1322 X 0*2. 

= 10,400 watts. 

= 10,400 + 4150 = 14,550 
watts. 


The calculations for the field system are as follows : — 


No-load useful flux per pole 
Leal^age coefficient (from page 314) 
Total no-load flux per pole 

Resistance drop per phase at full load 


= 3*1 X 10 \ 

= 1 * 20 . 

= 1*20 X 3*1 X 10« 
= 3*72 X 10® lines. 
= 132 X 0*2 
= 26 volts. 


Synchronous Reactance per phase at full load = 0*20 X 1270 (say) 

= 254 volts. 
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The E.M.F. required to be generated on full load at a power 
factor of 0-8 is obtained from the vector diagram shown in Fig. 237 
and is 1440 volts. 

The full load flux per pole is, therefore, 


or 


3*72 X 10« X 


1440 

1270 


= 4*21 X 10® total lines, 
3*51 X 10® useful lines. 


A length of air-gap (see Fig. 253) of 0*5 cm. will be ehosen. 
The approximate air-gap flux density on full load is 


3-51 X 10® 

16 0 X X 0-9 


8250. 


The field ampere-turns per pole required for the air-gap are 


W 

4k 


X 8250 X 0-5 = 3290. 


Maximum density in teeth 

_ 3-51 X 10* 

2 ^ 9 X 34-5 


17,800. 


Ampere-turns per cm. from Fig. 252 = 13. 
Ampere-turns for teeth = 13 X 4-0 = 52. 
Density in armature core 

_ 3-51 X 10* _ ,0 00ft 

2 X 7-0 X 28 X 0-9 


Ampere-tums per cm. from Fig. 252 = 2*5. 

Length of path = 20 cms. (say). 

Ampere-turns for armature core = 2*5 x 20 = 50. 
Section of pole = 15 X 20 with semicircular ends. 

= J X 15*+ 15 X 6 

4 

= 252 sq. cms. 

^ . . 4-21X10® iprrnA 

Density in pole = ^ = 16,700. 

Ampere-turns per cm. = 60. 

Assume a length of 8 cms. 

Ampere-tums for pole = 60 X 8 = 480. 

Assume section of yoke = 175 sq. cms. 

4-21 X 10® lOAAA 
Density in yoke = ^ = 12,000. 

Ampere-tums per cm. = 10. 
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Length of path = ~ ^i0^x ~ 

Ampere-turns for yoke = 10 X 10 = 100. 

Total ampere-turns per pole = 3290 + 52 + 50 + 480 + 100 

= 3972. 

Assume a D.C. supply of 480 volts. 

Volts per coil = = 30 volts. 

30 

Resistance of mean turn (hot) = = 0-0076 ohm. 

„ „ „ (cold) = 7 X 0-0076 

= 0-0065 ohm. 


Estimated length of mean turn with 3 cm. depth of winding 
= 7rXl8 + 2x5 = 76-5 cms. 

Ohm per metre = 0-0085. 

The nearest wire to this is 1/-064, having a resistance of 0-0083 
ohm per metre and a diameter of 0-163 cm. (bare) and 0-195 cm. 
(d.c.c.). 


Turns per layer 

Number of layers 

Turns per coil 
Length of coil 

Resistance of coil (hot) 


_8 

0-195 

39. 

3 


= ™ X 0-95 


X 0-95 


0-195 
15. 

39 X 15 = 585. 
585 X 0-765 
450 metres. 

450 X 0 0083 X I 
o 


= 4-4 ohms. 

30 . o 

= ^ ^ 6-8 amperes. 

= 6-8 X 585 
= 3980. 

- 30 X 6-8 = 204. 

16 X 204 = 3270 watts. 

Allowing about 5000 watts for the frictional loss, and 50 per 
cent, of 4150 watts, say 2000 watts, for additional iron loss on load, 
the full load efficiency is, approximately 

500,000 


Current 

Ampere-turns 

Watts per coil 

Total watts lost in excitation 


500,000 + 10,400 + 4150 + 2000 + 3270 + 5000 
= 95 per cent. 


X 100 
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The question of the E.M.F. wave form has not been gone into, 
but by suitably skewing the pole shoe this could be made approxi- 
mately sinusoidal. 

Examples. 

(1) A three-phase 60-cycle alternator is to run at 375 r.p.m. 
The value of D^L in cm. units is 1*2 X 10®. It is desired to make the 
stator coils as close an approximation as possible to the circular 
form. Determine suitable values for D and L. 

(2) Describe the method of predetermining the open-circuit 
magnetization curve of an alternator from the design data. 

(3) A three-phase star-connected turbo-alternator requires a 
flux of 32-5 X 10® lines per pole to generate a line pressure of 7200 
volts at 50 cycles. There are four poles. Determine a suitable 
number of total stator slots and conductors per slot. 

(4) Write, an account of the closed air ventilation system of a 
modern high’ power turbo-alternator. 

(5) Make a sketch of a two-pole rotor for a turbo-alternator. 
The flux per pole is to be 20 megalines, and the maximum ampere- 
turns per pole 10,000. The speed is 3000 r.p.m. Indicate the 
approximate dimensions. 

(6) Describe how the regulation of a turbo-alternator is affected 
by the length of the air-gap. Explain how the length of the air- 
gap is determined in designing such a machine to a given specification. 

(7) A 20,000-kVA, 1500 r.p.m., 6600 volt, 50 cycle turbo-alter- 
nator is to be designed with an output coeflicient of 2-0 X 10~® 
(cm. measure). Determine a suitable air-gap diameter, core 
length, number of stator slots and total stator conductors. The 
maximum air-gap flux density is to be approximately 7500 lines 
per sq. cm. on open-circuit. 

(8) A 200-kVA, three-phase, 50-cycle, 2200-volt, 375 r.p.m. 
alternator is to be designed with a specific electric loading of 
approximately 300 ampere-conductors per cm. periphery. Design 
a suitable stator winding, giving the total number of slots and the 
conductors per slot. 

The air-gap diameter is 125 cms. 
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INDUCTION MOTORS. — PRINCIPLES AND CONSTRUCTION 

General Construction. — An induction motor consists of two main 
parts, a stator and a rotor. The stator consists of a number of 
stampings slotted so as to receive the windings, these stampings being 
held between two end plates, which are carried from the outer 
carcase of the motor. This outer carcase serves merely as a 
mechanical protection for the stampings and does not carry any 
flux, as is the case in the outer yoke of a D.C. motor. The stator 
windin g is called the prmary^and is connected to the sup pI yTpro- 
ducing the rotating field on which the induction motor depends for 
its action. 

The rotor consists of another set of stampings mounted on a 
spider, which is carried by the shaft. These stampings are also 
slotted and receive the rotor winding, which is called the secondary, 
since it has currents induced in it, as in the case of the transformer. 
Since there are no salient poles, a uniform air-gap is obtained all the 
way round,;* this being, in general, smaller than in the case of a D.C. 
motor of similar size. 

In some induction motors the rotor windings are short-circuited 
on themselves, having no external connections, whilst in others the 
lotoT conductors are brought out to slip rings (usually three) and 
then joined through a resistance, which is used for starting up. 

Production of Rotation. — ^The primary (stator) winding is sup- 
plied with a polyphase current in order to produce the rotating field, 
and this field, issuing f^om the stator stampings, crosses the air-gap 
and enters the rotor. It there cuts the rotor conductors, which form 
the secondary winding, and induces an E.M.F. in them. ] The rotor 
Circmt being closed, this E.M.F. sets up a current in the rotor, which 
consequently absorbs a certain amount of power, this reappearing 
as heat. The Ending. then tfi nda to plap.ft in mich a position 

that it generates a minimum amount of electrical powe r, and in 
order to do this it follows the rotating field and commences to 
rotate. E,M.F. is thereupon reduced, sin^jbhis is„ 

proportipiiai to the rate a-t which the rotor conductors are cut by 
thenfoJating field, and this in turn causes a drop in the rotor current. 
The power wasted in the rotor circuit is thus r^uced, when rotation 
is set up. 
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Another way of looking at the problem is to consider the inter- 
action of the fluxes set up by both the stator and the rotor windings. 
Fig. 254 (a) represents a portion of the air-gap showing the stator 
flux by itself rotating in a counter-clockwise diiection. These 
lines of force are cutting the rotor conductors froui right to left, 
and this is equivalent to a movement of the rotor conductors from 
left to right. E.M.F.’s are induced in these rotor conductors 
which are short-circuited, producing currents flowing away from 
the observer. A hypothetical secondary flux is thus set up, con- 
sisting of clockwise lines of force surrounding the rotor conductors, 
as shown in Fig. 254 (6). Combining the stator and rotor fluxes, 


(a) Stator Flux 


(I/) Rotor Flux 


(c) Resultant Flux 


Fio, 254. — Distortion of Flux by Rotor Current. 

we get the resultant flux actually existing. This is shown in 
Fig. 254 (c), and as the field tends to straighten itself out the rotor 
conductors are urged in a counter-clockwise direction and follow 
the feld in its rotation. 

'Slip,~(;The rotating field revolves with the speed of synchronism, 
and if the rotor conductors were to follow at exactly the same speed 
there would be no relative movement of the field and the rotor. ) 
In this case there would be no E.M.F. induced in the rotor and the 
rotor current would drop to zero. The distortion of the field 
causing the motoring action now disappears, and the rotor immedi- 
ately commences to slow down. soon as it does this, however, 
the rotor conductors begin to be by the rotating field at a rate 
depending upon the difference in the speeds of rotation of the flux 
and the rotor . ) The slower the speed of the rotor the greater is 
the rotor E.M.F. and current, and, consequently, the greater is the 
motoring force. Actually, the speed of the rotor adjusts itself, 
so that the magnitude of the rotor current is just sufficient to exert 
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the necessary torque to overcome the mechanical resistance to 
motion of the rotor. it is running too fast, the rotor current is too 
small to maintain the rotation, and the speed falls.] ^f it is running 
too slow, the rotor current is greater than necessary, and produces 
an acceleration which speeds the rotor up. 

• The difference between the speed of the rotating field and the 
actual speed of the rotor is called the slip of the motor, and may be 
expressed in revolutions per minute,] but a much more common way 
is to express it as a x>ercentago of the synchronous speed. With 
modem induction motors, the slip generally lies between zero and 
about 6 per cenW 

? On account of the fact that it must run at a speed rather less 
than that of synchronism, the induction motor is sometimes termed 
an motor. j 

K/nreprefif^hts the frequency of supply and n the revolutions 
per second of the rotor, then the frequency of slip is (/ — n) in a 
two-pole motor and (/ — pn) in a multipolar motor, where p is the 
number of pairs of poles. Expressing this as a fraction of the 


supply frequency, it becomes 


f-jm 


X 100 per cent. 


^ f f — ^ 

Rotor Current. — When the rotating field is set up by switching 
on the stator current, the motor acts like a polyphase transformer 
with a short-circuited secondary. A current is produced in the 
rotor winding, which is usu^ly wound for throe phases, and this 
develops the torque necessary to set the rotor in motion, /^he magni- 
tude of this current depends upon the induced E.M.F,^per phase and 
^Iso upon the impedance per phase. The induced E.M.F. is pro- 
portional to the rate of cutting lines of force, and this in turn is 
proportional to the difference in speed of the m tating field and the 
YotOL i.e. the slip. The resistance of the rotor winding is constant, 
Jut the reactance also depends upon the slip, since the frequency of 
the 1fot?5it* current's is the same as the frequency of slip. If the slip 
is doubled the induced E.M.F. is also doubled, but the impedance is 
not doubled, although it is very materially increased. As a result, 
the rotor current is increased, but it does not increase proportionally 
to the slip. ^ Another effect of the reactance in the rotor circuit is 
to cause theYotor current to lag behind the induced rotor E.M.F. 
by a certain angle, this having the twofold effect of reducing the 
power factor and the torque developed per ampere. 

The rotor induced E.M.F. per phase is equal to the rotor open- 
circuit E.M.F. multiplied by the fractional sUp, or 

Er = 

The rotor current is ^ 

j Er sE^ 

+ s»x/ 

whnre X, = 2n/L, is the reckotaaoe per phase at standstill. 
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This current lags behind the rotor E.M.F. by an angle . 


<f>r = tan"^ = cos 

1C.J, 


f-l . 


a*. 




In a given motor operating at a fixQ^Jlilie voltage and fr^^fufecy, 
the magnitude and phase of the current depend solely upon the 
slip, s, 

Stator Construction. — The construction of the stator of a modern 
induction motor follows the general lines of that of the stator of a 



FlO. 255. — Induction Motor Stator. (B.T.H.) 


rotating field alternator of a similar size (see Fig. 198). It consists 
in the main of a ring of stampings held between end cheeks and 
supported from the outer casting, which serves only as a mechanical 
support and fulfils no magnetic function. This outer casting is 
perforated with a number of large holes for ventilation and supports 
the two end shields, which also carry the bearings. Fabricated 
stator frames are also commonly used. The stator is wound in the 
same way as the armature of am alternator,(the slots being either 
of the ox)en or semi-closed type. \ Radial or a^al ventilating ducts 
are provided in the stator cor<^; these being so arranged, in con- 
junction with the rotor ventilating ducts, as to permit a 'passage of 
the air right through the machine. 
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A typical induction motor stator is shown in Fig. 255. 

Stator Winding . — The stator can be wound either with concgntric 
or diamond coil windings, exactly as in the case of alternators. 
WiEh^the concentric winding a senu-closed slot is employed, whilst 
with the diamond^ coiF winding an open slot must be used, to 
enable the coils to he placed in position. The winding also is 
distributed over a number of slots per pole so as to utilize the 
surface of the stator to a greater extent. When concentric coil 
windings are employed, it is usual to have one coil per pair of 
poles for each phase, so that a four-pole three-phase motor has six 
coils in all and not twelve. 1?he arrangement of the coils in this 
case is indicated in Fig. 256, which shows three shapes of coils. 
These have an actual space displacement of 30° (or 60° electrical), 
but the connections to the middle coil are reversed in order to get 
the correct phase angle. This arrangement enables the winding to 



Fio. 266. — Arrangement of Coils In Four- 
Pole Three-Pliase Stator. 


be split up into two portions, so that in case of a burn-out in one 
coil it is not necessary to strip the whole stator winding. 

The practice of winding one coil per pair of poles is not adopted 
in the case of two-pole motors, as it would mean that a very large 
bunch of end connections would have to lie on top of one another. 
By using two coils per pair of poles, no extra am|>ere-turns are 
required, and half the end connections are carried round one side 
of the stator, whilst the other halt are carried round the other 
side. 

Construction of Wound Rotors. — The usual type of wound rotor 
consists of a ring of sheet iron stampings mounted directly on the 
shaft in the smaller sizes and built on to a cast iron spider in the 
larger sizes. The rotor winding is carried in slots arranged along 
the outer periphery. Ventilating holes are punched in the plates 
to provide an entrance for the air, whic^ is thrown outwards radially 
by means of the\ ventilating ducts. (The three-phase winc^g is 
coimect^ in star, knd the three ends ar^lJTOTght blitf 6 tEree slip 
rm^. In small motors, these usually lie on the outside of the 
bearing, the shaft being made hollow to allow the three conductors 
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to pass through the bearing. The current is collected from these 
slip rings by means of carbon brushes from which it is led to 
a resistance which is used for starting purposes. fWhen the 
motor is running, these slip rings are short-circuited by means of a 
coUaA which is pushed along the shaft and connects all three slip 
ringsAogether on the inside. The brushes are provided in a large 
number of cases with a device for lifting them from the slip rings 
when the motor has been started up, thus reducing the wear and 
the frictional loss. 

Rotor Winding. — ^The simplest form of rotor winding is a coil 
winding of the same type as that employed on the stator. There 
is an exact number of slots per pole per phase, with one coil for each 
phase per pair of poles. 



Fio. 267.— SqTiirrel Cage Rotor. (B.T.H.) 


For heavier currents a diamond coil, or two layer, winding is 
adopted of the same type as is used for the stator and for the 
stators of alternators (see p. 263). Fractional numbers of slots per 
pole per phase are frequently used. 

Squirrel Cage Rotors. — A simple and effective form of rotor is 
that known as the squirrel cage, which consists of a laminated core 
as in the wound rotor with a 'single conductor lying in each slot. 
These conductors consist of heavy copper bars lightly insulated 
from the core and short-circuited at each end by' means of a pair 
or stout^ehd rings. Each conductor is riveted or screwed on to 
TfbtE Wd~ririgs. in another type of construction, the ends of the 
bars are fitted into slotted end rings, the joints being silver soldered. 
T^^filofershtmld be- skewed (see p. 271), as this is found to assist 
the motor in starting and in quiet running. The whole rotor 
winding thus consists of a permanently short-circuited system 
having as many phases as conductors. 

Fig. 257 shows a typical squirrel cage rotor with a fan and 
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bearing housings, the bearings being of the roller type at the driving 
end, and of the ball type at the other end. 

gfeat advantage of such a rotor lies in the soundness and 
simplicity of the mechanical design. There are no moving contacts 
at ally and the coruitruction of the whole squirrel cage rotor is 
exceedingly simple, ^ts g/eat i^sadvantages lie in the sm^ starting 
torque and krge^ stS^ing^^re^ characterirtjic of the 

The starting torque can be improved by the employment of 
a double squirrel cage, one having a considerably higher resistance 
than the other. (It is shown on page 333 that an increase in the 
rfiaiataiice-x>f the-«>tor^cUpuit increases the . startingjborque. ) 'j'he 
high resistance winding is plac^'hearest to the air-gap ?^ \ 

In another form of squirrel cage rotor the winding 'is made of 
jiluminium and is cast in position, both slot conductors and end 
rings, after the rotor ^re has been assembled. 

I et another form of short-circuited rotor consists of a solid cylinder 
of steel without any^lots or conductors at all. The steel itself 
takes the place of the conductors, the motor really operating by 
virtue of the eddy currents set up in the rotor core. A variant 
of this consists in the cutting of narrow longitudinal slots in the 
rotor core, not for the reception of conductors, but merely to keep 
the rotor eddy currents in the best paths for the production of 
torque.) 

Torque. — ^The torque developed by the rotor is proportional to 
the instantaneous product of the rotor current and the strength gf 
the magnetic field cutting the rotor. If the whole motor, stator and 
rotor together, be imagined to rotate in the opposite direction to that 
of the rotating field and at the same speed, the field appears to 
stand stationary in space and has an approximately sinusoidal 
distribution over the air-gap. The rotor appears to have a slow' 
rotation in the opposite direction to that in which it is really rotat- 
ing, the speed of this slow rotation being that of the slip.CJThe 
induced rotor E.M.F. has a sinusoidal wave form, the maximum 
value occurring when it passes th^ centre line of the pole where 
the maximum flux density occurs. J Owing to the rotor reactance, 
however, the maximum current do4s not occur until a little later, 
so that the field and the current are not quite in phase. {^The 
average force^ on a conductor, and the meau torque, developed by 
it, are propo rtional tg the mean product of current and flux, and, 
The conSuctors being distributed uniformly round the air-gap, the 
total torque developed at any instant is given by mean torque 
per conductor X number of conductors. The instantaneous torque 
is therefore proportional to 

O/r cos 

where < 1 > is the useful air-gap flux per pole, Ir is th^otor..C.urreat, 
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and <f}t is its angle of lag. Since the conductors are distributed 
uniformly, and sinusoidal conditions are assumed, the total torque 
developed is constant from instant to instant. 

The torque can therefore be expressed as 

T = k^Ir cos <f>r 

SE2 -^2 


= iO X 


X 




_ k^E^R2 

The maximum value of the torque is obtained when jRg = 
when the maximum torque becomes 

M>E2 


Tm^ 


k<!>E^R2 _ k^E^ k^E^ 




+ R2^ 


2R, 


23X2 2X2 


I Reactance in the rotor circuit is thus seen to be harmful, in- 
asmuch as it reduces the torque which is developed at any speed, 
including the maximum torque. 

Relation between Slip and Torque. — If the resistance and induct- 
ance of a given rotor be kept constant, the magnitude of the torque 
depends solely upon the slip, providing the magnitude of the rotat- 
isr als&^nitant. For low values of the slip, the reactance 
*18 negligible compared with the resistance, and the expression 

g becomes approximately ^ so that the torque is 

practically proportional to the slip. For large values of the slip, 
the reactance is large compared with the resistance, so that the 

expression for the torque becomes approximately or 

The torque is now approximately inversely proportional 

to the slip. As the slip increases from zero, therefore, the torque 
at first increases, approximately according to a straight line law, 
then reaches a maximum, when R2 = 3X2- It then decreases 
approximately according to the law of a rectangular h3^erbola. 


^ The maximum torque can be obtained by differentiation with rospect 
to # and equating to zero. A simpler method is to find the minimum value of 

y =s ^ain by differentiation with respect to a and equating to zero. 

_ i?,* + sX^ 

k*E^aR^ ““ 

Rt _ ^1* 

Rt V 
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As an example, consider the case of a motor operating on a 

5 

frequency of 50, where Tm = 1, ^ ^ T 


Since Tm = 


k^E 2 

2X7 


z. = ^ = 25. 


The expression evaluated for various 

values of s, and this has been done in the second line of the following 
table. Next let the resistance be increased to four times its original 
value, viz., i2 = 5. The new values of the torque are shown in the 
third line in the table, from which it is seen that the torque now 
attains a maximum value for four times the slip in the previous case. 


a 

0 

0-02 

0-04 

005 

0-10 

0-20 

0-30 

0-40 

0-60 

0-80 

! 

1-00 

Torque for 

0 

0-C9 

0*98 

1-00 

0-80 

0-47 

0-32 

0-25 

017 

012 

0-10 

Torque for 
Ji= 5 

0 

1 

0*20 

0-38 

1 

0-47 

0-80 

1-00 

0-92 

1 

0-80 

1 

0-60 

0-47 

1 

0-38 


The above figures are plotted in Fig. 258, which shows the general 
shape of the torque-slip curves. 

The condition for maximum torque is that =^^ 2 , so that 

R^^ 

the slip for maximum torque is equal to 5 = — . If R^ is low 

-^2 

compared with the maximum torque occurs with a small slip, 
and vice versa, (^For a given rotor, the inductance is fixed, but if 
it were possible "to reduce it, the maxlmtrmrtbfque would he in- 
creased, and would occ\^ at an increased slip, assuming a constant 
resistance. A reducti6ii of both resistance and inductance in the 
rotor would, therj^re, increase the maximum torque and keep 
down the slip. ^ 

Relation between Rotor Resistance and Torque. — It was shown on 
page 330 that the torque developed in the rotor was proportional to 
an expression which included, amongst other terms, the xotOXi. 
resistance. Of course the resistance of the rotor itself is a fixed 
x piantit y, hut by inserting an external resi^ance in series with 
each phase the total amount can be varied. ( The mamm pm va^j pe 
of the torqu e is independent of tj ^resistancdv but the slip at which 
this maximum torqueisoBtameJTs proportional to the total resistance 
per phase. A means of speed regulation is thus obtained by vary^" 
ing the rotor resistance, since the maximum torque can be obtained 
at any speed from standstill up to that of synchronism simply 
by varying the rotor resistance. When no resistance is inserted 
at all, the rotor runs at full speed, and to increase this speed, i.c.J 
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decrease the normal slip, it would be necessary to decrease 
the rotor resistance, which is only possible by re-designing the 
winding. 

If the load on the shaft necessitates a certain torque being 
developed, an increase in the rotor resistance causes a corresponding 
increase in the slip and thus brings the speed down. To illustrate 
the relationship which exists between the rotor resistance and 
the slip for a given torque, > three other curves have been drawn 
in Fig. 258, corresponding to i? = 10, = 25, and E = 50. All 

these curves obey the same law, their only difference being that 
they attain their maximum values at different points. In fact 
the last curve for E = 50 never does reach its maximum by the 
time standstill is reached, but it would attain the same height as 



Fiq. 258. — Torque*8l!p Curves. 

the others at the hypothetical slip of 200 per cent., which, of course, 
is impossible in ordinary circumstances. 

Another series of curves can be derived from those shown in 
Fig. 258, giving the relation between the rotor resistance and the 
slip for a given torque. These are obtained by drawing a horizontal 
line through, say, 0*6 X maximum torque and noting the corre- 
sponding values of the rotor resistance and the slip. These curves 
are drawn in Fig. 259 for values of the torque equal to 0*25, 0-50, 
0*75, and 1-00 times the maximum. 

Speed Regulation. — In ordinary circumstances, an induction 
motor is practically a constant speed machine, since the slip is very 
small even at fuU load. In this respect it is comparable with the 
D.C. shunt motor, the speed of which also drops very slightly as the 
load comes on. (The introduction of the rotor resistance, however, 
causes a reduction in speed, enabling all values from standstill up 
to very nearly synchronous speed to be obtainecl^ It is not possible 
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to obtain an increase in speed in this way, since the motor must run 
at a speed less than that of synchronism. The only way in which 
this can be done is by increasing the frequency, which is not 
practicable, or by changing the number of poles. 

The insertion of the additional resistance is brought about by 
bringing the three ends of the three-phase rotor to the slip rings, 
from which external connections are made to the three-phase 
variable resistance. 

In the case of squirrel cage rotors, it is not possible to insert 
external resistance in circuit, and so no speed regulation is possible 
other than the ^mall natural drop caused by the increase of 
load. 



Rotor Resistance 

Fio. 259. — Relation between Slip and Rotor Resistance. 

Starting Torque. — At the moment of switching on, the frequency 
of slip is the same as the frequency of supply, and thus the starting 
torque is obtained by substituting 5 = 1 in the expression for the 
torque, which now becomes 

The only practicable way to vary this is again to vary the resistance, 
and there is one particular value of R which will give the maximum 
starting torque. This is obtained when R^ = X 2 . Not only should 
the rotor resistance and reactance be equal, but they should both 
be small if a large starting torque is desired, since the maximum 
torque obtainable is inversely proportional to the inductance.CsJBoth 
a hi gh er and a lower rotor resistance result in a decreased starting 
torque, since if a higher resistance is employed the increased im- 
pedance brings the rotor current down, whilst if a lower resistance 
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is employed the reduction in the power factor more than counter- 
balances the increase in the current. The case is, in fact, similar 
to that discussed on page 66, where it was shown that the maximum 
power in a circuit occurs when the angle of lag is 45° and the 
resistance equals the reactance. In the present problem it is 
desired to get a rotor current which has a maximum component in 
phase with the field. 

Considering the same example taken on page 331, the values of 
the starting torque have been worked out for various resistances, 



Flo. 260. — Relation between Starting Torque and R,otor Resistance. 


and these values are tabulated in the following table and plotted 
in Fig, 260. 


R 

1 

5 

10 

20 1 

25 

30 

40 

50 

T. 

0-08 

0-38 1 

1 

0-69 

0-97 

100 

0-98 

0-90 

0-80 


Starting Resistances. — The three-phase resistances used for 
irtjarting up induction motors consist of three separate variable 



Stator Rotor Starter 

Fio. 261. — Diagram of Connections of Induction Motor. 


resistances joined together by means of a three-armed handle which 
forms a star point. Three movable contacts are thus formed, 
rigidly attached to one another so as to make them mbve in unison, 
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and these move over three rows of contacts. The arrangement of 
the various circuits is shown in diagrammatic form in'^Fig. 261, 
whilst the internAl connections of a starting resistance are shown 
in Fig. 262. The three terminals make connection with^ the ends 
of the three resistances and are joined to the 
three slip rings. The rotation of the starting 
handle is limited to approximately one-third 
of a revolution by means of stops, the position 
shown being that when the supply is first 
switched on, all the resistance being in. To 
start the motor up, the main switch is closed 
and the starting handle slowly moved round 
in a clockwise direction through approxi- 
mately 120''. The resistance is then aU cut 
out, only that of the leads and switch con- 



tacts remaining. As, however, these are usually fig. 262.— in^mai 
comparable with the resistance of the rotor 
itself, it is necessary to short-circuit the 

rotor at the slip rings themselves as well. . This is done by means 
of a metal collar, which is forced along the shaft under the shp rings, 
touching them all, thereby eliminating the resistance of the brush 
contacts on the slip rings, which is quite appreciable. The brushes 
are then raised to reduce the wear and the frictional loss. 


In the eddy current starter there are a few turns wound on 
each of three solid iron cylinders and connected in the rotor circuit. 
When first switched in the frequency is that of supply and a 
considerable eddy current loP3 is set up. This is the equivalent of a 
certain amount ci resistance. As the motor speeds up, the frequency 
of slip falls and the equivalent resistance decreases automatically, 
until finally it is very low when the starter is short-circuited as usual. 

Another type of starter is the liquid resistance. This consists 
of a tank containing the liquid into which tliree blades, B (see 


Fig. 263), are dipped gradually by means of the handle, //, until they 
engage in three 8hort-circuit<xi contacts, (7, at the bottom. The 
short-circuiting device at the slip rings is then employed as before. 

Auto-transformer Starters. — ^The use of the starting resistance is 
not possible in the case of squirrel cage rotors, and so other means 
must be adopted to limit the starting ciurent. Tliis is usually 
done by means of an auto -transformer starter, wliich consists, as 
its name implies, of an auto-transformer of which the primary is 
connected to the line, whilst the secondary, giving a reduced voltage, 
is connected to the stator of the induction motor. The effect of 


the reduced voltage on the motor is to reduce, proportionally, the 
strength of the rotating field. This in turn reduces the E.M.F. 
generated in the rotor circuit, and hence the rotor current also. 
Sime the torque developed is proportional to the product of the 
rotor current and the strength of the rotating field, it is seen that 
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it is proportional to the square of the voltage applied to the stator. 
A reduction in the applied voltage at starting, therefore, causes a 



C C C C 


Fig. 263. — Liquid Starter. 

considerable drop in the starting torque, but is necessary in view 
of the reduction in the starting current which it also brings about. 
By the action of the auto-transformer, however, the current drawn 
from the line is less than that supplied to the motor, so that an 
excess current can be taken by the motor without an overload being 
put upon the mains. For example, consider a motor which would 



Auto-Traniformcr Ratio 
Fig. 264. — Effect of Auto-trsnsfonner. 

take five times full load current if suddenly thrown straight on to 
the mains, developing 1*25 times full load torque in so doing. If the 
auto-transformer had a ratio of 2 : 1 the motor current would be 
reduced to 2’5 times full load current and the line current to 1*25 
times full load current. The torque would go down as the square of 

the voltage ratio, and would thus be only = 0-31 times full load 

torque. This is a very inferior starting torque, but it is practicable, ’ 
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whereas without the auto-transformer the motor would trip its circuit 
breaker. To obtain full load starting torque, the motor voltage 

must be reduced to = 0*9 (approximately) times the line 

V 1*^5 

voltage. The motor current is now 5 x 0*9 = 4*5 times full load 
current and the line current 4-5 x 0*9 = 4 times full load current, 
approximately. The values of the starting torque available, 
together with the corresponding values of the voltage applied 
to the stator and the motor and the line currents, expressed 
as percentages of the normal full load values, for various tap- 
pings on the auto-transformer, are shown in Fig. 264. It is 
thus seen that the squirrel cage induction motor is not very 
suitable for starting up under 


n 
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Fio. 265.— Auto-transformer Switch Connections 


full load torque conditions in 
view of the heavy current j 
taken, slip ring motors being! 
much preferable in such cases. ’ 

The auto-transformer may 
have a number of tappings on 
it, but it is usual, particularly 
in the smaller motors, to use 
one tapping only, this being 
the one giving the best all- 
round starting properties. The 

auto-transformer is then provided with a change-over switch, one 
position being for starting and the other for running, as shown 
in Fig. 265. To start up the motor the switch is closed on the 
“ starting ** side, and when a certain speed is attained it is thrown 
over quickly to the ‘‘ running ” side. 

Star-delta Connections. — Another method of reducing the voltage 
on an induction motor at starting is to connect the phases in star 
for starting and in delta (or mesh) for running. In this way the 

volts per circuit are reduced to -y= times the line volts at starting, 

V3 

whilst when running each circuit receives the full line voltage. 
The motor operates as if an auto-transformer were used having a 
voltage ratio of V3 : 1, the motor receiving 57-7 per cent, of the full 
voltage at starting. Since the torque is proportional to the square 
of the applied voltage, this arrai^emerit results in a reduction in 
the starting torque to one-thifdTbf its value when switched on direct, 
whilst the current per phase winding is reduced in the ratio of V3 : 1. 
Since the line current is \/3 times the current per phase winding 
when delta connected, the line current at starting is also one-third 
of what it would be if switched on direct. ^ The necessary operations 
may be performed by means of a change-over switch or by a small 
drum type controller, the connections of which are shown in Fig. 266. 
z 
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The disadvantages of this method of starting are, (1) only one 
starting position is obtained, so that the method is not suitable for 
very large motors ; (2) an induction motor runs better with star than 
with delta connections, since any lack of electrical balance in the 
latter case causes circulating currents to flow round the stator 
winding ; and (3) the motor starts up with a low torque. 

With two-phase motors the equivalent of star-delta starting is 
the series -parallel arrangement. Each phase is divided into two 

Starling Running 



halves which are connected in series for starting and in parallel for 
running, this doing the same as an auto-transformer with a 2 : 1 ratio. 

Induction motors with solid rotors (see p. 329) may be started 
up in the same way as ordinary squirrel cage motors. 

Three-phase induction motors up to a few H.P. may be switched 
directly on to the mains. 

Reversal of Rotation. — In order to reverse a two-phase motor, all 
that is necessary is to reverse the connections of one of the stator 
phases, this causing the rotating field to rotate in the opposite 
direction. In the case of a three-phase motor, any two of the 
stator leads must be interchanged, this having the same effect. 

Crawling Speed. — When considering the rotating field of a three- 
phase induction motor it was found that the M.M.F. was not con- 
stant throughout the cycle (see page 141). The wave form changes 
from one extreme 8hai)e to the other in 30®, so that a cycle of dis- 
turbance is gone through in 60®. This corresponds to a sixth 
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harmonic in the flux wave, and gives rise to a seventh harmonic 
in the rotor currents. The torque due to these is of such a nature as 
though the motor had seven times its actual number of poles, 
synchronous speed due to the harmonic being one- seventh of its 
fundamental synchronous speed. The shape of this torque-speed 
curve for the harmonic is the same as that due to the main funda- 
mental current, although much smaller in magnitude. Just below 
one-seventh speed the harmonic torque aids the fundamental torque, 
but just above this speed the motor is running at hyper-synchronous 
speed from the harmonic point of view and the harmonic torque 
becomes negative. If the harmonic is pronounced, the resultant 
torque may fall below that necessary to overcome the load, j When 
starting up, therefore, such a motor would not accelerate oeyond* 
one-seventh synchronous speed, this being called the crawling speed, ^ 

Output of Rotor. — Of the power supplied to the stator, a portion 
is wasted stator cop^r loss and another portic^ in stator iron 
loss. The remfi;irider is supplied to the rotor. The effect of the 
copper loss is to absorb a portion of the applied voltage, the re- 
mainder, obtained by vectorial subtraction, being utilized for the 
production of the rotating field. This corresponds to that com- 
ponent of the primary voltage of a transformer which remains after 
the IR drop has been deducted. The power associated with this 
voltage is transferred to the secondary through the medium of 
the magnetic flux. The same thing applies to the induction motor. 
The stator current, also, may be divided into two components, 
one of which supplies the no-lp£^ maguetisdng current and the 
constant iron loss current. The other component provides the 
ahipere-ttims necessary to balance the ampere-turns set up by the 
rotor current. The power transferred to the rotor consists, there- 
fore, of the product of this component of the current and the voltage 
producing the flux, multiplied by the cosine of the angle of phase 
difference between the two. Let Es and cos (f> represent these 
quantities respectively, line values being considered. The power 
supplied to the rotor in a~tHree^^Iiase case is therefore 's/SEsIs cos 
If n is the ratio of the turns per phase on the stator to the turns per 
phase on the rotor, the voltage induced in the rotor at standstill 

pj „ 

is When the rotor is rotating with a frequency of shp «/, the 

" n 


induced voltage becomes 


sEs 


The rotor current is nl, and the angle of lag is the same as in 
the stator, as was explained when discussing the transformer. The 
power wasted in heating the rotor is therefore 


V3— X ni, X 


cos <f> 


« VSEJs cos <f> X 8. 
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The power output of the rotor is obtained by subtracting the 
losses from the input and is 

^/SEJt cos <l> — cos (f) X 8 

— \^3E,Js cos X (1 — 5 ). 

The efficiency of the rotor is thus 

'\/3EsIs cos (f> X {I — 8) 

VSEsIs COS (/> 

= 1 

_ actual speed 
synchronous speed’ 

Similarly, the ratio of loss to input may be expressed by 


__ speed of slip 
synchronous speed’ 

Summarizing, we get 

Output _ actual speed 
Input ”” synchronous speed’ 
Loss __ speed of slip 
Input synchronous speed 
Loss _ speed of slip 
Output actual speed 


wt is thus seen that for a high efficiency the slip must be low. 
In ihct, the efficiency is reduced by a percentage equal to the per- 
centage slip. 

In the above argument, the power necessary to supply the 
friction loss is include in the output of the rotor. 

Equivalent drcolt of Induction Motor.— The rotor current is 

E! sEJ 

given hy Ir — ~ = — - . -: r and this demands a correspond- 

ing current in the stator equal to 


If 


The stator voltage required to produce this current is E^ = nE^y 
so that the rotor impedance, viewed from the stator, becomes 


1, ,E, 

n 
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n^R 

As s decreases, the apparent resistance — - increases, becoming 

s 

infinite when 5 = 0. lu the equivalent circuit, therefore, the 
rotor resistance may be regarded as consisting of two parts in series, 

which remains constant, and “0 varies be- 


tween zero and infinity as 8 changes from 1 to 0. On the other 
hand, the reactance of the rotor appears to be constant when viewed 
from the stator. The r^feason for this is that when the actual re- 
actance drops owing ti6 the fall in the rotor slip frequency, the 
rotor voltage falls in ^he same proportion, thus giving rise to the 
appearance of constancy in the rotor reactance. 

The right-hand portion of the equivalent circuit diagram in 
Fig. 267 thus represents the rotor circuit referred to the stator. 
Comparing it now with the transformer equivalent circuit diagram, 



Fig. 267. — Equivalent Circuit of Induction Motor. 


it is seen that the full stator current, /,, is obtained by adding the 
no-load current, /q, to the load component, — . This no-load 


current, /q, itself consists of two components, Im and /c, the former 
being a magnetizing current represented as flowing through the 
reactance Xq, and the latter an active component necessary on 
account of stator iron and friction losses, represented as flowing 
through the resistance Rq. 

Finally, there is a small voltage drop in the stator circuit due 
to its resistance and leakage reactance, this being allowed for by 
the inclusion of R^ and X^ in the equivalent circuit. The applied 
voltage is thus slightly larger than the voltage actually used for 
setting up the useful rotating flux in the air-gap. 

Magnetic Leakage. — Magnetic leakage occurs in both the stator 
and rotor. The stator leakage flux consists of a number of lines 
of force set up by the stator current, but not linking with the rotor 
winding, whilst the rotor leakage flux consists of another number 
of lines of force set up by the rotor current, but not linking with 
the stator winding. 
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The stator leakage causes the stator winding to possess induct- 
ance, and this absorbs a certain portion of the applied voltage, 
although there is no direct loss of power associated with it. This 
is equivalent to reducing the voltage producing the useful rotating 
field cutting the rotor. This in turn reduces the induced E.M.F. 
in the rotor, and hence the rotor current. Since the torque developed 
depends upon both the strength of the rotating field and the rotor 
current, the presence of stator leakage reduces the torque. 

The effect of rotor leakage is to give inductance to the rotor 
winding. Owing to the increased impedance of the circuit, the 
rotor current is decreased, thereby decreasing the torque, whilst 
it also causes the rotor current to lag behind the rotor induced 
E.M.F. This was shown on page 330 to result in a reduction of the 
torque as well, so that both the rotor and the stator leakage fluxes 
cause the output of the motor to be reduced and the power factor 
made worse. 

When considering the performance of the induction motor, it 
is usual to imagine the whole of the leakage flux as being supplied 
from the stator winding, the rotor being non-inductive. This is 
permissible, since that portion of the induced rotor E.M.F. used 
up in overcoming the rotor reactance is supplied from the stator 
winding by transformer action. In fact, the whole of the rotor 
effects come from the stator, since the latter receives the external 
electrical supply. 

Tooth Locking. — If there were the same number of teeth on 
stator and rotor, the reluctance of the magnetic circuit would be 
considerably less when the teeth were opposite to each other than 
when the teeth on one element were opposite to the slots on the 
other. The magnetic attraction between the stator and rotor teeth 
tends to make the rotor fall into the position of minimum reluctance 
and, particularly if the voltage is low, this may have a serious effect 
on the starting of the motor. The teeth on stator and rotor appear 
to be locked magnetically, and this effect exerts a reverse torque 
when the rotor teeth are moving away from those on the stator. 
Another name for this action is cogging, from the analogy of cog 
wheels. 

The effect is present, though in a reduced degree, whenever the 
number of teeth on stator and rotor have a common factor. For 
this reason, squirrel cage rotors are designed with a prime number, 
or twice a prime number, of slots. 

Number of Stator Conductors. — ^The number of stator conductors 
per phase required to produce the rotating field can be calculated 
in the same way as is done with transformers. The formula is 
(see page 177) 

E = 4-44/<I>T X lO-*®. 

E is now the E.M.F. per phase, O the flux per pole, and T the turns 
per phase. Substituting conductors for turns, it becomes 
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and 


E = 2-22/(DN X 10- * 

AT - ^ X IQO 

2-22/<I> ■ 


The constant 2*22 only holds good when all the turns link with 
all the flux, and this is only obtained when the winding is concen- 
trated in one slot. In a practical case, the winding is distributed 
over a number of slots, and this introduces a constant called the 
Breadth Factor. 

Breadth Factor. — In the case of alternators, the effect of distri- 
buting the winding is to cause a slight reduction in the induced 
E.M.F. ; in the case of induction motors, the effect of employing 
several slots per pole per phase is to reduce slightly the number of 
linkages set up. In order to generate the same flux, therefore, 
slightly more turns are necessary, which means that the constant 
2*22 is slightly reduced. This reduction factor is called the Breadth 
Factor y and has a value of approximately 0*95 for commercial three- 
phase motors and 0*9 for two-phase motors. When fractional 
pitches are employed, a further constant, called the pitch factor, 
or coil span factor, is introduced (see page 270). 

The number of stator conductors per phase becomes, therefore. 


and 


N = 


E X 108 


0*95 X X 2*22/<D 
E X 108 


for three-phase motors 


N = 


2-lkJ<P 

E X 108 

0*9 X X 2*22/0 
E X 108 


2k^^ 


for two-phase motors. 


Number of Rotor Conductors. — The number of rotor conductors 
bears no fixed ratio to those on the stator, since if a small number 
of turns is employed the cross section of the conductors can bo 
made correspondingly large. The impedance of the short-circuited 
winding is thus proportional to the square of the number of turns, 
assuming a constant copper space factor, whilst the induced E.M.F. 
is directly proportional to the number of turns. The current is 
therefore inversely proportional to the number of turns, so that the 
total ampere- turns on the rotor are approximately constant, depend- 
ing only on the available slot space. 

Three-Phase Rotor for Two-Phase Motor.— It is not at all neces- 
sary for the rotor to be wound for the same number of phases as the 
stator, since the function of the stator winding is to set up a rotating 
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field which can be obtained from any polyphase source. For 
example, a squirrel cage rotor is one which has as many phases as 
conductors, since the current in each bar has a slightly different 
phase from that in its neighbours. 

Since three-phase rotors only require 
three slip rings and three terminals, 
instead of four for two-phase rotors, and 
have a slightly higher breadth factor, 
they are always used for two-phase 
motors. Another very important advan- 
tage possessed by the three-phase rotor, 
from the manufacturer’s point of view, 
lies in the fact that one rotor can be 
utilized for both two- and three-phase 
machines, and since many more three- 
phase motors are made than two-phase, 
it is convenient to make all the rotors three-phase. 

Single-Phase Induction Motor. — A single-phase winding is only 
capable of producing an alternating magnetic field, and is not 
capable of producing a rotating field unaided. A single-phase 
motor constructed on the rotating field principle must have some 
auxiliary help, therefore, to enable a rotating field to be set up. 
It is found that if a polyphase induction motor has all its phases 
broken except one, the motor will continue to run, although it will 
not start up again after having been shut down. The reason for 
this is that when running the induced currents in the rotor set up 
a true rotating field of their own which enables the rotation to be 
maintained, but the effect disappears when the motor comes to 
rest. This can be shown by considering Fig. 268. which indicates 
a two-pole stator wound with a single-phase winding and a rotor 
on which two short-circuited windings are placed at right angles. 
First, consider the action of the vertical rotor winding, which acts 
like the secondary of a transformer and has a voltage induced in 
it proportional to the rate of change of the stator flux. This voltage 
is, therefore, in quadrature (i.e. 90° out of phase) with the flux. 
The horizontal coil has no induced voltage due to transformer 
action, since the turns do not link with the stator flux, but owing 
to the rotation of the rotor these turns cut the stator flux and have 
a voltage induced in them. This voltage is in phase with the stator 
flux. The two sets of turns produce two fluxes having a space 
displacement of 90° and differing in phase by 90°. The combination 
of these two sets up the desired rotating field. It is not, of course, 
necessary to confine the rotor winding to two simple coils at right 
angles, since any polyphase winding will produce the same result. 
In fact, a squirrel cage rotor is quite satisfactory. Since the whole 
of the magnetization must be supplied from the one phase, the 
magnetizing current is larger than in a similar polyph^e motor, 
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and the behaviour of the machine under load is very inferior as 
regards efficiency, power factor and overload capacity. 

Torque-slip Characteristic of Single-Phase Induction Motor.— 
The behaviour of a single-phase induction motor can be represented 
approximately by assuming the alternating flux set up by the stator 
winding to be resolved into two hypothetical rotating fluxes, each 
constant and of half the amplitude of the maximum value of the 
alternating fiux, rotating in opposite directions at synchronous 
speed (see page 142). 

The torque-slip curves are drawn for each of these component 
fluxes, as shown in Fig. 269. Consider first the fiux rotating in 
the same direction as the rotor. This sets up a positive torque, 
just as in the case of a three-phase motor. The curve is continued 
for slips up to 290 per cent., at which value the rotor is rotating 



Fia. 269. — Torque-slip Curve of Single-Phase Induction Motor. 


at 100 per cent, of synchronous speed in the reverse direction. 
Points on this part of the curve can be obtained by inserting values 
between 1 and 2 for s in the torque formula on page 330. This torque 
l ^s the sam e ^nse as for values of s that are less than unity, but 
an induction motor will not run in these conditions, since a reversed 
torque is required to produce a reversed speed. 

The second component flux is rotating in the opposite direction 
to the first. When the rotor is rotating synchronously with respect 
to the first fiux, it is running with 200 per cent, slip with respect 
to the second fiux, and moreover the torque set up by this flux is 
opposed to that set up by the first flux. The torque-slip curve for 
the second flux is, therefore, drawn as a negative torque below the 
zero line in Fig. 269. Again, 200 per cent, slip with respect to the 
first flux corresponds to synchronous speed with respect to the 
second flux, and the reverse torque due to the latter reaches its 
maximum value at some value of the slip rather less than 200 per 
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cent, on the slip scale in the diagram. The resultant torque due 
to the combined action of the two component rotating fluxes is 
the algebraic sum of the two component torques, and is shown in 
the diagram. This curve of resultant torque passes through zero 
at a slip of 100 per cent., thus showing that there is no starting 
torque developed. The maximum torque is also less than would 
be expected in a three-phase induction motor. A further point 
is that the torque falls to zero again at rather less than s 3 mchronou 8 
speed, the torque for the latter speed being actually negative. As 
a result, the normal slip of a single-phase induction motor under 
load conditions is rather greater than in the corresponding three- 
phase motor. 

The effect of adding rotor resistance is rather different in the 
single-phase induction motor from what it was in the three-phase 
one. In the latter case, the value of the maximum torque was 



Fig. 270. — Torque-slip Curve of Single-Phase Induction Motor with Added Rotor Resistance. 

not affected by the addition of rotor resistance, the only change 
being in the value of the slip at which maximum torque occurred. 
In the single-phase machine, the addition of rotor resistance results 
in an actual decrease in the value of the maximum torque developed, 
in addition to altering the slip at which it occurs. This is made 
apparent by reference to Fig. 270, which shows torque-slip curves 
for a higher rotor resistance, the maximum values of the component 
torques occurring at larger slips than in the previous diagram. 
The maximum value of the resultant torque occurs at a larger 
slip, but it is obviously reduced in magnitude as well. 

This method of treatment is only approximate, as it assumes 
that the single-phase induction motor is equal to two mechanically 
coupled polyphase motors, of opposite phase rotation, and con- 
nected in 'parallel. More accurately, the single-phase induction 
motor is equivalent to two such polyphase motors connected in 
series, since the stator currents for the two component fluxes must 
be the same. 
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Starting of Single-Phase Induction Motors. — In order to enable 
the motor to start up, it is necessary to produce an initial rotating 
field, and this is usually done by means of a '' split pha se'' A second 
winding is placed on the stator after the manner ^ the second phase 
of a two-phase motor. This winding need not be as strong as the 
main winding, and is made of smaller wire, since it is only in use 
during the starting period. The main and the starting windings 
are connected in parallel, and both supplied from the same single- 
phase source, but to obtain the difference in phase an additional 
reactance is placed in the starting winding. The currents in the 
two branches now set up a rotating field, not uniform in magnitude, 
but sufficient to cause the motor to rotate. When a fair speed is 
attained, the starting winding is cut out. In some cases the two 
windings are connected in series, the phase displacement being 
obtained by shunting one with a resistance and the other with an 
inductance. This arrangement has the advantage that it limits 
the starting current. Instead of adding inductance to the starting 
winding, a condenser may be placed in series with it, whilst in some 
motors resistance is actually added, the idea being that since the 
two windings already possess a fair amount of inductance in them- 
selves, the necessary phase displacement can be obtained by bringing 
the current in one branch more into phase with the voltage. 

Single-Phase Capacitor Motor. — The ordinary single-phase induc- 
tion motor obtains the necessary phase displacement of the current 
in its auxiliary winding by the addition of inductive reactance in 
series with this winding. In the capacitor motor, a condenser is 
substituted for the choking coil, so that the current in the auxiliary 
winding leads the current in the main winding, instead of lagging 
behind it. When the motor has attained its full speed, the auxiliary 
winding is cut out of circuit in the ordinary motor, since it reduces 
the ^power factor. With the capacitor motor, on the other hand, 
the auxiliary winding is left in circuit, since it takes a leading and 
not a lagging current. The main and the auxiliary windings thus 
combine to produce torque when running as well as during starting, 
and the motor approximates in performance to a two-phase induc- 
tion motor. 

A larger capacitance is used during the starting period than 
when running, and condensers of the electrolytic type may be used 
for the extra capacitance required during the short starting period. 

It is claimed for this motor that it gives a better starting torque 
than the ordinary single-phase induction motor, and that it runs 
more quietly with a better efficiency and power factor. It can be 
operated with either a squirrel cage or wound rotor. 

When delivering load both windings assist in providing the 
output, but on no-load the main winding may be found to be 
returning power to the mains. The action of the condenser in 
series with the auxiliary winding results in a certain amount of 
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resonance being set up, so that the voltage across the auxiliary 
winding may be considerably in excess of the supply voltage The 
amount by which this voltage across the auxiliary winding is 
resonated up depends upon the capacitance of the condenser and 
the inductive reactance of the winding. The voltage across the 
condenser exceeds that across the winding. The vector diagram 
for no-load conditions is shown in Fig. 271, where E represents the 
supply voltage. The resonant conditions of the auxiliary circuit 



Fig, 271. — Vector Diagram 
of Capacitor Motor on No- 
Load. 


cause voltages and Ec to be set up 
across the auxiliary winding and the con- 
denser respectively, the phase angle 
between these two component voltages 
approaching 180°. The current in this 
circuit is and leads the condenser volt- 
age Ec by 90°. The component of the 
current in phase with the supply voltage 
may be greater than that required to 
supply the losses of the motor, and so a 
certain amount of power must be returned 
to the line, which is performed by the 
main winding. This wmding has a certain 
impedance at no-load, this determining 
the magnitude of the current flowing 
through it, and since the component of 
this current in ^hase oj)position to E is 
fixed, the phase angle of the current in 
the main winding is thus determined. 
This current is represented by 7,^ in the 
vector diagram. The vector sum of 
and la gives I the total cuirent taken 
by the motor, the power factor being 
given by cos <f>. The phase angle between 


E and 7,^ is greater than 90°, indicating that 7„j has a reverse power 


component. 

Pole Changing Motors. — Two economical speeds can be obtained, 
one double the other, by arranging the stator windings so that the 
number of poles can be changed at will in some simple ratio such as 
8 to 4. The span of the coils may be either equal to, greater than, or 
less than, the pole pitch and, provided the coil span is not too small, 
there is not a very great loss in efficiency. More copper is, of course, 
required with fractional pitch windings. For example, a winding 
which has a full pitch for eight poles only has a 50 per cent, pitch 
for four poles. This is about the smallest fractional pitch that is 
advisable. By suitably rearranging the connections to the various 
coils such a winding may be made to set up either an 8- or a 4-pole 
field. Again, in the case of a winding arranged to give full pitch 
coils for a 6-i)ole field, the same winding would, when re-connected, 



INDUCTION MOTORS 


XX 


349 


give two-thirds pitch coils in a 4-pole field, and four-thirds pitch coils 
in an 8-pole field. 

Suppose a series of full pitch coils is arranged to set up eight poles 
[see Fig. 272 (a)]. By reversing alternate coils, consequent poles 
are set up giving a 4-pole arrangement [Fig. 272 (6)]. The four 
coils are connected in a closed net as shown in Fig. 273 (a) and (6). 
When fed at the terminals and an 8-pole arrangement is 
obtained, but when fed at and it is seen that the currents in 
coils B and D are reversed whilst the currents in coils A and G are 
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Fig. 272. — Arrangement for Eight and Four Poles. 


unchanged. The winding now sets up four poles. In a three-phase 
motor tliree such groups of windings are necessary, connected in star. 
Either or forms the star point, the other terminals being 

connected to the line. The smaller number of poles, however, 
corresponds to a higher speed and if a greater output is desired, 
then a greater current must flow. This can be effect^ by connect- 
ing the coils in series for the low 8-pole speed and in series-parallel 
for the high 4-pole speed as shown in Fig. 274. 

In the 4-pole case, shown in Fig. 274 (6), the voltage per coil 
is doubled, so that each coil takes double the current flowing in 

TV TV 



Fig. 273. — Coll Connections for Eight and Four Poles. 


the 8-pole arrangement, shown in Fig. 274 (a). Since there are 
two coils in parallel, the total current taken is four times, so that 
the motor develops four times the power on the same voltage. 
Since the speed is doubled, it follows that the torque is also doubled. 
Such an increase in torque is not desired, however, in a number 
of cases, and the following arrangement may be adopted to get 
over this disadvantage. The coils are connected in delta for the 
low speed, and in parallel-star for the high speed as shown in Fig. 
275. It is obvious that in the former case the currents in the two 
coils in one leg of the delta flow in the same direction, the terminals 
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being those marked Tg. When the terminals marked are used, 
the currents in the same two coils must flow in opposite directions, 
so that the number of poles is halved, as shown in Fig. 272. For 
this connection the three Tg terminals are short-circuited to form 




(^) 4 Poles 

Fia. 274. — Series and Series-Parallel Connections for Three-Phase Motor. 


a star point, n. The voltage per cofl with the delta arrangement 
E 

is where E is the line voltage. With the parallel-star arrange- 



Fio. 275.— Delta and Parallel-Star Connections. 


times its previous current. Since there are two coils in parallel, 

4 4 

the line current is = 2-31 times the original coil current, or - 


times the original line current. Since the speed is doubled, the 
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torque is ^ times its previous value. The variation in torque is 
o 

therefore seen to be much smaller than in the series and series - 


parallel connection shown in Fig. 274. 

The rotor may be either of the squirrel cage or of the wound type. 
In the latter case the use of fractional pitch windings enables the 
rotor to operate in a rotating field with either number of poles. 

Cascade Arrangement. — A system of connections sometimes 
adopted with polyphase motors for obtaining two speeds is that 
known as the cascade arrangement. This employs two motors 
mechanically coupled together, the stator of the first being con- 
nected to the supply. The rotor of the first is connected to the 
stator of the second, and the rotor of the second is connected to a 


starting resistance in the usual way. Usually the stator and rotor 
of the second machine are interchanged, thus doing away with the 
necessity for slip rings, since the connecting conductors can now be 
carried from one machine to the other through a hollow shaft. The 
diagram of connections is shown in Fig. 276. 

The frequency of the current supplied to the second stator is 
the frequency of shp of the first motor, and the frequency of slip 



Fig. 276. — Cascade Connections. 


of the second motor is the usual small value of a few per cent. 
Neglecting the second slip and assuming the same number of poles 
for both motors, it is seen that the s 3 mchronous speed of the second 
motor is the same as the speed of slip of the first. If there are p 
pairs of poles, the speed of the first motor is 

f — sf f f — 

< — ^ X - = • revs, per sec. 

f p p 

sf 

Neglecting the second slip, the speed of the second motor is 
Equating these two, we get 

f—«f ef 

P P’ 

/-«/=«/. 


The S 3 mchronous speed of the set connected in cascade is thus half 
the synchronous speed of either when connected in the ordinary way. 
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If the number of pairs of poles on the two motors be different, 
let them be represented by and respectively. The speed of 


the first motor is then 


/■ 


sf sf 

, and the speed of the second — . 

V2 


But 

and 


Vi 

/-V 

Pi Pa’ 

/Pa - «/Pa = s/Pi. 
«/(Pi +P2) =/Pa. 




Pa 


Pi + Pa 


revs, per sec. 


The si)eed is therefore 

= 


V2 Pi + P2 


revs, per sec. 


In other words, the synchronous speed of the set is the same as 
that of a single motor having as many poles as both component 
machines added together. 

If the two motors are not mechanically coupled together, the 
arrangement is unworkable, since the moment any load is put upon 
one motor it stops and acts just like a transformer, whilst the other 
motor runs up to its normal speed. 

Sometimes a small auxiliary motor is cascaded with a large main 
motor, the former having only two poles and the latter a large 
number. For example, a small 2-pole motor may be cascaded 
with a large 20-pole motor, on a 50-cycle circuit. The synchronous 
speed of the latter by itself is 300 r.p.m., but when the auxiliary 
motor is introduced into the circuit, this synchronous speed drops 
to 273 r.p.m. (22-pole speed). By arranging the auxiliary motor 
to be driven against its own torque, a further speed of 333 r.p.m. can 
be obtained, corresponding to 18 poles. 

Hunt Cascade Motor. — The two machines in a cascade set can 
be combined into one machine by the use of certain windings as in 
the Hunt motor. Suppose that a single machine is provided with 
two stator and two rotor windings, one of each being wound for 
each number of poles. As an example, an 8-pole stator winding 
induces E.M.F.’s in an 8-pole rotor winding, and these force currents 
through a second rotor winding wound for four poles. This now 
acts as the primary of the second set of windings and induces E.M.F.’s 
in the second secondary wound on the stator also for four poles. 
This last winding is connected to the usual starting resistances, 
which are short-circuited when running. 

Instead of two distinct windings on both stator and rotor, a 
single winding is placed on each in the Hunt motor. Each phase 
is provided with a series of coils connected somewhat similarly to 
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those shown in Fig. 273. The terminals and are now con- 
nected together. This makes no difference to the supply, for these 
are equipotential points with reference to the supply currents 
obtained through Tg and Tg', these setting up an 8-pole field. The 
rotor is designed to set up, in addition, a 4-pole rotating field, and 
due to this the stator sets up an E.M.F. between the points and 
T4', which, being short circuited, allows a secondary current to 
circulate. This current does not interfere with the supply, for, to 
it, the points and are also equipotential. The rotor winding 
also is designed to operate in rotating fields with two numbers of 
poles. 

Induction Generator. — If the rotor of an induction motor is 
driven mechanically from some external source at a speed higher 
than that of synchronism, the machine acts as a generator and the 
stator supplies a current to the mains. Unfortunately, such a 
machine is not capable of acting independently, but must run in 
parallel with another A.C. generator of the synchronous type, as 
otherwise there will be no rotating field set up and no generator 
action takes place. In other words, the other generator must 
supply the A.C. magnetizing current for the induction generator. 
The effect of raising the speed is to increase the output of the 
machine, the frequency remaining constant. In fact, the frequency 
is determined by the other generator and is independent of the 
speed. For this reason, the machine is sometimes called an asyn- 
chronous generator, since it does not run at synchronous speed. 

Machines of this kind have not a wide application in practice, 
but the principle is sometimes employed with induction motors 
where a regenerative control is used, as in lift motors on the lightly- 
loaded journey and railway motors when descending a steep gradient. 


Examples 

(1) Draw a developed diagram of a single- layer winding suitable 
for a small 3-phase, 4-pole induction motor. The winding is to be 
accommodated in 36 slots. Show clearly all connections. 

(2) A 6-pole, 50-cycle, three-phase induction motor develops a 
maximum torque of 100 lbs. -ft. at 880 r.p.m., the resistance per 
phase of the rotor being 0-6 ohm. Calculate the torque when 
operating with 5 per cent. slip. 

(3) A squirrel cage motor takes 5 times full load current and 
develops 2*2 times full load torque when switched directly on to the 
mains. What torque will it develop and what will be the initial 
value of the current drawn from the supply when started up through 
an auto-transformer ,>v^ith a 60 per cent, tapping ? 

(4) Compare critically the various methods adopted for starting 
three-phase induction motors. 
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(5) Compare methods of obtaining speed regulation of three- 
phase induction motors by means of (1) rotor resistance, (2) cascade 
system, and (3) pole-changing. Give examples where each system 
may be employed with advantage. 

(6) Show how multiple speeds are obtained by the cascade 
control of two induction motors. 

A particular group consists of a 6-pole and a 10-pole motor. 
What speeds are possible with this combination neglecting slip ? 
The frequency is 50. 

(7) A 4-pole and a 6-pole three-phase induction motor are con- 
nected in cascade, the 6-pole machine being inverted and having 
its stator windings connected to a starting resistance. The fre- 
quency of supply is 50. Neglecting the slip of the second motor, 
determine the frequency in the intermediate circuit, and the actual 
speed of rotation of the rotating field in the second motor. Prove 
any formulae used. 

(8) A 4- and a 6-pole induction motor are connected in cascade 
on a 50-cycle supply. When running separately the former motor 
is rated at 30 B.H.P. and the latter at 20 B.H.P. What speeds can 
be obtained without the use of rheostatic control, and what B.H.P. 
can be obtained at each speed ? What is the supply frequency to 
the second machine when cascaded? Neither machine is to be 
overloaded. 

(9) Evolve an expression for the ratio of the rotor copper loss 
in a three-phase induction motor to the rotor mechanical output. 

Why is speed regulation by the insertion of rotor resistance an 
uneconomical method ? 

(10) A three-phase squirrel cage induction motor is wound with 
four groups of coils per phase. Show by the aid of diagrams how 
these can be connected in series-star for use as an 8-pole motor, 
and in parallel-star for use as a 4-pole motor. If such a motor is 
operated through a transformer, show that a different ratio of 
transformation is desirable in the two cases. 

(11) Describe one type of single-phase capacitor motor and 
show, by the aid of a diagram, how starting is effected. What 
advantages does such a motor possess over an ordinary single- 
phase induction motor ? 
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INDUCTION MOTORS. — PEBFORMANOB AND TBSTINO 

No-load Condidons. — If the rotor winding be open -circuited by 
raising the brushes on the slip rings, no current flows in the rotor 
and no torque is developed. In these circumstances, the rotor 
remains stationary, and the stator winding takes only that current 
necessary to maintain the rotating field and to provide for the 
^tator ir on^ The former component is a purely magnetizing 

curfent^and lags behind the E.M.F. by whilst the latter is an 
active component^ relatively small in magnitude. On. short-circuit- 
ing the rotor, the motor runs up to full speed, the only torque which 
is developed being that necessary to overcom^J^e friction and the 
rot or iron los s. A very small rotor current is sufficient to produce 
this torque, so that the slip is extremely small and the motor runs 
at very nearly synchronous speed. Owing to the extremely low 
frequency in the rotor circuit, the rotor iron loss is quite negligible. 
This small rotor current causes a correspondmg^^mrrent to flow 
in the stator winding, and this component, combined vectorially 
wTthThe current obtained in the stator with the rotor on open circuit, 
forms the no-load current of the motor. 

The power factor is considerably less than 0*6 in an ordinary 
case, so that when measuring the power of a three-phase motor 
running light by means of the two-wattmeter method, one watt- 
meter reads negatively (see page 119), and the total power is obtained 
by subtracting the two wattmeter readings. 

Effect of Voltage. — If the applied voltage be gradually lowered, 
the magnitude of the rotating field is reduced proportionally. 
The rotor current required to produce the no-load torque is, there- 
fore, slightly increased, since the torque is proportional to the 
p roduct of the field strength and the rotor current. This does 
not produce any appreciable effect on the no-load stator current, 
however, until very low voltages are reached, and in the meantime 
the magnetizing and the stator iron loss currents are falling wdth the 
voltage, so that the resultant stator current first of all falls as the 
voltage is reduced, but after a time rises again. 

The power absorbed falls away as the voltage is reduced, but 
not so fast as the reactive magnetizing current, so that the power 
factor rises. In fact, when a motor is started up by means of an 
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auto-transformer it happens quite frequently that the second watt- 
meter reads positive for a time, going behind the zero as the voltage 
is raised. 

The slip remains practically constant over a wide range of 
voltage, but commences to increase at a considerable rate when very 
low voltages are reached. 

Effect of Frequency. — The relation between the applied voltage, 
the flux per pole and the frequency ps given by the formula 

^ = 21/<I>T X 10-8. 

With a constant applied voltage, therefore, the flux is inversely 
proportional to the frequency, so that reducing the frequency below 
its normal value causes an increased flux, which increases the 
magnetic saturation in the iron and thereby reduces the perme- 
ability. Tlie magnetizing current is thus increased both on account 
of the increased flux and the decreased permeability, ^his makes 
the power factor poorer, and results in an increased copper and iron 
loss. 

If the motor be designed for a low frequency in the first place, 
the flux density is prevented from reaching such high limits by 
employing a larger number of turns on the stator. With a given 
number and size of slots this results in a smaller size of wire being 
used, and this only permits a smaller current to flow. Both the 
output and the speed of the motor are thus reduced more or less 
proportionally. 

For example, consider an 8-pole, 50-cycle motor having a syn- 
chronous speed of 750 r.p.m. If the same carcase be employed for 
a 25-cycle motor with the same number of poles, the synchronous 
speed would be 375 r.p.m., and there would be twice as many con- 
ductors per slot half the size of those in the first case. Carrying 
half the current, therefore, the motor would do half the output. If 
the number of poles be reduced to four, the synchronous speed 
would be 750 r.p.m., as in the first case. The pole pitch is thus 
doubled and the original cross section could be used, since there 
will be twice as many slots per pole. The same current per con- 
ductor can now be allowed as in the 50-cycle motor, so that the 
oujrput is the same for the same 83 aichronou 8 speed. 

The above 4-pole 25-cycle motor is superior to the 8-pole 50- cycle 
motor, since the pole pitch is longer, and in all probability less 
leakage will take place. \The magnetic leakage plays a most impor- 
tant part in determining the performance of the motor and affects 
not only the power factor, but also the overload capacity of the 
motor. t 

In order to get a reasonable length of pole pitch, few poles are 
required, and this leads to high speeds unless low frequencies are 
adopted. In general, motors designed for low frequencies operate 
with better power factors than those intended for higher frequencies. 
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Load Test. — In order to carry out a load test on a three-phase 
induction motor, the motor is connected up as shown in Fig. 277, 
the instruments required being a voltmeter, an ammeter, and a 
three-phase wattmeter. Instead of the latter, two single-phase 
wattmeters may be used (see Fig. 93). A power factor indicator 
is unnecessary, as this can be determined by the ratio of the two 

Stator ' Rotor 


Fig. 277. — Electrical Connections for Load Test. 

wattmeter readings. For low loads, the power factor will be probably 
^ below 0-5, so that one wattmeter will show a negative indication. 
^The volt coil of this instrument must be reversed in order to get 
TtST reading. ] The rotor is connected up to a three-phase starting 
‘Twwtance il a slip ring rotor, whilst an auto-transformer should 
be used in the stator circuit if the rotor is of the squirrel cage type. 
Sometimes it is desired to measure the current in a slip ring rotor, 
and this is done by inserting an ammeter in one of the slip, ring 
connections, but this is not very satisfactory, since the currents 
usually become unbalanced to an ap- 
preciable extent, owing to the fact that 
the resistance of the ammeter is quite 
comparable with the resistance of the 
rotor, which is, of course, very low. 

No extra apparatus, therefore, should 
be included in the rotor circuit other 
than that absolutely necessary. 

The load can be taken up by another 
machine run as a generator (D.C. or A.C.) 
coupled up to the induction motor 
either directly or by belt. The generator 
is then loaded up on resistance or other- 
wise to obtain the required loads. The ^TS.-Arrangement for Band 

output of the generator is measured, 

and its efficiency at various loads must be known, so that the 
output of the motor can be determined. When a belt drive is 
employed, the loss in the belt must also bo allowed for. 

Another method of determining the output of the motor is to 
use some form of brake, such as the Prony brake or the eddy current 
brake. 

A simple method of determining the output, when it is not kept 
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on for more than a few minutes at a time, consists in loading up the 
motor by means of a simple band brake with a spring balance on 
each side to measure the pull on the tight and the slack sides of 
the belt. The arrangement is shown in Fig. 278, where and P, 
represent the two spring balances, the pulls being measured in lb. 
The net pull at the rim of the pulley is (Pj — lb. and the torque 
developed is P = (P^ — P^) X r Ib.-ft., where r is the radius of 
the pulley in feet. The work done per revolution is 

2Trr(P, - P,) 

or 2tzT foot-lb., and if n is the speed in r.p.m. the work done per 
minute is 27t7iP. The B.H.P. developed is A ? m > 

oiiJjUUU 

equivalent to oVka a ^ — 0*1427iT watts. To determine the 

oOjUUU 



Fio. 279. — Performance Curves of Induction Motor. 


output, therefore, n and T must be obtained, and this involves 
measurements of the speed and the pulls on the two spring balances 
and a knowledge of the radius of the pulley. 

In carrying out the test, the tension on the brake is adjusted to 
a certain value, and the various measurements are taken. This is 
then repeated for a number of other tensions on the brake, so that 
a complete range of loads is obtained which should be plotted 
against B.H.P. as a base. The performance curves of a typical 
Induction motor are shown in Fig. 279. 

The disadvantage of this method of testing lies in the fact 
that if the load is considerable the band brake very soon gets 
extremely hot, so lhat the observations have to be taken quickly. 

Power Factor .-ilhe power factor when running light is very low, 
since the major portion of the statftg^urrent is ma gnetizing., 

current, the load is increase, the no-loacl mai^etizing current 
rSEnains' approxi^tely^ jconstant, while the active component 
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increases on accost of the load. ll’he current has How, however, 
another rea ctive component, due to the flux which is forced into the 
TeaKage pa^sr^htlt^thtsr'does not prevent the power factor from 
risittg^'to a very high value. As the load is increased, the effect 
of this component becomes more marked, and the power factor 
begins to decrease again after having passed through a maximum 
Value. The shape of the power factor curve is shown in Fig. 279. 

/ Efficiency. — The mechanical output of the motor was shown on 

page 358 to be 0*142nT watts, whilst the input is given by wattmeter 
readings and is equal to — V3 El cos <f> and PTg = 2EI cos <f> 
in a three- and two-phase case respectively, E and / being the line 
values. 

The efficiency is thus 


and 


0*142nT 0142nT 0 082nT ^ , 

cos 4, ~ (3-phase), 

0-U2nT 0-142nT 0 071n!r , 

2EI cos 4^ El cos 4> (^-Pl^ase). 


The efficiency curve follows the same general law as in D.C. 
motors, commencing at zero for no-load and rising to a maximum, 
after which it commences to drop slightly, as shown in Fig. 279. 
The efficiency and power factor curves are very similar, their chief 
difference lying in the fact that the former starts from zero whilst 
the latter does not. 

Apparent Efficiency. — If the effect of power factor be not taken 
into account, it appears as if the input were equal to V3 El, and 
this quantity is called the apparent power. The ratio of the output 
to the apparent power input is called the apparent efficiency, and is, 
of course, equal to the product of the true efficiency and the power 
factor. Values of the apparent efficiency are plotted in Fig. 279 
along with the other performance curves. 

Heat Run. — In order to carry out a heat run on an induction 
motor, it is necessary to load it up in such a manner that the load 
can be maintained for a number of hours. The band brake method 
previously described is not, therefore, applicable, and some other 
method must be adopted. The usual practice is to maintain full 
load for six hours and then to determine the temperature rises in 
various parts of the motor, usually by thermometer. In order to 
avoid wasting the energy involved in the test, which is considerable 
in the case of large motors, a D.C. generator is sometimes coupled 
to the motor and loaded back on to the D.C. supply. In this case, 
the power consumed is only that used up in overcoming the losses 
in the two machines. 

Measurement of Slip.—There are three main methods of measur- 
ing slip, viz. 

1 . By measurement of 83 rnchronou 8 and actual speeds. 
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2. By measurement of rotor frequency, 

3. By stroboscopic method. 

These will be dealt with in turn. 

1. The actual speed of the motor is measured and also the speed 
of the driving alternator or any synchronous apparatus connected 
to the supply, the slip being obtained from the difference of the two 
readings. Expressed as a percentage, this is 

Synchronous speed — Actual speed 
Synchronous speed 

If the number of poles on the alternator is not the same as tlje 
number on the induction motor, the speed of the alternator mu^t 
])e multiplied by the ratio of the numbers of poles. This is not a 
very accurate method of determining the slip, albeit a convenienit 
one, since it depends on the difference of two quantities very nearl^ 
equal, and a small error in determining either of the speeds leads 
to a very large error in the result. 

2. Since the rotor frequency is very low, not often exceeding 
one or two cycles per second, it can be read on a moving coil ammeter 
by cdiiiifing the oscillations of the pointer. The method adopted^ 
therefore, is to connect a moving coil ammeter in series with one 
of the leads going from the slip rings to the starter and count the 
beats in a given time. If a central zero instrument be used, the 
number of complete to and fro swings must be counted, but in the 
ordinary type the reverse half of the wave will produce no effect, 
since the pointer will be pressing against the zero stop. The 
percentage slip is then given by 

Rotor frequency 
Stator frequency'.^ 

If the motor is of the squirrel cage type, this method must be 
modified, since there are no slip rings. There is usually a small 
portion of the magnetic field going right through the centre of the 
rotor and cutting the shaft, which has a small E.M.F. induced in it. 
Thfe can be detected by pressing a lead against each end of the 
shaft, the other ends being connected to a sensitive moving coil 
millivoltmeter. The measurement is then made in the same way 
as with the wound rotor. 

3. In the stroboscopic method, a disc, with alternate black and 
white sectors painted on it, is attached to the end of the motor shaft. 
This disc is illuminated by means of an arc or other lamp running 
from the same supply. If ‘the disc is normally in a very poor light, 
an incandescent lamp is sufficient, this being preferable, since it is 
not so likely to unbalance the voltages of the system. Assuming 
the number of black sectors to be equal to the number of poles on 
the motor, one sector moves forward a pole pitch in half a cycle 
if there is no slip at all and the next black sector occupies the 
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original position of the first. But the disc is illuminated once 
every half-cycle, so that, viewed in the light of the arc, the disc 
appears to be stationary. But since a certain amount of slip 
occurs, the second black sector does not quite reach the initial 
position of the first in half a cycle, with the result that the disc 
appears to rotate slowly in a direction opposite to that of the motor. 
A complete apparent revolution of the disc thus corresponds to a 
slip of as many cycles as there are pairs of poles on the motor. If 
the apparent revolutions of the disc per minute are counted, the 
frequency of slip is obtained from 

apparent r.p.m. 

i X pairs of poles. 

The percentage slip is then calculated as before. For testing 
motors with different numbers of poles, a series of discs is required 
having different numbers of sectors painted 
on them. 

Instead of using an arc or an incan- 
descent lamp, an electrically driven tuning 
fork may be used (see Fig. 280). This 
must have a natural period of vibration 
equal to the frequency of supply, and is 
kept in action by means of a small 
electromagnet operated from accumulators 
through an ordinary make and break. 

When the circuit is made, the two prongs 
of the fork are attracted, thus breaking 
the circuit and allowing the prongs to fly 
back. At the top end of each prong of 
the fork is attached a metal fiag with a 
slot cut in it. These slots are arranged 
to overlap in the normal position, so that Measurement, 

when the fork is vibrating the observer can 

see through the flags twice per period. The tuning fork acts in the 
same way as the arc lamp, therefore, in allowing the observer to 
see the disc on the motor shaft twice per period. This arrangement 
is much more convenient than that of the arc lamp, but it suffers 
from the disadvantage of only operating on the one frequency. 

In the slip stroboscope of Dr, Drysdale, a small synchronous 
motor drives a conical roller, and this in turn drives a small disc 
containing a number of slots. The speed of the disc is adjusted by 
sliding it up or down the roller until it is running at the same speed 
as the motor, ^he painted disc on the motor shaft now appears 
stationary and the slip is indicated by the position of the disc resting 
on the roller. 

Measurement of Resistance. — ^The resistance of the stator wind- 
ings can be measured conveniently by passing a D.C. through them, 
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obtained tom a few accumulators, and determining the current and 
voltage. It the windings are connected in star, the resistance per 
phase is half that observed! since there are two circuits in series, 
whilst if the circuits are connected in delta there are two windings 
in series connected in parallel with the third. If r be the resistance 
per circuit, then the combined resistance, as determined by the 
voltmeter and ammeter, is 


and 


E = 


1 



r = ^R. 


2r 

3 


The same can be done for the rotor circuits if it is a slip ring 
motor, but care must be taken to measure the voltage drops across 
the rings directly and not across the brushes or terminals, since 



the effect of the brush resistance is very appreciable, and tins is 
cut out when the motor is running normally. 

Simple Circle Diagram. — In order to simplify the development of 
the circle diagram, one phase only will be considered, this being 
legitimate since each of the phases acts in the same way. Certain 
assumptions are made in the first instance as follows : (1) the applied 
stator voltage is constant, (2) the voltages, currents, and fluxes 
are sinusoidal, (3) the flux is proportional to the magnetizing current, 
i.c. saturation is neglected, and (4) the stator resistance is negligible. 
A circle diagram for the rotor circuit will first be constructed, and 
then, by considering the motor as a BX)ecial kind of transformer, a 
circle diagram for the stator will be developed, utilizing the trans- 
former vector diagram for the purpose. 

Rotor Circle Diagram. — In Fig. 281 let Er be the induced rotor 
E.M.F. per phase (^.c. between slip ring and star point), and lot Ir 
represent the rotor current to scale, lagging by an angle <f>r. Draw 
OB at right angles to OEr and AB at right angles to OA, so as to 
intersect at B. Then if it can be proved that OB is constant for 
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all values of /r, it follows that the point A must always lie in a 
semicircle erected on OB as diameter, since the angle OAB is always 
a right angle by construction. 

The angle OBA is equal to so that 




OA 
sin (f)r 


L 

Xr 

Zr 


Er Zf Er 

Xr^ Xr 


8E~ 

Jx, 




= constant. 


The locus of the rotor current vector is therefore a semicircle 
erected on OB as diameter drawn at right angles to OEr» The 



length OB represents the hypothetical current which would flow 
in the rotor circuit at standstill, if no resistance were present. 

At 83 nichronous speed the rotor current is zero and A. coincides 
with 0, whilst at standstill the point A assumes some such position 
as Aq and not B, since the rotor resistance prevents the rotor current 
from lagging by the full 90"^ behind the rotor E.M.F. 

Stator Circle Diagram Neglecting Losses and Magnetizing 
Current. — In Fig. 282 let OEs be the applied stator voltage per 
phase, and OL the stator current. The combination of the three- 
phase currents sets up a rotating M.M.F. and a rotating flux which 
can be represented by O^s drawn at right angles to OEa. This 
rotating flux causes counter E.M.F.’s to be induced in the stator 
windings so as to neutralize exactly the applied voltages, since 
losses are neglected. The rotating flux also cuts the rotor con- 
ductors and induces E.M.F.’s in them, giving rise to rotor currents. 
In their turn these rotor currents set up a rotating M.M.F. which 
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rotates at slip frequency with respect to the rotor, and as the rotor 
is rotating at speed, this rotating rotor M.M.F. must rotate in space 
at synchronous frequency (= slip frecjuency + speed frequency). 
The rotating M.M.F. ’s due to both stator and rotor therefore rotate 
in space at the same speed, and must exactly neutralize each other, 
since losses and magnetizing current are for the moment neglected. 
It is convenient to draw the rotor induced E.M.F. OEr as shown 
in Fig. 282, despite the fact that it is operating at a different 
frequency from OEs. The rotor current can now be represented by 
0/r, exactly equal in length to Oh and in exact phase opposition. 
In order to obtain this exact equality in length, difierent current 
scales are chosen for stator and rotor, 1 cm. representing n times 
as many amperes in the rotor as in the stator, where 

_ stator turns per phase 
rotor turns per phase 

(The same device was adopted in the transformer vector diagram.) 
Since the locus of h is a semicircle erected on 0B\ and Oh is equal 



and opposite to OL, it follows that the locus of Oh is a semicircle 
erected on OB as a diameter. (The full diagram is really a circle 
diagram and not a semicircle diagram, but the other half of the 
circle represents conditions where the machine is operating as a 
generator and not as a motor, and is not here considered.) 

Allowance for Magnetizing Current. — In Fig. 282 the stator 
and rotor M.M.F. 's exactly neutralize each other, so that there is 
no resultant M.M.F. to set up the flux. Actually there must be a 
resultant M.M.F., and this is provided by an additional magnetizing 
current which flows through the stator windings. This stator 
magnetizing current lags behind the stator applied voltage by 
90® and is represented in Fig. 283 by OA = /m, which is constant 
in magnitude so long as O# and Eg are constant. The semi- 
circle is now moved bodily to the right by a distance OA, The 
stator current becomes OC = 1$ and consists of two components 

(1) OA = Im required to set up the rotating flux, and (2) AC = — z 
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required to neutralize the rotating M.M.F. due to the rotor current 
Ir in the corresponding rotor phase, exactly as in the case of the 
transformer. Alternatively, the resultant magnetizing current may 
be regarded as the vector sura of OC, the stator current, and CA^ the 
rotor current (corrected for turn ratio). 

As the load on the motor is increased, the point C moves round 
the semicircle away from A and towards B. The power supplied 
to the motor is proportional to /., cos <}>, and can thus be repre- 
sented to scale by CD. It is seen that this line attains a maximum 
length when it coincides with EF, which makes it clear why an 
induction motor breaks down when a certain load is reached. The 
application of a greater load causes the current to increase, but 
this results in an actual decrease in the power supplied, with the 
result that the motor comes to rest. The maximum load which 
an induction motor can overcome without pulling up is called the 
breakdovm load. 

It is also seen that the power factor under which the motor 
operates varies with the load and attains a maximum value con- 
siderably before the breakdown load is reached. In fact, 
power factor usually attains a maximum value somewhere in the 
neighbourhood of full load in a commercial motor. 

Dispersion Coefficient. — In the theoretical motor the per- 
formance of which is represented by the simple circle diagram in 
Fig. 283, the line OA represents the stator current when the motor 
is running light. This is a purely reactive magnetizing current, 
since the losses are neglected. As no torque is required, the motor 
runs with no slip (i.e. at synchronous speed), because in these 
circumstances there is no rotor E.M.F. generated, and hence no 
rotor current is produced. The flux set up by the stator is thus 
free to cut the rotor, because no back ampere-turns are set up in 
the rotor, with the result that the stator flux passes through the 
useful rotor paths and the waste leakage paths in parallel. Repre- 
senting the reluctances of these paths by Ru and Ri respectively. 


the combined reluctance is given by 


Ru X Ri 
Ru “f" Ri 


and the magnetizing 


current is represented by OA. 

Next consider the same motor to be clamped so that the rotor 
cannot move. On applying the same E.M.F. as before to the stator, 
a reactive magnetizing current flows, but this time the motor acts 
like a transformer with its secondary short-circuited. An E.M.F. 
is induced in the rotor winding which produces a current owing 
to its being short-circuited. This current sets up a number of back 
ampere-turns which oppose the passage of the flux through the 
rotor. The stator now takes a current from the mains capable of 
setting up just sufficient ampere- turns to balance the rotor ampere- 
turns together with the ampere-tums necessary to magnetize the 
system. This really means that the whole of the stator flux has 
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been deflected into the leakage paths. The magnitude of the flux 
has not been decreased, since this depends upon the applied voltage, 
which is maintained constant. It merely means that one of the 
parallel paths through which the flux passed has been cut off. The 
flux now being confined to the leakage paths, it follows that a larger 
magnetizing current is required, and this is given by OB (Fig. 283) 
since the current vector has passed completely round the semicircle. 

The magnetizing currents in the two cases are proportional to 
the respective reluctances, since the fiux is the same, and therefore 


But 

Therefore 


OA 


Ru X Ri 
OA Ru ~i” R^ 
OB^ Ri 
__ Ru 
Ru “f" Ri 


1 


1 + 


Ri 


A 

Ru 


Ru 

Useful flux 
Leakage flux* 
1 


OB ^ Useful flux 
Leakage flux 

1 


Leakage flux + Useful flux 
Leakage flux 
Leakage flux 

Leakage flux + Useful flux 
Leakage flux 
Total fiux 


This ratio, which is a most important one in induction motor 
design, is called the Dispersion Coefficient and is represented by a, 
whilst its value largely settles the shape of the circle diagram. 
Leakage Factor. — ^The leakage factor is defined as the ratio 

Total flux . 

Useful flux 

There is a direct relation between this ratio and the dispersion 
coefficient, for 

1 ^ Useful flux 
A ~ Total flux 
1 _ Leakage flux _ 

A ~ Total flux 
1 
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The magnitude of the dispersion coefficient thus settles the 
value of the leakage factor, and vice versa. 

Maximum Power Factor. — ^The maximum power factor under 
which an induction motor can operat/e is directly connected also with 
the dispersion coefficient. The conditions for maximum power 
factor are shown in the simple circle diagram in Fig. 284, where 00, 
representing the stator current, is drawn tangential to the semi- 
circle ACB, The angle of lag, is now a minimum, and conse- 
quently the power factor is a maximum. But since the angle OCD 
is a right angle, the angle <f) is equal to the angle ODO, and the power 
CD 

factor is given by But CD = AD = \AB. Therefore the 

maximum power factor is equal to 

AB _ AB 

2 x OD ~ 2 X OZ+TITZD 

_ 

^ 2 X OA + AB 

_ AB 
OB + 0A 
OB ^OA 

“■ OB + OA^ 

Dividing top and bottom by OB this becomes 

OB __ OA 
OB OB 
OB O A 
OB’^ OB 

1 — cr 

1 + (7 

A simple approximation to this formula is given by 
Maximum power factor = (1 — 2or), 

which is near enough for the majority of purposes. 

For example, a motor having a dispersion coefficient of 0*05 
cannot work on a higher power factor than (1 — 2 X 0 05) = 0*90. 

Power Input. — The applied voltage being maintained constant, 
the power input is proportional to I cos <f>. But <f) is equal to the 
angle OCD (see Fig. 285), and I is represented by OC, Therefore 
/ cos <f>, and consequently the power input, is represented to scale by 

OC cos OCD = CD, 

The power input for any current is thus represented to scale by a 
vertical line dropped from the point C on to OB, In this way, the 
maximum power input is represented by EF, 

Overload Capacity. — ^The overload capacity may be defined as 
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the maximum percentage overload that the motor will stand without 
breaking down and (neglecting all losses) is equal to 

Maximum power input — Full load input 

Full load input ^ 

= — ^ X 100 (see Fig. 285), 

assuming the point C to represent the full load conditions. If the 
no-load current be expressed as k per cent, of the full load current, 
then 

CD — OC cos (}> 

= -r- X OA X cos <t>, 




Fio. 284. — Construction for Maximum 
Power Factor. 


Fio. 285. — Construction for Power 
Input. 


and the overload capacity becomes equal to 


k X EF \ 

X 100 

100 X OA X coa<f> / 

kx AB \ 

X 100. 

.200 X OA X cos <f) ) 

AB OB - OA OB 


OA~ OA ~ OA 

— 1 




1 = . 

a a 


Therefore the overload capacity equals 

- 100 . 

2a cos <f> 

If the losses of the motor are taken into consideration, the over- 
load capacity is less than is given by the above formula. 

Effect of Losses. — The losses to be considered are the iron and 
friction loss and the stator and the rotor copper losses. The stator 
iron loss is practically constant for all loads, since it depends upon 
the applied E.M.F. The rotor iron loss is negligible, since the 
frequency is only that of the slip. The frictional loss is also 
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practically constant, since for all working loads the sj)eed is approxi- 
mately constant. All these losses may therefore be regarded as a 
constant loss, and since the po^^er input is represented by the 
height of vertical lines such as CD (Fig. 286), a horizontal line may 
be drawn through E, a little above AB, cutting off a portion of 
the vertical power lines. The height of this line is obtained from 
the no-load observation of the motor, OE representing the no-load 
current and the height of E above AB being determined by the 
no-load watts. Strictly speaking, the line through E should droop 
downwards slightly towards the right, since as the current increases 
the slip increases, thus decreasing the frictional watts slightly, 
whilst the increased stator IR drop causes a slight reduction in 
the flux, thus decreasing the iron loss. On the other hand, the rotor 
frequency increases and the rotor iron less may cease to be negligible. 



Next consider the behaviour of the motor when the rotor is 
clamped. The whole of the power input is now wasted in losses, 
and the stator current vector takes up some position such as OF, 
the vertical height, FO, representing the total losses. Of these 
OH represents the constant loss, whilst HF represents the stator 
and rotor copper losses. But since the stator current is approxi- 
mately proportional to the rotor current, the total copper losses 
may be taken as proportional to the (rotor current)^, i.e. to EC^ 


(not shown in the diagram for the sake of clearness). 


Now = 


cos CEB\ and since EB' is constant, EC is proportional to cos 


CEB' = 


EL 

EC 


(Note that the centre of the semicircle now lies in 


EB'.) EL is therefore proportional to EC^, i.e. to the total copper 
losses. A line joining EF therefore cuts off portions of vertical 
power lines proportional to EL^ i.e. to the total copper losses for the 
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current in question. Furthermore, FH may be divided at K, so 
that HK represents the stator copper loss and KF the rotor copper 
loss. On joining EK, the copper losses for all currents are separated, 
the vertical distance between EH and EK representing the stator 
copper loss and the vertical distance between EK and EF represent- 
ing the rotor copper loss. 

Having accounted for all the losses, the remainder of the vertical 
through any point, C, represents the output. Thus CD represents 
the input, DL the constant loss, LM the stator copper loss, MN 
the rotor copper loss and NC the output. 

The efficiency for any current or output can be determined 
directly from the circle diagram when the loss lines are drawn, it 
CN 

being given by X 100. The maximum output is obtained by 
Cjl/ 

drawing a tangent to the semicircle parallel to EF. The point of 
contact represents the point at which maximum output is obtained. 
Torque Line. — It was shown on page 340 that 

Rotor input Synchronous speed 

Rotor output Actual speed 

and the rotor output is equal to n being the speed and T the 

torque. The rotor input is, therefore, equal to 

^ Synchronous speed 
^ ^ Actual speed 

= 2ttT X Synchronous speed. 


For a constant frequency, the torque is therefore proportional to 
the rotor input, and this is given in Fig. 286 by the line CJf , since 
CN is the output and NM the rotor copper loss. The scale, in 
lb. -ft., can be obtained from a knowledge of the rotor input, in 
watts, and the speed at any one point, the watts being converted 
into H.P. and then into foot-lb. per minute. The starting torque is 
given by FK, but by inserting resistance in the rotor circuit the 
point F is moved round the semicircle towards A, and the starting 
torque is thus increased up to a maximum value. The maximum 
torque is obtained by drawing another tangent to the semicircle, 
this time parallel to EK, the point of contact indicating the required 
maximum torque. The necessary starting resistance to obtain 
the maximum starting torque is obtained from the line PQR. Qli 
represents the watts lost in the rotor and PQ those lost in the 
starting resistance. Since the currents are the same in both, the 
magnitude of the external resistance per phase is given by 


PQ 

QR 


X Rotor resistance per phase. 
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Determination o! Siip from Circie Diagram. — From the rotor circle 


OA 


Ir^X^ SX^ 2 


diagram, and also from Fig. 44, it is seen that = j-fr = "n-’ 

Jllj lr-tl2 -1^2 

and therefore in Fig. 287, tan a = == 


CB' 


and 


= ~ tan a. 


Z, 


Considering the short-circuit point F, where « = 1, it follows that 


and 

Therefore 


, R, EF 

= 1 = ‘ V - 

X2 FB^ 

X 2 ~ EF' 

FB\ 

« = ^ tan a. 


The ratio is a constant which can be scaled off the diagram, so 

that the slip is determined by the simple measurement of tan a. 

The method can be elaborated by constructing a scale of slip on 
O'F, where O' is obtained by projecting B'E backwards to meet 
OV, Suppose that it is desired to construct a scale for slips ranging 
from 5 = 0 to a = 0*1, i.e. 10 per cent. slip. Then 


FB' EF 

== fvo fstn a and tan a = 0-1 X 

tiJf Jf £> 


Since EF and FB' are known, a can be determined. Then produce 

O' S 

B'C to cut O' V at s, when ^ 7-07 = tan a, and O'S — O'B' tan a = 

O B 

EF 

0*1 X O'B' X . ttv . The length of O'S can thus be evaluated, after 

r li 

which it can be divided into ten equal divisions each representing 
one per cent. slip. 

If resistance is inserted in the rotor circuit, the short-circuit 
point F is moved to some such position as F' , and the slip is increased 

. ,F'B' FB' F'B' EF 

in the ratio of ~ X 

Experimental Determination of Circle Diagram. — In order to 
draw the circle diagram of a motor, it is necessary first to make an 
observation of the no-load current, watts and power factor at the 
correct voltage and frequency. Commencing with the main 
horizontal and vertical lines, the no-load current is set off to scale, 
the angle of lag being determined from the no-load power factor 
which is obtained from the voltmeter, ammeter and wattmeter 
readings. It is convenient to let the current vectors represent the 
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line values, whilst the vertical power lines are made to represent 
the total power of all the phases. The point E on the circle diagram 
(Fig. 286) is thus determined, and a horizontal line is drawn through 
it to represent the constant iron and friction loss. It is now 
necessary to obtain another point or series of points on the semi- 
circle, preferably far removed from E. For this purpose, the rotor 
may be clamped and the short-circuit current measured, thus 
obtaining the point F. The height of F above AB is determined 
either from the angle of lag of the current or from the watts supplied 
to the motor. Unfortunately, however, the current which would 
flow if the normal voltage were applied would be such as to burn 
out both stator and rotor. It is therefore necessary to reduce 
considerably the voltage applied to the stator to prevent this 
occurring. The stator current actually measured in this way must 



then be increased in the direct ratio of the normal voltage to the 
actual voltage applied. This assumes that the stator current is 
proportional to the voltage, and this is not strictly true, on account 
of the different flux densities set up in the core. To minimize this 
error as much as possible, it is desirable to pass as large a current 
through the motor as is safe in order to approximate to the actual 
conditions. Even then the accuracy of the position of the short- 
circuit point is scarcely good enough to warrant the drawing of the 
semicircle without further data. In place of the short-circuit point 
a number of readings in the neighbourhood of full load may be 
employed, including some on considerable overload. The position 
of each point is marked off from a knowledge of the corresponding 
values of the current and watts. A semicircle is then drawn 
through the no-load point, the various load points and the short- 
circuit point if the latter has been obtained, the centre of the semi- 
circle lying in EB\ The disadvantage of relying on the load points 
is that they are comparatively close to the no-load point, thus 
making it difficult to draw in the semicircle accurately, whilst the 
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disadvantage of relying on the short-circuit point lies in its dubious 
accuracy. Obviously, the best effect is obtained by employing both 
methods, a mean semicircle being drawn through all the points. 
Points on the upper regions of the semicircle, including the unstable 
portion to the right of the maximum output point, can be obtained 
by clamping the rotor and inserting the starting resistance in the 
rotor circuit. This is equivalent to increasing the rotor resistance 
and the losses occurring in the rotor circuit. The vertical height, 
FK (Fig. 286), is thus increased, which means that the point F is 
moved round the semicircle towards the left. By putting the handle 
of the starting resistance in various positions, a number of observa- 
tions may bo made giving points in the unstable region. By still 
further increasing the resistance of the rotor circuit, points all 
round the semicircle can be obtained, and these additional points 
should agree with the load readings already obtained. Care must 
be taken to obtain these observations rapidly, as otherwise there is 
a danger of the starter or the motor being burnt out. The difference 
between these readings with the rotor clamped and those with the 
motor running and giving an output is that the power which goes 
to the external load in one case goes to heat up the starting resistance 
in the other. From the point of view of the circle diagram, it does 
not matter whether the watts are dissipated at the pulley or in the 
external resistance. 

The lines representing the stator and rotor copper losses are 
next drawn in. For this purpose the stator and rotor resistances 
are measured, together with a corresponding pair of values for the 
currents in the two circuits. The watts lost in each are now calcu- 
lated. If there is a different number of phases in the stator and 


rotor, this must bo taken into account, 
is now drawn and divided at K so that 


A vertical line through F 
HK _ Stator copper loss 
HF Total copper lovss 


If the rotor is of the squirrel cage type, the actual stator copper 


loss must be calculated for the current OF and HK measured off 


to the scale of watts already determined. If the short-circuit 


point, F, is not available, the losses for some known load must be 


measured. Points such as L, M and N corresponding to a current, 
OCy can thus be determined and the loss lines drawn through these 
points. Unfortunately, these points lie fairly close together, and 
a considerable error is liable to be introduced in drawing the 


diagram. 

To obtain the torque scale, the slip is measured from the diagram 
for one particular output. This gives the speed from which the 
torque can be calculated, since the output is known. 

Importance of a . — It is seen that the relative shape of the circle 
diagram is largely dependent upon the value of o*. The no-load 
current is greatly affected, and this in turn affects the power factor 
of the motor. An increase in the value of o results in a decimse 
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in the maximum power factor, thus causing a slightly larger current 
to flow, which in turn causes a slight drop in the efficiency. An 
increase in a also results in a decrease in the overload capacity of 
the motor. This is seen to be the case, since, for a constant applied 
voltage, the total stator flux OB (Fig. 286) may be considered con- 
stant, and an increase in a will consequently result in an increase 
in OA and a decrease in AB. The diameter of the circle is thus 
reduced, resulting in a decrease in the maximum power output. 
If the full load is the same as before, this is equivalent to saying 
that the overload capacity is reduced. It is therefore desirable 
to aim at obtaining a low value for a when designing an induction 
motor. 



0 j ^ J 1 j 

Load 

Fio. 288. — Effect of a on Current. 


Effect of Air-gap Length. — The length of the air-gap exerts a great 
influence on the magnitude of the leakage flux, inasmuch as the 
reluctance of the paths of the useful rotor flux is largely determined 
by it. The reluctance of the leakage paths is independent of this 
dimension, and so the value of a depends to a very great extent 
upon the radial length of the air-gap. An increase in this direction, 
therefore, affects adversely both the power factor and the overload 
capacity of the motor to a very considerable degree, and to prevent 
this it should be reduced to the smallest possible limits consistent 
with good mechanical design. This is the reason why induction 
motors are designed with very much smaller air-gaps than D.C. 
motors of the same size, the lengths varying from 0-5 mm. for a 
rotor diameter of 12 cms. up to 3 mm. for a diameter of I metre. 

Effect of a on Characteristics. — In order to study the effect of 
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or on the characteristics of motors of the same size and output, three 
cases have been chosen in which the values of a have been taken 
to be 0*04, 0-07 and 0*10 respectively. From the three circle 
diagrams curves have been plotted in Figs. 288 and 289, showing 
the relationships between (a) the current and the output and (6) the 
power factor and the output for each case. The inferiority produced 
by the larger values of a is clearly seen from these curves. The 
no-load currents for the three motors are widely different, whilst 
the breakdown loads are also affected. The following table gives 



Load 

Fio. 289. — Effect of a oD Power Factor. 


some comparative data for the three motors, obtained from their 
circle diagrams. 


Motor No 


1 

2 

3 

o 


0*04 

007 

010 

No-load Current ... 


8-5 

15 

21 

Full Load Current. . . 


37 

41 

45 

Full Load Power Factor... 


0-92 

0-85 

0-78 

Overload Capacity 


123% 

112% 

101% 

No-load Current 
^ F'ull Load Current’" 


0-23 

0-37 

0-47 


Examples 

(1) A moving coil ammeter is connected in the rotor circuit of a 
4-pole 50-cycle induction motor, and it is observed to give five 
swings every two seconds. What is the slip in r.p.m. ? 

(2) An 8-pole 50-cycle induction motor has an 8-sector strobo- 
scopic disc mounted on its shaft. This disc appears to rotate at 
25 r.p.m. What is the speed of the motor ? 
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(3) A certain induction motor has a dispersion coefficient of 
0'06. What is the maximum power factor under which the motor 
can operate, and what is its probable full load power factor ? 

(4) Prove from first principles that the performance of a three- 
phase induction motor can be represented by means of a circle 
diagram. 

Derive an expression for the dispersion coefficient, and show 
how it is represented on the circle diagram. 

(6) Draw the circle diagram for a 6-pole star-connected three- 
phase induction motor having the following data 

Rated output 40 B.H.P. at 380 volts, 50 cycles. 

No-load current 15 amperes. 

Power absorbed at no-load 1500 watts. 

Short-circuit (standstill) current 105 amperes at 130 volts 
and 0*23 power factor. 

Resistance from terminal to terminal of stator winding (hot) 
0*155 ohm. 

Find the full load power factor, maximum output and maximum 
torque. 



CHAPTER XXn 


INDUCTION MOTORS. — PRINCIPLES OF DESIGN 


Specification. — In order to design an induction motor, it is 
necessary to know the voltage, frequency and number of phases 
of the supply, together with the B.H.P. and speed required. With 
a given frequency, only certain speeds are possible, these being 
determined by the number of poles. The efficiency and power 
factor at which the motor is expected to work are specified also in 
a number of cases. 

Number of Poles. — The relation between the frequency, number 
of poles, and synchronous speed is the same as for alternators, the 
formula being 

120 / 

p = — 

^ n 


n being the synchronous speed in r.p.m. The actual speed is about 
2 to 5 per cent, less than the synchronous speed, the difference 
depending on the slip. 

Efficiency and Power Factor. — The average full load efficiencies 
and power factors are given in the following table : — 


B.H.P 

1 

6 

10 

50 

100 

200 

600 

Efficiency % ... 

80 

86 

88 

89 

90 1 

91 

92 

Power Factor ... 

0-78 1 

0-88 

0-88 

0*89 

0-90 

0-90 

0*90 


Motors having a largo number of poles have a relatively large 
leakage flux owing to the reduced pole pitch. This increases the 
value of or and reduces the power factor, so that for low speed 
motors with many poles, the power factor is lower than is given 
above. On the other hand, motors operating on a low frequency 
have a small number of poles for a given speed, so that 25-cycle 
motors may be expected to operate with slightly higher power 
factors than 50-cycle motors. 

Output Coefficient. — The D^L formula holds good with induction 
motors just as with alternators (see page 305), and is now expressed as 


B.H.P. 

r.p.m. 


D2L, 


D being the air-gap diameter, L the gross iron length of the core, 
and Ic the output coefficient. 
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The average values of the output coeflBcient for modern poly- 
phase induction motors operating on a frequency of 60 cycles per 
second are shown in the following table. For 25-cycle motors these 
figures can be increased by about 15 per cent. The values of the 
output coefficient must not be taken as being rigidly fixed, since 
various manufacturers differ somewhat in this respect. 


B.H.P. 

10 

60 

100 

600 

1000 

Output Coefficient X 10* 

= A; X 10* 

1*2 

2*6 

3:3 

4-4 

4-4 


- Air-gap Diameter. — The air-gap diameter depends upon the 
B.H.P. and the speed in the same manner as the output coefficient. 
The diameter increases as the B.H.P. goes up, but since the bulk 
of the carcase is inversely proportional to the speed, it is also neces- 
sary to increase the diameter for the low speeds in order to make 
room for the larger number of poles. (Jhere is no simple way in 
which D^L can be separated into its two" components so as to give 
the best desigrT’ If the diameter is too large the overload capacity 
is small, whilst if the diameter is too smalf the magnetizing current 
is large and the power factor is poor. The air-gap diameters at 
present employed correspond to peripheral speeds up to 80 metres 
per second. 


It is found that the ratio — = — z= a usually lies between 
core length L 

the limits of 0*5 and 1*6, and this enables an approximate value to 
be assigned to the air-gap diameter. The value of D^L having 

been ascertained, this can be written x ~ = ^ X from 

ap ap 

which 


D = (0-54 to 0-8) X i^px D^L. 


A value for D can now be chosen by considering the following 
relationship which connects the flux per pole and the H.P., speed, 
and frequency, viz., 


Flux per pole) k , r-; 

in megalines/ = / ^ ^ 

where k is equal to 0*35 for three-phase, and 0*37 for two-phase 
motors. 

This formula can be derived in the following manner. 

Let Total magnetic loading = x x Total electric loading. 

or == xlZ = 2xIT^ 

<!> = 2xITIp 
<I>* = 2xIT<!>lp. 


and 




xxn 


INDUCTION MOTORS 


379 



= ^VH.P. X n. 

On choosing a suitable flux density, the polar area can be calcu- 
lated approximately, and an air-gap diameter selected to fit in 
with the above permissible range. 

Core Length. — When the air-gap diameter has been settled the 
gross length of the core can be determined approximately, since 
the value of D^L is known. 

When a complete line of motors is to be designed, it is the usual 
practice to have two or three core lengths for each diameter. The 
most economical designs are not obtained in this way, considering 
each one separately on its own merits, but it leads to a reduction in 
the manufacturing costs, since it reduces the number of patterns 
required. If three motors have the same diameter and differ 
merely in the length of their cores a large number of their parts 
are similar. The middle machine is designed for the particular 
diameter in question, the short length one having a larger diameter 
and the long length one a smaller diameter than would be expected 
if they were designed separately. 

Ventilating Ducts. — The usual practice with regard to the number 
and width of the radial ventilating ducts is similar to that which 
obtains in the case of alternators. They are spaced usually about 
6 to 8 cms. apart and are about 1 cm. in width. Axial ventilation 
is also employed. 

Specific Electric Loading. — Th6 number of ampere-conductors 
per cm. periphery, or the specific electric loading, g, generally lies 
between certain limits. Average figures are given in the following 
table : — 
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^ Multiplying q by the periphery in cms. and dividing by the 
current per conductor enables the approximate number of con- 
ductors to be determined. 

Number of Stator Slots. — With concentric windings, the number of 
slots must be a multiple of ^e phases times the poles, and it is 
usual to allow 3, 4, or 5 slots per pole per phase. 

With double- layer windings, the number of conductors per 
slot must be an even integer. The choice of number of slots is 
not restricted as with concentric windings, and the selected number 
must be made to fit in with the total number of conductors desired. 
Fractional numbers of slots per pole per phase are frequently 
employed with windings of this type. The windings are practically 
always chorded; the pitch factor usually falling between the limits 
of 0*7 and unity. The slot pitch should not fall below 1*5 cms. 

. } Number of Stator Conductors. — The final number of conductors 
is obtained by multiplying the number of slots by a suitable number 
of conductors per slot, choosing the latter value so that the total 
number of conductors is approximately the same as is given by 
consideration of the permissible electric loading. 

/O Flux per Pole. — The useful flux per pole can now be calculated 
from the formulas given on page 343, viz. 


or 


<D = 
<D = 


E X 108 
2-1 VA 
E X 10® 


for three-phase motors 


for two-phase motors. 


E is the voltage per phase and is — ^ times the lino voltage for 

three-phase star- connected motors, is the pitch factor or coil 
span factor, / is the frequency, and N is the number of stator con- 
ductors per phase. A small allowance may be made if required 
for the IR drop in the winding. The value of the flux obtained 
in this way should be checked against the value of the flux desired 
given in the flux formula on page 378. 

Flux Densities. — Suitable values for the maximum flux densities 
in various parts of the magnetic circuit can be obtained from the 
following table. The flux distribution in the air-gap and in the 
teeth is not uniform, however (see page 141), and the maximum flux 
density is obtained by multiplying the average value by 1-57. 
This constant does not affect the flux in the iron at the back of the 
teeth in either stator or rotor, since this is due to the average effect 
of all the phases and averages itself out over the whole section. 

The flux per pole being known and the dimensions of the various 
magnetic materials being determined, the flux densities can now be 
worked out and compared with the figures in the table on page 376. 

The average air-gap flux density is equal to the total flux per 
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pole divided by the area of the air-gap per pole, the maximum value 
of this density being 1-57 times the average value. 


Pakt. 

MAxmuM Flux Density. 
Lines per sq. era. 

Air-gap 

1 8,000 

Stator Teeth ... 

16,000 

Stator Iron behind Tooth 

10,000 

Rotor Teeth 

17,500 

Kotor Iron behind Teeth 

13,000 


In the case of the air-gap flux density, the figure quoted above 
is based on the assumption that the area of the air-gap per pole 

is i.e. no allowance is made for the increase in air-gap re- 

p 

luctance due to the slots. The real flux density is, therefore, 
higher and may be calculated as follows. The reluctance of the 
air-gap is increased by the slot openings on both stator and rotor, 
and the reluctance assuming no slot openings must be multiplied 
by constants hs and Icr to allow for this increase in reluctance. 
These two constants have the following values, where S is obtained 
from Fig. 290. 

^ __ stator tooth pitch 

* width of stator tooth + 8 X air-gap length 

and kr — rotor tooth pitch 

~~ width of rotor tooth + 8 X air-gap length 


the measurements being taken at the air-gap surfaces. The real 
flux density is equal to hjcr times the apparent density. In a 
number of cases the rotor slot opening is very small, and hr can be 
taken as unity. 

A check calculation should also be made relating to the probable 
flux density in the teeth. Ass'^rning a slot width equal to the 
tooth width, the circumferential length of iron per pole is half 
the pole pitch. The axial length of iron is found by subtracting the 
total length of the vent spaces from the gross length of the core 
and then multiplying by 0-9 to allow for the laminations. The 
flux per pole is divided by this area and multiplied by 1 *57 to obtain 
the maximum tooth flux density. This figure probably errs on 
the optimistic side. 

Size of Stator Conductors. — ICnowing the current, the size of the 
stator conductors can be determined by allowing a current density 
of from 250 to 400 amperes per square cm., the higher figures re- 
ferring to the smaller sizes of conductors. For low currents wire 
will be most convenient to use, whilst for the higher currents former 
wound coils of bar or strip should be adopted, since anything above 
about 2 or 3 mm. diameter is difficult to wind. The use of strip has 
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an advantage, since it brings about a higher space factor in the slot. 

A circular wire has a cross-sectional area of but it occupies a 

4 

space of in the slot, and, apart from any insulation at all, this 
brings the space factor down to 0*78. 

The space factors ordinarily employed will vary from 0*25 to 
0*4, high voltage machines having the lower values and bar windings 
being superior to wire windings. 

Size of Stator Slots. — When the number of conductors per slot 
has been obtained, an approximate area of slot can be calculated. 
The wddth of tooth and slot should be made about the same, thus 



Air-Gap Length 

Fiq. 290. — Air-gap Coefficient. 


giving the depth, which should not exceed six times the width. 
The conductors should now be arranged in the slot, putting in the 
necessary insulation, and the final dimensions of the slot can be 
decided upon by adjusting it to fit the conductors. 

Depth of Stator Iron. — ^The stator iron behind the teeth carries 
half the flux per pole, and by using the flux density given in the 
table on page 381 the required cross section of iron can be obtained. 
When this area is divided by the net iron length of the core, it gives 
the depth of iron required behind the stator teeth. This enables 
the outer diameter of the stator stampings to be calculated. 

Stator Copper Loss. — ^The resistance of each winding can be calcu- 
lated by estimating the length of wire and assuming a specific 





XXII 


INDUCTION MOTORS 


$83 


resistance of 2 microhms per cm. cube (hot). Kiiowing the current, 
the watts lost per phase and the total for all phases can now be 
determined. 

Stator Iron Loss. — The combined hysteresis and eddy current 
loss may be obtained by reference to Fig. 252. The iron loss in the 
teeth and in the iron at the back of the teeth should be obtained 
separately. 

Cooling Surface. — The cooling surface may be determined in just 
the same way as was done in the case of alternators. The inner 
and outer cylindrical surfaces are taken, together with "ffie two 
ends of the core and one side of each ventilating duct. 

" TEstimdted Temperature Rise of Stator. — With normal designs a 
temperature rise of the stator of about 40° C. should be obtained 
when the watts to be dissipated are about 0*15 per sq. cm. As a 
first approximation, the temperature rise may be taken as being 
proportional to the watts dissipated per square cm., but this rule 
is by no means accurate, as the temperature rise in a particular 
motor depends to a very largo extent upon its meehanical design. 

Air-gap Length. — Very small air-gap lengths are adopted (see 
page 374); suitable- values may be obtained from the following 
empirical rule : — 

70 

Air-gap length in cm. = 0*32 — ^ ^ 

Number of Rotor Slots. — The same number of slots should not be 
used on both stator and rotor, since if this is done there are some 
positions of the rotor in which the magnetic reluctance is very 
much less than it is when the rotor is in intermediate positions. 
The rotor tends to jump into these positions of minimum reluctance 
and the motor does not start up as well as it otherwise would. 

The number. of rotor slots is usually between 115 per cent, and 
130 per cent, or else between 70 per cent, and 85 per cent, of the 
number of stator slots. The number of rotor slots must also be a 
multiple of the poles x phases in the case of concentric windings. 

In the case of squirrel cage rotors, it is usual to adopt a prime 
number, or twice a prime number, for the number of rotor slots. 

Rotor Winding. — The actual number of rotor conductors does 
not much matter. If there is a large number of turns in series, 
the open-circuit voltage of the winding is considerable, whilst if 
fewer turns of larger cross section are employed, the current at 
the slip rings becomes increased. The rotor current can be esti- 
mated by taking the rotor ampere-turns as 0-85 times the stator 
ampere-turns on full load. It is therefore a simple matter to 
arrange a suitable winding. 

Size of Rotor Slots. — The size of the rotor slots can be deter- 
mined by assuming a similar current density to that in the stator 
winding and then finding the required slot space. Since the induced 
voltage per winding wiU probably be low, a fairly high space factor 
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should be obtained. The dimensions of the slot can then be settled 
to suit the winding. 

Depth of Rotor Iron. — ^The required depth of rotor iron behind the 
teeth can be determined in the same way as in the case of the 
stator, from which the internal diameter of the rotor stampings 
can be obtained. The question of whether to put in a spider or 
to key the stampings direct on to the shaft will be settled by this 
internal diameter of the stampings. If no spider is employed, 
axial ventilating ducts should be provided to supply the air inlet 
for the radial ventilating ducts from which the air is thrown out by 
centrifugal force. 

Squirrel Cage Rotors. — The number of rotor slots should prefer- 
ably be chosen a prime number, or twice a prime number, and as 
high as is practicable. The current per bar is 


0-85 X Stator current X 


Stator conductors 
Rotor conductors* 


186 ^ 1868 



With a density of 450 — 500 amperes per square cm., this settles 

the area of the rotor bar and con- 
sequently that of the rotor slot as 
well. The dimensions of the latter 
should be such as to leave sufficient 
tooth area to carry the magnetic 
flux. 

To calculate the current in the 
end ring, consider Fig. 291, which 
represents a two-pole squirrel cage 
winding, the two end rings being 
shown as two circles with the bars 
joining them. The figures against 
the bars represent the currents in 
them at a particular instant, 100 
amperes being taken as the maximum. The currents in the 
other bars decrease according to a sine law. The current in 
the bar carrying 100 amperes flows into the end ring, 50 amperes 
in each direction. A little further on this 50 amperes is reinforced 
by 86*6 amperes from the next bar, making 136*6 amperes in the 
next section. The next bar adds another 50 amperes, making a 
total of 186*6 amperes, which is the maximum current carried by 
the end ring. This maximum current is thus seen to be the sum 
of the instantaneous values of the currents in half the bars per 
pole. Assuming a perfect sine law, the average current per bar is 

2V2, / 


FlO. 291. — CurrenU in a Squirrel Cage 
Winding. 


“/ = 


= 0-9/, and the maximum current in the end ring 


N 

0-97 X 

2p 


becomes 
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where p is the number of poles and N the number of bars. The 
K.M.S. current in the end ring is 

1 2 V 2 , N 

—7= X — / X .y- 

IN 

TTp 

It is seen that not only does the current in any one section of 
the end ring vary sinusoidally with time, but that there is a sinusoidal 
space variation as well. 

IN 

The section of the end ring is ^ — , where Sr is the current 

Ofirp 

density, a suitable value for this being 600 amperes per sq. cm. 

Copper Loss in Squirrel Cage Rotors. — If A and L be the cross- 
sectional area and length, respectively, in cm. measure, the total 
copper loss in the bars is 

N X P X = tNh,pL. 


where S* is the current density in the bars, say 500 amperes per 
sq. cm. 

The full load copper loss in the two end rings is 


2 X 


(INV TrDSrTTp 

\npy ^ IN 


= IN X 28,P 


D 

p’ 


D being the rotor diameter. 

'fho total full load rotor copper loss is therefore 


In(8,pL + 28,p^), 


and this enables the full load slip to be determined. 

Copper Loss In Wound Rotors, — In the case of wound rotors, the 
copper loss is obtained approximately by estimating the resistance 
of each phase from its dimensions and assuming that the rotor 
current 


= 0-85 X Stator current X 


Stator conductors 
Rotor conductors’ 


Estimated Temperature Rise o! Rotor. — The rotor has to dissipate 
only the PR loss in the winding, since the iron loss is negligible 
owing to the very low frequency, viz. that of slip. The frictional 
loss may be supposed to be dissipated in the bearings. 

2C 
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Estimating the cooling surface in the same way as for the stator, 
the temperature rise may be calculated by allowing 40° C. rise for 
every 0*3 watt per sq. cm. of cooling surface. It must be under- 
stood that this calculation is only very approximate. 

Friction and Windage Loss. — ^This will vary from about 3 per cent, 
in a 5 B.H.P. motor down to about 1 per cent, in a 200 B.H.P. 
motor, whilst for the largest sizes of all it will drop to something of 
the order of } per cent. 



Pole Pitch 

Fio. 292.— Values of C In Hobart’s Formula. 

No-load Current. — ^The ampere-turns per pole for the air-gap 
= 0-8 X Ig X B, 

where Ig is the length of the single air-gap and B is the (real) average 
air-gap density in lines per sq. cm. The total ampere-turns per 
pole are twice the ampere- turns per pole per phase for a three phase 
motor (see page 142). 

The maximum ampere-turns per pole per phase therefore 
= 0-8 X i, X B X 

and the R.M.S. ampere-turas per pole per phase 

= 0-S X I, X B X 
= 0-45/(, X B. 

The magnetizing current per phase for the air-gap 

— 0-45 xlgX B 

~ turns per pole per phase’ 


1'57 

2\/2 




in Uob.irt’s Formula 
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The magnetizing current for the iron path is usually about 10 to 
30 per cent, of the above, the value depending largely upon the 
width of the slot openings. The wider the slot opening the greater 
is the density in the teeth and the more the magnetizing current. 
The active component of the no-load current 

_ Power to drive motor light 
\/3 X Line voltage 
The total no-load current 

= V (Active component)^ -f- (Magnetizing current)^. 



I-,.. I I L - 11-1 t I ] I I 1 1 I I I 

0-6 1-0 1-4 1-8 2-2 2-6 30 3-4 8-8 

Air-gap Length In Cms. x Mean Slots per Pole (Stator and Kotor) 

FlQ, 293.— Values of C' In Hobart’s Formula. 


Estimation of a . — The value of a can be estimated fairly closely 
by a formula due to Hobart, viz. 


a = C X C' X 


Air-gap length 
Pole pitch 


The values of C and C can be read off the curves in Figs. 292 and 
293. For squirrel cage motors a third constant, having an approxi- 
mate value of 0-76, should be introduced. 

Another formula for the estimation of o is due to Behii-Eschen- 
burg, and is 

^ XN X T 


where N = average number of slots per pole for stator and rotor, 
X = average width of slot opening, 

Ig = air-gap length, 
and T — pole pitch. 

Dimensions are in cms. 




388 


ALTERNATING CURRENTS 


CH. 


Predetermination of Circle Diagram. — ^The necessary data for 
predetermining the circle diagram have now been worked out. 
Referring to Fig. 286, the no-load magnetizing current enables 

OA 

the point A to be determined and OB The circle can thus 

or 

be drawn straight away. The active component of the no-load 
current fixes the vertical height of the line EH. The resistances of 
the stator and rotor windings being known, the point F can be 
obtained by trial, so that FH (to the same scale that HG represents 
the no-load power to drive) represents the total copper loss for the 
current OF. The accuracy of the current OF, called the short 
circuit current, cannot, however, be guaranteed. FH can now be 
divided at K, so that 

FK __ Rotor copper loss 

KH Stator copper loss 

The torque line is obtained by joining EK. 

^FuU Load Current, Power Factor and Efficiency .—-These values 
can now be obtained from the circle diagram in the usual way. The 
“ apparent efficiency,” which is the product of the true efficiency 
and the power factor, should be calculated also. If desired, the 
complete performance of the motor can be worked out from the 
circle diagram. 

Example of Design. — As an example, a design will now be worked 
out for a 10 3-phase, 50-cycle, 440- volt motor having a 

synchronous speed of 1000 r.p.m. 

Number of poles == 6. 

An efficiency of 0-85 and a power factor of 0-86 will be aimed at, 
these figures representing average practice. This gives the full 
load current as 

10 X 746 

Va X 440 X 0-85 X 0-86 
= 13*5 amperes. 

Choosing an output coefficient of 1*1 x 10“ we get 

“ r iioo X la X 10-« Sill 

= 9100. 


Assume an air-gap diameter Z> = 30 cms. 


The core length 


^ 9100 
~ 302 


= 10 cms. 


There will be two ventilating ducts, each 8 mm. wide. 

The fiux per pole will now be worked out. The pole pitch 

= 16*7 cms. and the net iron length of the core 


6 
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= 10 X 0-9 = 9 cms. Semi-closed slots will be used in both stator 
and rotor, and the iron length per pole pitch = 0*8 X 15-7 = 12*6 
cms. The air-gap area per pole 

= 12*6 X 9 X 1*2 = 136 sq. cms. 

Assuming a maximum flux density of 8000 lines per sq. cm., the 
flux per pole is ^ — X 136 = 0*7 x 10® lines (approx.). 

The required number of stator conductors per phase 


440 X 10® 

V3 X 2-1 X 50 X 700,000 


346. 


Choosing three slots per pole per phase, this gives 54 total slots 
and 18 slots per phase. There will be, therefore, 20 conductors per 
slot, giving 180 turns per phase. 

The ampere-conductors per cm. periphery 


13*5 X 360 X 3 

3071 


= 155, 


which is satisfactory. 

Using 1/-0930 wire for the stator conductors, this gives a current 
13*5 

density of = 310 amperes per sq. cm. The diameter of 

this wire = 0*236 cm. bare and 0*264 cm. with d.c.c. insulation. With 
a slot lining of 1 mm. of press-spahn the 20 conductors can be 
arranged in twelve layers, alternate layers being staggered, in a 
semi-closed slot 4 cms. X 1 cm. with an opening of 0*3 cm. 

The flux carried by the stator iron behind the teeth 


700,000 

2 


= 350,000 lines, 


and with a density of 10,000 lines per sq. cm. the required iron 
cross section 


350.000 

10.000 


= 35 sq. cms. 


The net iron length 

= 10 X 0*9 = 9 cms. 


Required depth of iron behind teeth 

35 on ^ 

— == 3-9, say 4 cms. 

Outer diameter of stator stampings 

== 30 + 2(4 + 4) = 46 cms. 
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Length per turn of winding 

= 2 X pole pitch + 2(core length + 2) 

= 2 X 15*7 + 2 X 15 0 = 61-5 cms. approximately. 

Resistance per winding (hot) 

Total stator copper loss 

= 3 X 13-5* X 0*6 = 330 watts. 

To get the stator iron loss, the volume of the stator iron is required. 
The average tooth width 


7r(30 + 4) 


1 == 0*98 cm. 


Volume of stator teeth 


= 54 X 0-98 X 4 X 9 = 1900 c.o. 


Volume of iron behind teeth 


-(442 _ 332 ) X 9 == 3480 c.o. 


Density in teeth 


Watts per kgm. 


Watts lost in teeth 


700,000 X 1*67 
9 X 0-98 X 9 


= 13,900. 


= 9 (see Fig. 252). 


1900 X 7*8 


X 9 = 133 watts. 


Density in iron behind teeth 

Watts per kgm. 

= 4-5 (see Fig. 252). 
Watts lost in iron behind teeth 


3480 X 7-8 


X 4*5 =122 watts. 


Total stator iron loss 

= 133 + 122 = 255 watts. 

Stator cooling surface 

= jcx46xl0 + 7tx30xl0 + 4x^ {46*« - 30*) = 6200 sq. cms. 
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Watts per sq. cm. 


330 + 266 
6200 


0 096. 


The temperature rise of the stator will, therefore, be quite reasonable. 

A wound rotor will next be designed. 

Air-gap length 

== ~ 30^260 = ® 

Choosing four slots per pole per phase, this gives 72 slots in all. 
A bar winding will be adopted with four conductors per slot, giving 
48 turns per phase. The rotor current is approximately 

216 

= 0*85 X 13*5 X = 52 amperes. 


Choosing a strip with a section 0-20 X 0-625 = 0-125 sq. cm., a 
52 


current density of 


0-125 


416 amperes per sq. cm. is obtained. 


This winding can be made to fit in semi-closed slots 0-55 cm. x 2-0 
cms. with a slot opening of 0-25 cm. 

As in the stator, a depth of iron of 4 cms. will be allowed behind 
the teeth, making the inner diameter of the rotor stampings 


30 - 2(2 + 4) = 18 cms. 


The length of the mean turn of the rotor winding will be approxi- 
mately the same as in the stator, and the rotor resistance per phase 
(hot) 

= 2-0 X 10- • X — = 0-047 ohm. 

Rotor copper loss 

= 3 X 52* X 0-047 = 380 watts. 


Rotor cooling surface 

= 7tx30xl0H-JtXl8xl0 + 4X|X (30*- 182) = 3320 sq. cms. 


Watts per sq. cm. 


380 

3320 


0-115. 


The temperature rise of the rotor will also be quite reasonable. 

Taking the friction and windage loss at about 3 per cent, of 
the output, this becomes 

0*03 X 7460 = 220 watts. 

Total losses 


330 + 255 + 380 + 220 = 1185 watts. 
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Magnetizing current per phase for the air-gap 

0-45 X 0-1 X 8000 , 

= 1 ^ 1^30 

= 7-7 amperes. 


Adding 10 per cent, for the iron path, this becomes 
1*1 X 7*7 = 8-5 amperes. 

The active component of the no-load current 


255 + 220 
Va X 440 


= 0-62 ampere. 


Actually this would be rather larger, since the no-load copper 
losses are neglected, but the difference is not noticeable in the 
final no-load current. 


Total no-load current 

= \/8*5^ + 0*022 _ amperes (approx.). 

This could be reduced by adopting a shorter air-gap. 

The estimated value of a, obtained from Figs. 292 and 293, is 


a 


10 X 1-27 X = 0-081. 


According to Behn-Eschenburg’s formula 

_ 3 0-1 6 x 0-1 

^ 10-5« 0-275 X 10-5 X 15-7 15-7 

= 0-0272 + 0-0022 + 0-0382 
= 0-068. 

A value of 0-075 will be assumed, taking both methods into 
consideration. This gives a maximum power factor of 


1 — 0-075 
1 + 0-075 


= 0 - 86 , 


and a full load power factor of 0-85 is obtained from the circle 
diagram of the motor, for which the necessary data are now available. 
The fiill load efficiency is 

- 0 9fl 

7460 -f 1185 ’ 

and the full load apparent efficiency is 


0-86 X 0-86 = 0-73. 
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Full load current 


Full load slip 


Full load speed 


_ 7460 

~ \/3 X 440 X 0-73 
= 13-4 amperes. 

__ Rotor PR loss 
Rotor input 
_ 380 

““ 7460 + 220 + 380 
= 0*047, say 5 per cent. 

= 950 r.p.m. 


Alternative Squirrel Cage Rotor.— Choosing 43 slots, a slot pitch 
of = 2*18 eras, is obtained. The current per bar is 


43 


1080 


0 85 X 13*6 X == 290 amperes. 

Using bars with a cross section of 0*8 cm. X 1*0 cm., a current 
density of 363 amperes per sq. cm. is obtained. These bars will 
go in slots 1 cm. x 1*3 eras. The maximum tooth width is 2*18 — 


1-0 = 1-18 cms., and the minimum 2*18 x 
0*99 cm. 

The R.M.S. current in the end ring is 


30 - 2_x U3 
30 


- 1*0 = 


290 X 43 . 

(see page 385) 

= 660 amperes. 

The required cross section of the end ring, at 600 amperes per 


sq. cm., 


660 

600 


1-1 sq. cms. 


An end ring with a cross section of 2*2 cms. x 0*5 cm. is suitable, 
since this gives the desired cross-sectional area. 

The total full load rotor copper loss 

= 290 X 43 (SCS X 2 X 10 “ x 115 + 2 x COOx 2 x 10-« X 

(see page 385) 

= 250 watts (approx.) 

as compared with 3^0 watts for the wound rotor. 

The full load slip would be about 3*2, say 3-5 per cent. 
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Examples 

(1) The stator core of a three-phase induction motor has an 
internal diameter of 30 cms. and a length of 18 cms., including three 
ventilating ducts each one cm. wide. What output could be 
obtained from it if wound for four poles on 600 volts, 50 cycles ? 
How many slots and conductors per slot would you employ 1 

(2) A certain design for a polyphase induction motor is found 
to give a poor power factor when the performance is calculated. 
Discuss the various modifications which could probably be made to 
the design with the object of improving its performance. 

(3) There are 54 and 72 slots on the stator and rotor of an 
induction motor respectively. There are six poles and the air-gap 
diameter is 30 cms. The length of the air-gap is 1 mm. Semi- 
closed slots are employed, the opening bdng 3 mm. on the stator and 
2-5 mm. on the rotor. Estimate the probable full load power factor. 

(4) If the length of the air-gap in the motor described in the 
previous question be increased to 1-5 mm., what would be the effect 
upon its behaviour, particularly the power factor ? 

(5) What are the factors which determine the choice of the 
number of turns in the rotor winding of a three-phase slip ring 
induction motor ? 
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SYNCHRONOUS MOTORS 

Alternator used as a Motor. — If two alternators are run in 
'pactallel and the driving force of one is suddenly cut off, the machine 
"continues to run as a motor and takes the power necessary to drive 
it from the other machine, which is loaded to a certain extent on 
this account. The supply of D.C. to the field system must be 
maintained throughout. For an alternator to act as a motor it 
must, therefore, be supplied with A.C. for the armature and D.C. 
for the field system, and further, as will be seen later, the machine 
must be brought up to the speed of synchronism before the motoring 
action takes place. 

In order to examine the action in detail, take the case of the 
elementary two-pole single phase synchronous motor shown in 
Fig. 294. This machine is supposed 
to be exactly the same as the corre- 
sponding alternator, ajid may have a 
stationary field and a rotating arma- 
ture, or vice versa, the current being 
led into the rotating element by means ^ 
of slip rings. Consider the conductor 
which arrives at A at the moment 
when the current is zero. The instan- — 
taneous value of the torque due to this yiq . 294.— Action of synchronous 
conductor is also zero, since it is proper- Motor, 

tional to the product of the field strength 

and the armature current. The field strength is assumed to bo 
constant ti^oughout. A moment later the conductor has arrived 
at B and the armature has rotated through an angle 0. But the 
current has also advanced in phase by 0® and is supposed to be 
flowing away frotn the observer. This produces a torque in a 
clockwise direction and causes the armature to revolve. When 
the conductor reaches G the current has reached its maximum 
value, and by the time the conductor reaches D the current has 
died down to zero. Throughout the whole of this half- revolution, 
which has taken place whilst the current has advanced through half 
a cycle, the torque has been in the same direction. A little later 
the conductor arrives at E, but the current has now started to 
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grow in the reverse direction. However, since this reverse current 
is cutting the magnetic field in the reverse direction, the torque still 
tends to produce rotation in a clockwise direction. By the time 
the armature has completed one whole revolution the current has 
advanced through one whole period. This is the essential con- 
dition for the continuance of rotation ; the arj ^ture ^ ^rotate 
sync^hropiQuaLyL with the cu^ent, and hence the machine is called 
a synchronous motor. The currents in the other armature con- 
ductors produce torques which aid one another, for during the first 
half-period of the current they are cutting the field in one direction, 
and during the second half-period, when the current reverses, they 
are cutting the field in the other direction. 

The same principle operates in the case of two- and three-phase 
synchronous motors, these being much superior in their performance 
to the single-phase machines, their great advantage lying in the 
fact that they are much less likely to drop out of step when subjected 
to overloads. 

Conditions for Running. — Such a motor as is described above is 
not self-starting, and it is necessary first to run up the machine to 
synchronous speed by some external means and then to synchronize 
it with the supply, the field having first been excited. In other 
words, the machine must be run up and synchronized exactly like 
an alternator, and the same conditions apply. The machine will 
then continue to run and take a motoring current from the supply 
as long as it keeps in step. By this is meant keeping in synchronism. 
^If the armature does not rotate synchronously with the variations 
^of the current, there come certain points in the revolution where a 
reverse torque is produced, and this tends to pull the motor up. 
The retardation of the armature causes it to fall still further out of 
step, with the result that the motor quickly comes to rest. Since 
the armature is still supplied with current, the circuit should bo 
opened immediately, to prevent damage, since the motor at 
standstill has only the imi)edance of its armature to limit the current. 

Speed. — The speed of a two-pole synchronous motor has already 
been shown to be one revolution per cycle, and this corresponds 
to a speed of 60/ revolutions per minute, where / is the frequency. 
If the motor is a multipolar machine having p poles, the armature 
conductors will advance past one pole pair every cycle, or, in other 

2 

words, the armature will rotate through -ths of a revolution. The 
revolutions per minute will then be equal to 


2 

P 



The speed of a polyphase synchronous motor is the same as that of 
the corresponding single-phase machine with the same number of 
polos. 
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The only way to vary the speed is to vary the frequency or the 
number of poles, and these are not practical methods. Synchronous 
motors are, therefore, essentially constant speed machines. 

No-load Conditions. — When a synchronous motor is first syn- 
chronized with an alternator, the two machines momentarily act 
as generators in parallel across the 
same bus bars, their E.M.F.’s acting 
in the same direction. Considering 
the local circuit formed by the two 
armatures, these may be regarded 
as being in series with each other 
with their two E.M.F.’s always 
opposing, as shown in Fig. 295. 

The armature of the motor may, 
therefore, be considered as setting 
up a back E.M.F. equal to and 
opposite in phase to the applied 
voltage. The resultant voltage in this circuit is zero, and so no 
current is supplied to the motor armature. Since the latter 
receives no power in an electrical form from the supply, it immedi- 
ately commences to slow down when the mechanical giving p ower 
is removed. But as soon as the motor armature falls behind the 
position where it should be if it maintained an absolutely syn- 
chronous motion, the back E.M.F. and the applied E.M.F. no longer 
neutralize each other, for, notwithstanding the fact that they are 
equal, no two voltages can completely neutralize one another unless 
they are in phase opposition. The applied and the back E.M.F. 
now produce a resultant voltage which causes a current to flow 
through the motor armature and sujjplies it with a certain amount 
of power. If this power is sufiicient to maintain the rotation, the 
motor continues to rotate synchronously, but always lagging by a 
constant small angle. If the power supplied to the motor in this 
manner is not sufficient to overcome the losses at this speed, the 
armature is retarded and lags behind by a greater angle. The 
effect of this is to increase the resultant voltage and the armature 
current, and the power supplied to the motor is thereby increased. 
This action goes on until the motor lags by such an angle as to 
produce a resultant voltage which will cause the necessary amount 
of power to be transferred to the motor. 

The action is similar in a way to that which takes place in a 
m D.C. shunt motor whore the back E.M.F. is exactly in opposition 
\;to the applied E.M.F., only in the A.C. case the back E.M.F. lags 
\'by rather more than 180® behind the applied E.M.F. instead of being 
\in exact phatse opposition. 

Torque. — In a simple two-pole single-phase synchronous motor 
the axis of the armature field may be considered as lying along the 
line joining the two conductors which are connect^ to the slip 



Alternator Motor 

Fia. 295. — Alternator driving 
Synchronous Motor. 
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Fig. 296. — Hypothetical Armature Flux, 


rings, just as in a D.C. motor the armature field lies along the 
line joining the brushes. This field rotates with the armature, but 
also varies according to a sine law with time, and it reacts with 

the main field produced by the 
exciting current. Since the latter 
field is constant, the torque is 
proportional to that component 
of the armature field which is 
at right angles to the main field, 
^he magnitude of the armature 
field after the armature has moved 
through 0° from the zero position 
may be represented by O sin 0, 
where O is the maximum value. 
At the same instant, the vertical 
component of this (see Fig. 296) 

, is sin 0 times its actual value, 
and thus the instantaneous torque 
is proportional to O sin^ 0, where 
0 = oit. This expression shows that the torque is of a pulsating 
character, although it never reverses in direction. 

In the case of a three-phase synchronous motor, the arma- 
ture field may be regarded as . 

consisting of three components 
spaced 120® apart in space and 
differing by 120® in phase. The 
useful part of each component 
is obtained in the same way 
as before. The instantaneous 
magnitudes of the t^iree hypo- 
thetical fluxes are O sin 0, 0 sin 
(0 + 120®), and O sin (0 + 240®), 
as shown in Fig. 297. The 
vertical components are <!> sin^ 0, 

O sin^ (0 + 120®), and O sin^ (0 -f 240®). The resultant vertical 
field is obtained by adding these together, and is equal to 

<I) sinM + O sin2 (0 + 120®) + <D sin* (0 + 240®) 

= O ^ cos 20 ~i“ i ^ cos 2(0 -4" 120®) ^ ^ cos 2(0 -f- 240®)} 

= O — i cos 20 — J cos (20 + 240®) — J cos (20 + 120®)} 

= O {f — ^ cos 20 — ^ cos 20 cos 240® + ^ sin 20 sin 240® 

— i cos 20 cos 120® + i sin 20 sin 120®} 

= O J cos 20 + J cos 20 — sin 20 + J cos 20 + ^ sin 20 

= f <D. 



Fig. 297. — Hypothetical Armature Fluxes In 
Three-Phase Motor. 
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In other words, the magnitude of the torque is independent of 
the position of the armature, and the same statement holds true 
for a two-phase machine. The fact that the torque is constant in 
magnitude in a pol 3 q)hase machine whilst it is of a rapidly pulsating 
character in a single-phase motor, dropping to zero twice per period, 
indicates the reason why a single-phase synchronous motor is so 
much more liable to drop out of step when a heavy overload or a 
sudden change of load occurs. 

Effect of Load. — When a load is put upon the shaft of the motor, 
the first tendency is to retard the rotation, but as soon as the arma- 
ture commences to drop behind, it causes the back E.M.F. to lag by 
a rather larger angle than before. It will be remembered that the 
angle of phase difference between the applied and the back voltage 
is rather more than 180°, the apphed voltage leading. But an 
increase in the angle of lag of the back voltage causes an increase 
in the resultant voltage acting on the circuit, and this in turn causes 
an increased current to flow, with the result that the motor takes 
more power from the supply. The motor armature then drops 
behind until its position, relatively to that of the driving alternator, 
is such as to produce a resultant voltage capable of causing sufficient 
current to flow to deal with the load. The armature then con- 


tinues to rotate synchronously with the driving alternator. If 
the motor should drop too far l)ehind, the power which it takes 
from the supply is greater than is 


necessary, and so the armature is 
accelerated until it is in its correct 
relative position. Some motors are 
subject to this overshooting the mark, 
and when a motor is constantly retarded 
and accelerated in this manner the 
effect is called hunting or 'phase- 
svnnging. 

Approximate Vector Diagram. — The 

study of the vector diagram of the 
synchronous motor is the best means 
of understanding what is really going 
on inside the motor. For the sake of 
simplicity, the approximate vector 




diagram of a single-phase machine is ^ 

first considered, but the same principles (a) On No-load. (6) On Load. 


apply in the case of polyphase machines. 

In the approximate vector diagram shown in Fig. 298, armature 
reaction is entirely neglected as a separate effect, the armature 


reactance and armature reaction being combined together under 


the term synchronous reactance, as in the case of alternators (see 
page 288). The applied voltage is represented by OE^ and the 
induced back E.M.F. by OE^. These two voltages are taken as 
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equal, representing the conditions which occur when the machine is 
perfectly synchronized, OE^ lagging behind OE^ by an angle 180® + ®- 
Combining these two voltages, the resultant voltage OEr is obtained. 
This voltage leads the applied voltage by rather less than 90®, and 
it can be considered as acting on a circuit having a definite re- 
sistance, R, and synchronous reactance, X,. Assuming , tlxese two 
quantities to remain constant, the angle of lag of the current behind 
the resultant will be constant. If the synchronous impedance 
of the armature be known, the current vector, 07, can be plotted, 


lagging behind OEr by a fixed angle, a, equal to tan~^ 


X 

R 


, the magni- 


tude of the current being given by — 7 =L=. 


The angle of lag 


or lead, <^, of this current with respect to the applied voltage de- 
termines the power factor under which the motor is operating, 
the current leading in the example shown in the figure. Since 
the applied voltage, E^y is supposed to be constant, the power 
taken by the motor is represented to scale by OPy which is the 
projection of 01 on OEy. After subtracting the losses incurred 
by the motor, the output is obtained. 

An increase of load results in an increase in the angle 0, as shown 
in Fig. 298 (6). This swings the vector OEr round a little and 
increases its magnitude. The magnitude of the current is now 
also increased, since the synchronous impedance remains unaltered, 
and the power taken by the motor {E^ / cos <^) goes up as well. 

Ampere-turn Diagram. — In the previous paragraph a constant 
synchronous reactance was assumed, the effects of both armature 
reactance and armature reaction being included in it. The latter 
effect is, however, very important, and must be treated separately 
if accurate results are to be obtained. Let the armature be assumed, 
for the moment, to possess neither ohmic resistance nor leakage 
reactance. With this assumption, the induced back E.M.F. is 
exactly equal and opposite in phase to the applied voltage, and is 
wholly independent of the exciting current. The exciting current 
produce an M.M.F. which can be split up into two components, 
one producing the useful air-gap flux which generates the back 
E.M.F. , and the other a neutralizing M.M.F. equal and opposite 
to that set up by the armature ampere-turns. The first component 
is in quadrature with the applied E.M.F., and the second is in 
phase opposition to the current. Their vector sum gives the total 
M.M.F. which must be supplied by the exciting current. The 
vectorial addition of the fluxes produced by these M.M.F.’s is, 
however, not strictly accurate, as it neglects the changes of per- 
meability consequent upon the changes in flux density. If this 
point be neglect^, the vector diagram might be drawn to a scale 
of ampere- turns instead of M.M.F. ’s, since they are proportional 
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to one another, or it may be drawn to a scale of exciting current 
even, since the turns on the field system are constant. 

Fig. 299 (a) represents the ampere-turn vector diagram when 
the power factor of the motor is unity, the diagram being drawn 
to a scale of ampere-turns. represents the applied voltage 
and the back induced E.M.F., these two being exactly equal 
and opposite. The armature current, /, is in phase with Ei, since 



Fig. 299. — Ampere-tum Diagrams. 


the power factor is unity, and its magnitude is determined by the 
load. The ampere-turn part of the diagram is a space diagram 
in which the amx)ere-turns due to the armature are in space quadra- 
ture with the resultant ampere- turns producing the useful 
flux which induces the armature E.M.F. In other words, the 
armature reaction consists solely of cross ampere- turns. Since 
the induced E.M.F. is proportional to minus the rate of change 
of the flux, the resultant M.M.F. producing this can be represented 
by a vector leading the induced E.M.F. by 90° and lagging behind 
2D 



402 


ALTERNATING CURRENTS 


OH. 


the applied E.M.F. by 90® as in the case of the transformer (see 
page 182). Similarly the armature ampere-turns can be represented 
by a vector in phase with the armature current. The field current 
is now required to set up ampere-tums which will {a) neutralize 
the armature ampere-tums and (6) provide a resultant flux to 
induce the back E.M.F. , These field ampere-tums are repre- 
sented by the vector ATj, 

When the armature current lags by 90® behind the applied 
voltage, it constitutes a magnetizing current, just like the primary 
current of a transformer when it lags by 90® behind the applied 
voltage. Consequently less field current is required to set up the 
necessary flux. The field ampere-turns are reduced because the 
armature ampere-tums are doing part of their work. 

Another way of viewing the problem is to consider the reduced 
field ampere-tums as consisting of two components (a) neutralizing 
the armature amx>ere-tums which are now in direct phase opposition, 
and (6) providing the resultant flux to induce the back E.M.F. as 
before. These conditions are represented in Fig. 299 (6). 

The general intermediate case is shown in Fig. 299 (c), where 
the armature current lags by an angle and where the armature 
ampere- turns consist partly of cross ampere- turns and partly of 
magnetizing ampere-tums. 

The case of the leading current is shown in Fig. 299 (d), where 
the armature ampere-tums are now partly cross ampere-turns and 
partly demagnetizing ampere-turns. As a consequence of the 
latter, the field current now has to be increased, to maintain the 
armature in its leading phase. 

If the armature current is negligibly small, the armature ampere- 
tums disappear and the field ampere-tums become equal to the 
resultant ampere-tums. These can be determined from the 
open-circuit magnetization curve when the machine is mn as an 
alternator. In fact, it is sufficient merely to know the value of 
the field current, without troubling about the turns, the ampere- 
turn diagram then being drawn to a scale of exciting current. 
Similarly, if the resultant ampere-tums are made equal to zero, 
then the armature ampere-turns are equal to the resultant ampere- 
tums. These conditions are imitated by mnning the motor as an 
alternator on short-circuit. The magnitude of the armature ampere- 
tums can then also be determined in terms of exciting current, 
i.e. field amperes. 

These ampere-tum diagrams should be compared with those 
in Fig. 236 relating to the alternator, remembering that the generated 
E.M.F. in the alternator corresponds to the back E.M.F. in the 
synchronous motor. 

In actually drawing a diagram of this kind it is much simpler 
to draw it to a scale of exciting current rather than ampere-tums, 
as the unmber of field turns is not then required. 
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Complete Vector Diagram. — The complete vector diagram of the 
synchronous motor is a combination of .the approximate vector 
diagram shown on page 399, and the ampere-tum diagram, and is 
illustrated in Fig. 300 (a) and (6). The applied voltage consists 
of (a) a component which neutralizes the induced E.M.F., and 
(b) a further component which provides for the impedance drop 
in the armature circuit. This drop is largely a reactance drop, 
but the reactance to be considered is only the true leakage re- 
actance and not the synchronous reactance as in the approximate 
vector diagram. This is equivalent to saying that the resultant 
voltage acting on the armature circuit is the resultant of the applied 



Load Load 

Armature Current Leading Armature Current 

Flo, 300, — Complete Vector Diagram. 


and induced back E.M.F. The armature current lags behind this 

^ . 

impedance voltage by an angle a where tan a = From the 

li 

ampere-turn diagram, it is seen that the flux, O, lags behind the 
neutralizing component of the applied E.M.F. , —E^y by 90®, and 
this flux is set up by the resultant ampere- turns, ATr- The ampere- 
turns provided by the D.C. exciting current must therefore consist 
of two components (a) to neutralize the ampere-turns of the arma- 
ture, and (6) to provide the flux, O. The field ampere-turns are 
represented by ATj, Another way of viewing the problem is to 
regard the resultant ampere-turns producing the flux, O, as being 
the vector sum of (a) the ampere-turns due to the field current 
and (6) the ampere-tums due to the armature. 

The power factor of the motor is given by cos where ^ is the 
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angle of lag of the current, 7, behind the applied voltage, The 
input to the armature is I cos <f>, and the output, neglecting 
iron and friction losses, is E^ I cos 0, where ifj is the angle between 

Effect of Excitation. — The value of the excitation affects the 
power factor of the motor to an enormous extent. In a D.C. shunt 
motor a variation in the exciting current produces a variation in 
the speed, but in the synchronous motor this is not possible, and 
so a variation in the current is produced instead. But as the power 
supplied to the motor depends upon the load and not upon the 
exciting current (except in so far as the losses are varied), the 
variation in the current must be accompanied by a variation in 
the power factor. The effect can best be studied by a reference 
to the vector diagram in Fig. 300 (a) and (6). At (a) the motor 
is operating with a lagging current, 7, the power output being 
proportional to the component of 7 in phase with — E^. An 
increase in the exciting current brings about an increase in the 
field ampere- turns AT/, and since, by supposition, — E^ is kept 
constant, E^ and also O remain constant. It follows, therefore, 
that the resultant ampere-turns, ATry remain constant. The 
ampere-turns of the armature are proportional to the armature 
current, and the only way in which AT/ can increase in magnitude 
without disturbing ATr is for the phase of AT a to advance, thus 
causing the armature current, 7, to advance in phase. The locus 
of the vector — ATa is a straight line at right angles to JPj, since 
the active component of 7 is assumed to remain constant. (Owing 
to the change in armature copper loss with annature current, this 
locus is slightly concave with reference to the origin, since the 
active component of the armature current is a minimum at unity 
active factor.) If the field current is raised sufficiently, the arma- 
ture current is made to lead, and a leading power factor is the result 
as shown in Fig. 300 (6). 

It will be observed that, for the same value of O and, therefore, 
of — E^y the magnitude of E^ is less in Fig. 300 (6) than in Fig. 
300 (a), owing to the shape of the diagram. Actual operating 
conditions, however, demand that Ei shall be kept constant, and 
not — E 2 y in which case — E^ is found to increase slightly as the 
armature current is advanced in phase. As a result of this, the 
flux, O, increases slightly, thus demanding a slight increase in ATr- 
In turn, this demands a slight increase in the exciting current to 
bring it about, but the effect is small compared with the effect 
due to the change in phase of ATa- With synchronous motors 
possessing a large reactance, however, the point is by no means 
negligible. 

It is usually sufficiently accurate to draw the diagram with 
— - E^ of constant length, the voltage scale being altered slightly 
for different conditions. 
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It thus appears that the phase of the current with respect to 
the applied voltage may be adjusted at pleasure by the simple 
expedient of varying the excitation, and the motor may be made 
to operate on any power factor with either a leading or a lagging 
current. There is, of course, a limit to this reduction of the power 
factor, due to the dangerous heating which is set up on account 
of the excessive current, or the motor may drop out of step. Syn- 
chronous motors have, however, been known to remain running 
even though the excitation has been whoUy interrupted, the machines 
running on their residual magnetism. 

Load Angle. — When load is applied, the rotor actually drops back 
in space phase, i.e. a point on the surface of the rotor does not reach 
a particular point on the surface of the stator until a little later 
in time. This is the exact opposite to the effect in an alternator, 
where the rotor must be advanced in space phase in order to enable 
it to take up load, when running in parallel with other alternators. 
As the load on the motor is increased, the magnitude of this load 
angle, as it is called, is increased. It is represented in the vector 
diagram in Fig. 300 by the angle 6. If the armature current be 
negligibly small, then .4 T/ becomes equal to ATr both in magnitude 
and phetse. Similarly, the vectors, and — now coincide, 
so that AT/ and E^ are represented as being at right angles to each 
other. On the application of load, — E^ falls behind in phase, 
thus retarding the flux, O, in phase by an equal angle. In addition, 
ATj now falls behind AT^ with the result that the angle 0 takes 
on a substantial value. Its value depends very largely on the 
load, since this determines the magnitude of 4Ta. Changes in 
power factor also affect the value of the load angle. 

Direct measurements of the load angle can be made by means 
of an insulated disc attached to the end of the shaft. Two narrow 
contacts are inserted in the rim of the disc, on which a brush presses. 
The device is operated in conjunction with a Joubert contact (see 
page 107) which is adjusted so that circuit is made on the two discs 
simultaneously. The load angle can then be read off the Joubert 
contact directly. 

V-curves. — If the excitation is varied, a number of armature 
currents can be obtained all relating to the same power output. 
Each current corresponds to a particular back E.M.F., which in 
turn corresponds to a particular excitation. The latter can be 
determined from the magnetization curve of the machine. By 
varying the excitation, a number of corresponding pairs of armature 
current and exciting current can be obtained. It is found that 
on plotting these figures the resulting curve takes the form of a V, 
as shown in Fig. 301 (a), and is known as a V -curve. When the 
excitation is small, the back E.M.F. is low, giving rise to a resultant 
voltage leading the applied voltage by a relatively small angle. 
This causes the current to lag behind the applied voltage by a 
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considerable angle, and since the power factor is small the current 
is relatively large. As the excitation is increased, the back voltage 
is also increased, thus swinging the resultant voltage vector round 
and advancing it in phase. The current is also advanced in phase, 
its magnitude decreasing since the power factor is increased. When 
the current becomes in phase with the applied voltage it reaches 
a minimum value, after which it commences to increase again. 
The excitation corresponding to this minimum current is called 
the normal exciting current for that particular load. The effect 
of over-exciting a synchronous motor is to cause the current to 
lead the applied voltage due to the lengthening of the back E.M.F. 
vector. As the excitation is still further increased the armature 
current also increases and the power factor falls. On no-loeid, the 
point on the V -curve is sharply accentuated, but if the machine 
is loaded the tendency is to round off the point, this effect being 
more marked at the higher loads. 



Exciting Current 
FiQ. 301(a). — V-curvea. 


Exciting Current 

FiQ. 301 (b ). — Power Factor Curves. 


Power Factor. — From the preceding paragraph it is seen that the 
armature current varies between wide limits for the same power 
output, and this causes the power factor to vary widely in accordance 
with it. The curves of power factor corresponding to the armature 
currents represented in Fig. 301 (a) are shown in Fig. 301 (6), where it is 
seen that they look like inverted current curves. Again, the no-load 
power factor curve is fairly sharp at the apex, whilst the others are 
less sharp, an increase in load tending to flatten out the curve. An 
examination of these power factor curves shows that particularly 
on no-load the armature current and the power factor are very 
susceptible to changes of excitation. The warming up of the field 
coils is quite sufficient to cause a material change in the armature 
current. 

Example of V-curve. — Instead of assuming the angle 0 to 
be constant for a given load, the power inputs may be assumed 
constant instead. In this case, since the applied voltage is fixed, 
the power component of the current remains unaltered, even 
although the excitation varies. In Fig. 302, where represents 
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the applied voltage and 01 the armature current, a line drawn 
through I at right angles to OE^ is the locus of the current vector. 
A line drawn from 0 to any point in this line represents a current 
the active component of which^is OP. Taking any random value 
of 01 y the resultant voltage producing it can be obtained by multiply- 
ing by the synchronous impedance. This voltage leads the current 


by an angle, 


a, 


equal to tan"^ 


R 


Then, knowing the value of this 


resultant voltage and the applied voltage, the back E.M.F. generated 
is obtained by subtraction. The excitation corresponding to this 
back E.M.F. is then read off the magnetization curve. Working 
backwards in this way, a series of vector diagrams can be constructed 
without making any assumption as to the magnitude of the angle 0. 
If a series of values of I are taken in this way, a series of values 
of Er and E^ can be obtained and the locus drawn in for each, this 
being done in Fig. 302. The whole 
diagram can then be rex)eated, if desired, 
for another load. Strictly speaking, the 
locus of the current for a given output 
is not a straight line, since the losses 
are increased when the current goes up, 
so that the input is not quite constant. 

This can be allowed for by making the 
current locus bend upwards a little on 
each side. 

Experimental Determination of V- 
curves. — The actual experimental de- 
termination of one of these curves is 
carried out by maintaining a constant load throughout a single 
series of observations, and by varying the excitation through as 
wide limits as the machine will permit without overheating or falling 
out of step. The applied voltage should be maintained constant 
throughout, and this will often be a source of trouble, because, 
if the driving alternator is comparable in output with the motor, 
the large current at the very low power factor obtained wiU 
necessitate a certain amount of field regulation in order to maintain 
the voltage constant. 

A series of such curves can be obtained from the one motor, 
each one corresponding to a particular load. 

Armature Reaction. — The armature reaction of a synchronous 
motor can be investigated in the same way as is adopted in the case 
of an alternator. Reference should be made to Figs. 232 and 233, 
remembering that in the synchronous motor the current is in phase 
with the applied voltage if the power factor be unity, and conse^ 
quently leads the generated back E.M.F. by an angle 180® + 0. 
As a first approximation, therefore, if the currents in Figs. 232 
and 233 be reversed, the diagrams will represent the action in 



Fio. 302. — Locus Vector Diagram 
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the synchronous motor, and proceeding in this manner it is seen 
that when the motor is operating with a lagging current the magnetic 
flux is increased in magnitude, and when a leading current is taken 
the magnetic flux is decreased, this being the reverse of what happens 
in an alternator. In addition, the flux is, of course, distorted in 
both cases. A lagging current thus tends to increase the back 
E.M.F., whilst a leading current tends to decrease it. 

Another way ol looking at the problem is to consider a lagging 
current as a magnetizing one and a leading current as the opposite, 
viz. a demagnetizing one. A lagging current, therefore, provides 
a portion of the magnetizing ampere- turns, so that less are required 
from the D.C. field system, the reverse being the case with leading 
currents. 

Overload Capacity. — If the applied voltage and the exciting 
current of a synchronous motor be kept constant, the effect of an 
increase of load is to retard the back E.M.F., thus causing an in- 
creased resultant voltage and an increased current. The power 
input, however, does not go on increasing indefinitely, since the 
gradual retardation of the back E.M.F. vector causes the current 
to lag more and more behind the voltage, and there comes a time 
when the power factor decreases at a greater rate than the current 
increases. A further increase of load then causes a further retarda- 
tion of the back E.M.F. , resulting in a decrease in the power absorbed 
and in the driving torque. The reduced driving torque retards the 
motor again, which reduces the power input, and so this action goes 
on until the motor falls out of step and comes to rest. The difference 
between the maximum load capable of being overcome and the 
normal full load of the motor, expressed as a percentage of the full 
load, is called the overload capacihj of the motor. 

An increase in excitation results in a roughly proportional 
increase in the overload capacity until magnetic saturation occurs. 

The presence of reactance in the motor armature is also bad, 
and any reduction in this direction is accompanied by an increase 
in the overload capacity. Thus whilst reactance is beneficial from 
the synchronizing point of view, it is objectionable if the motor is 
called upon to withstand sudden heavy overloads. 

Hunting. — Sudden changes of load on synchronous motors some- 
times set up oscillations which are superimposed upon the normal 
rotation, giving rise to periodic variations in speed of a very low 
frequency. This effect is known as hunting or 'phase- swinging, 
and can be detected by ear on account of the different notes which 
are set up by the fluctuating speed of the motor. Occasionally 
the trouble is aggravated by the motor having a natural period of 
oscillation approximating to the hunting period, when it is possible 
for the motor to be phase-swung into the unstable region, thus caus- 
ing it to fall out of step. 

The first effect of a sudden increase of load is a retardation of the 
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armature causing the vector [see Fig. 298 (a)] to take up some 
such position as is shown in Fig. 298 (b). But during this period of 
retardation the armature is running at a speed slightly less than 
that of synchronism, and when has reached a position such that 
the power input is exactly that required to overcome the load, it 
is still running at this slightly reduced speed. Owing to the inertia 
of the armature, however, this reduced speed is maintained for a 
very short interval longer, during which the angle 0 continues to 
increase. The power input is now greater than is required for the 
load on the motor, and the armature ceases to be retarded and 
commences to accelerate. This causes the vector E 2 to gain on E^ 
and the angle 0 commences to decrease. When the stable position 
is reached the armature is running a trifle faster than the absolutely 
correct synchronous speed, and, due to its inertia again, it continues 
to run a little fast after this point has been reached. The angle 0 
has now become too small, resulting in a decreased power input 
which is no longer capable of maintaining the rotation against the 
resisting torque of the load. The armature is thus again subjected 
to a retardation and the whole cycle of events is repeated. The 
net result is that the motor perpetually increases and decreases in 
speed, the power input periodically varying in unison. The fre- 
quency of these changes is usually quite capable of being detected 
by ear and also by observation of the wattmeter pointer, which 
oscillates about a certain mean position on the scale. 

In order to prevent hunting, modern synchronous motors are 
fitted with damping grids or amortisseurs (see page 273). Whenever 
any motion takes place, other than the absolutely synchronous 
rotation, the flux in the poles is distorted, and the movement of 
this flux across the bars of the damping grids sets up eddy currents 
which tend to damp out the superimposed oscillatory movement. 
If the rotation is absolutely uniform, there is no relative movement 
of the flux and the damping grid, and so no eddy currents are set 
up and no losses occur. 

Another method of reducing hunting is to work with relatively 
strong fields, in which case a given change in the angle 0 results 
in a greater change in the torque produced. This is illustrated in 
Fig. 303, where (a) represents the condition with a strong field as 
indicated by the value of ATf, and where (b) represents the condition 
with a weak field. In each case the angle 0 is increased by 10° to 
0', the field current remaining unchanged. The armature current 
changes from I to /' and the power input from P to P' in each case. 
The percentage increase of this power input is obviously greater 
at the higher power factor. The percentage increase of P is still 
further magnified when the field current (proportional to ATf) is 
raised so as to bring about a loading armature current. The force 
tending to pull the motor into step is thus greater when strong fields 
are employed than when the motor is worked with a weak excitation. 
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Starting. — As the ordinary synchronous motor is not self-starting, 
it is necessary to make arrangements for starting it by some auxiliary 
means. 



Fio. 303. — Effect of Excitation upon Stability. 


One method of starting up is to employ a small auxiliary in- 
duction motor. As these motors always run at a speed slightly less 
than that of synchronism, taking into consideration the number of 
poles, it is seen that if the auxiliary motor has the same number of 
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poles as the main synchronous motor the set can never be run up 
to the correct speed for synchronizing. In order to get over this 
difficulty, the auxiliary induction motor is often made with fewer 
poles than the main motor, so that the set can be synchronized as 
it runs through the correct speed. 

Synchronous motors direct coupled to D.C. generators are 
sometimes used for transforming from H.T., A.C. to L.T., D.C. 
The D.C. bus bars are never dead except when a complete shut 
down occurs, and the motor-generator set can be run up from the 
D.C. side, using the generator as a motor. The correct speed for 
synchronizing is obtained by shunt regulation, and after the A.C. 
motor has been thrown on to the bus bars the field of the D.C. 
machine is strengthened, which tends to lower the speed. But 
since the A.C. machine must run at synchronous speed, it follows 
that the back E.M.F. of the D.C. machine when running as a motor 
becomes greater than the bus bar voltage, and so it commences to 
generate. In the event of a complete shut down, these sets would 
be unable to commence running again, and so one set at least must 
be provided with independent means for starting up. 

Polyphase synchronous motors can also be started up by the 
addition of a special squirrel cage winding on the field system. 
This consists of a number of bars let into slots or holes in the pole 
shoes after the manner of damping grids, all the bars being joined 
at each end by a stout copper ring going right round the field system. 
The currents in the armature set up a rotating magnetic flux which 
cuts the squirrel cage winding on the field system and induces 
currents in it. A torque is developed and the motor runs up to a 
speed a little less than that of synchronism, as an induction motor. 
The D.C. exciting current is now switched on, and sets up definite 
poles on the rotor (the field system), these poles slowly slipping 
past the poles due to the rotating field set up by the stator 
(armature) currents. The relative speed of the two sets of poles 
is that of slip and decreases as the slip gets less. As the D.C. field 
strength is gradually increased, the two sets of poles suddenly lock 
with one another, the set thus pulling into synchronism auto- 
matically. This method of starting does away with the necessity 
for s 3 nQchronizing gear, and in addition the squirrel cage winding 
acts like a damping winding when running and serves to prevent 
hunting. On account of the large starting current required by 
this method, it is usual to start up the motors on a reduced voltage 
through auto-transformers. The D.C. field circuit should also be 
broken in several places during the earlier part of the starting period, 
in view of the high voltages induced in it due to transformer action 
when the speed is low. 

As is explained on page 332, the torque developed by a squirrel 
cage winding at a particular speed depends upon the value of the 
rotoi resistance, so that if a self-starting synchronous motor is 
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required to develop a large starting torque, it must be provided 
with a squirrel cage winding of relatively high resistance. In this 
event the normal speed to which the squirrel cage winding will run 
up the motor is rather less than would be the case if the resistance 
of the auxiliary winding were less. This means that the torque 
pulling the machine into synchronism is less with a high resistance 
squirrel cage winding than with a low resistance one, so that high 
starting torque involves a low “ pull-in ’’ torque and vice versa. 

Self-synchronizing Motors. — An alternative method of con- 
necting the starting motor is to place it in series with the main 
synchronous motor. In a three-phase case, the starting induction 
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Fio. 304. — Connections of Synchronous Induction Motor. 


motor has all six ends of its stator winding brought out, the three 
front ends being connected to the supply and the three rear ends to 
the main motor armature terminals. The rotor of the starting 
motor is of the short-circuited type and is frequently made of a solid 
steel cylinder without any slots or winding at all. The eddy 
currents induced in this rotor set up sufficient torque to enable the 
motor to start up. 

When first switched in, the greater part of the voltage is thrown 
across the starting motor on account of the lower impedance of the 
main motor armature. As the set speeds up, however, these 
conditions are changed gradually and automatically, until when 
near synchronism nearly all the volts are across the main motor. 
The auxiliary starting motor now has its stator windings short- 
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circuited, thus cutting it out and throwing the whole of the supply 
voltage on to the main motor which now pulls itself into 
synchronism. 

Synchronous Induction Motor. — Synchronous motors are usually 
of the salient pole type, but this construction is not the only 
one. Alternators are built with a cylindrical type rotor, the field 
winding being placed in slots. Synchronous motors are also built 
in the same way. The machine now looks like an induction motor 
inasmuch as both stator and rotor are provided with slots. A further 
step in the development consists in using an induction motor 
construction entirely, the rotor being provided with a pol 3 rphase 
winding which is connected to the usual starting resistances during 
the starting period, these being finally short-circuited and the D.C. 
exciter substituted in their place. The connections are shown in 
Fig. 304 (a), where it is seen that the D.C. exciting current flows 
unequally through the three rotor phases, one receiving double the 
current of the other two. To obviate this, a two-phase three- 
wire rotor may be used as shown in Fig. 304 (6), the D.C. exciter 
feeding into the common point. The rotor currents are now* 
equal. 

A modification of this two-phase system has the exciter con- 
nected in series with one of the phases only, instead of feeding into 
the common point. The exciter armature shown in Fig. 304 (b) is 
now removed and inserted in the upper connection joining the rotor 
winding to the starter. When operating as a synchronous motor 
the rotor field is provided by one phase winding only, the other 
phase winding being short-circuited and acting as a damping 
winding. When starting as an induction motor the exciter armature 
carries A.C. as before. 

Such a motor can be designed to pull into synchronism against 
full load torque, and by suitably regulating the D.C. field current 
can be made to operate if necessary on a leading power factor. 
If overloaded to the limit of stability as a synchronous motor, it 
falls out of step but continues to run as an induction motor with 
a slip of a few per cent., until finally the breakdown load is 
reached. 

When a synchronous induction motor is liable to high moment- 
ary overloads, it is desirable to increase the D.C. exciting current 
to enable the motor to deal with this load. This can be accom- 
plished automatically by providing the exciter with an additional 
field winding of the series type. This is supplied from a double 
wave metal rectifier which is fed from the secondary of a series 
transformer, the primary of which is connected in series with the 
stator winding. 

The radial air-gap length of such motors is usually two or three 
times that of a pure induction motor of similar size, since the machine 
operates normally as a synchronous and not as an induction motor. 
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Examples 

(1) A single-phase synchronous motor operates on 500 volts. 
Its synchronous reactance is 0*6 ohm and its resistance is 0*2 ohm. 
What is the back E.M.F. of the motor when ox)erating on 0*8 power 
factqp lagging, the armature current being 80 amperes ? 

X y(2) What is meant by “hunting” in a synchronous motor? 

^Zfcscribe the principal methods adopted to overcome it. 

(3) Describe in detail the operations for starting a large 16-pole, 
50^-cycle, three-phase synchronous motor, using an auxiliary starting 
motor. 

(4) A single-phase synchronous motor generates a back E.M.F. 
of 250 volts, lagging by 210° behind the applied E.M.F. of 200 volts. 
The armature s 3 nichronous reactance is 2-5 times its resistance. 
What power factor is the motor operating on and does the current 
lag or lead ? 

(5) A single-phase synchronous motor has an armature resistance 
of 0*04 ohm and a synchronous reactance of 0*20 ohm. The applied 
and back E.M.F. ’s are 100 and 80 volts respectively. Draw curves 
of current and power factor against power input and determine the 
current and power input for maximum power factor. 

(6) Describe the principle of operation of the synchronous induc- 
tion motor. Explain in detail what occurs when the motor is 
started up and pulls into synchronism. 



CHAPTER XXIV 


PARALLEL OPERATION OF ALTERNATORS 

Synchronizing Current. — If two alternators generating exactly 
the same E.M.F, are perfectly synchronized, there is no resultant 
E.M.F. acting on the local circuit consisting of their two armatures. 
No current circulates between the two and no power is transferred 
from one to the other. There is, apparently, no force tending to 
keep them in synchronism, but as soon as the conditions are dis- 
turbed a synchronizing force is called into play, tending to keep the 
whole system stable. Suppose one generator falls behind a little in 
phase. The two alternator E.M.F.’s now produce a resultant 
voltage (see the vector diagram for a synchronous motor in Fig. 298), 
and this acts on the local circuit consisting of the two armature 
windings and the joining connections. In modem alternators the 
synchronous reactance is large compared with the resistance, so that 
the resultant circulating current is very nearly in quadrature with 
the resultant E.M.F. acting on the circuit. Fig. 305 represents a 
single-phase case, where and E 2 represent the two induced 
E.M.F.’s, the latter having fallen back slightly in phase. The 


Er 



Fiq. 305. — Synchronizing Current. 


resultant E.M.F., Er, is almost in quadrature with both components, 
and gives rise to a current, lagging behind Er by an angle approxi- 
mating to a right angle. It is thus seen that E^ and /« are almost in 
phase. The first alternator is generating a power E^^Ii cos <f>i, 
which is positive, whilst the second one is generating a power 
E^t cos <l >2 which is negative, since cos <^3 is negative. In other 
words, the first alternator is supplying the second with power, the 
difference between the two amounts of power representing the copx)er 
losses occasioned by the current /, flowing through the circuit which 
possesses resistance. This power output of the first generator 
tends to retard it, whilst the power input to the second one tends 
to accelerate it, so that the action helps to keep both machines in 
stable synchronism. The current, /#, is called the synchronizing 
current. 
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Synchronizing Power.—Suppose that one alternator has fallen 
behind its ideal position by an electrical angle 0, measured in 

20 

radians. This corresponds to an actual geometrical angle of — == ijj, 


where p is the number of poles. Since and E 2 are assumed equal, 
Er is very nearly equal to QE^. Moreover, since Er is practically in 
quadrature with E^, and Is is practically in quadrature with Er, 
El and Is may be assumed to be in phase as a first approximation. 

QE ^ 

The synchronizing power may, therefore, be taken as EiL = — ^ 


Since Is = = 


Er 0J&J 


where X is the synchronous reactance of both 


armatures, the resistance being neglected. When one alternator is 
considered as running on a set of bus bars the power capacity of 
which is very large compared with its own, the combined reactance 
of the other sqfs connected to the bus bars is negligible, so that 
in this case X is the synchronous reactance of the one alternator 

E 

under consideration. If is the steady short-circuit current 


of this alternator, then the synchronizing power may be written 
0jE^ 

= Elx^y although the current Ix does not actually fiow. 


In an m-phase case, the synchronizing power becomes Ps = 
mEIxO watts, E and Ix now being the phase values. 

If the alternator drops behind its ideal position, it receives 
this power which tends to advance it in phase, whilst if it becomes 
ahead in phase it gives out this power which tends to make it fall 
back, until stable conditions are set up. 

If the resistance of the armature be taken into account, then 
the synchronizing power is not quite the same when the machine is 
ahead in phase as when it is behind. When behind in phase it 
receives a power —E^Is cos ^2 305), and when ahead it 

delivers to the bus bars a power Eils cos (f>i. Although Ei and 
E 2 are assumed to be equal, yet on account of the armature re- 
sistance which causes Is not to be in exact quadrature with 
Er, cos <ffi is greater than —cos synchronizing 

power is now greater. The difference is due to the copper 
losses in the circuit, which in the latter case are supplied by the 
alternator in question, whilst in the former they are supplied from 
the bus bars. 

It should be borne in mind that the above is only an approximate 
representation of what happens, since the effects of armature 
reaction have been included with those of true leakage reactance 
to make up the synchronous reactance. This method of calculation 
usually gives too low a value for the synchronizing power, and the 
discrepancy may be considerable with salient pole machines. It 
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may be allowed for by multiplying the synchronous reactance by a 
constant determined more or less empirically. 

It will also be noticed that alternators with a large ratio of 
reactance to resistance are superior from a synchronizing point of 
view to those which have a smaller ratio, as then the synchronizing 
current cannot be considered as being in phase. Thus whilst 
reactance is bad from a regulation point of view it is good for 
synchronizing purposes. 

Synchronizing Torque. — The accelerating or decelerating torque 
on the shaft produced by the s 3 mchronizing power depends upon 
the speed. Let Ta be this synchronizing torque in Ib.-ft. and 
n = r.p.m. Then 


and 


2TmTg __ mEIx^ 

^ 33,000 mEIx^ 7-04m.£7/x6 ,, . 

4 — W77i X lb. -it. 

2k X 746 w n 

_ 0-0587wJS^/x6p 


Since all these quantities except 6 are constants for a particular 
alternator operating at a given voltage, it follows that the synchroniz- 
ing torque can be expressed as ^ Ib.-ft. per electrical 


radian displacement, or 


0'029SmEIxP^ 

7 


lb. -ft. per geometrical 


radian displacement, and this is a constant for a given machine. 
(It should be noted that a displacement of one radian is usually 
impossible.) 

Inequality of Voltage. — Suppose two alternators to be running 
exactly in phase, but that their induced E.M.F.’s are not quite equal. 
Considering the local circuit, their E.M.F.'s are now in exact phase 
opposition, as shown in Fig. 306 (a), but they set up a resultant 
voltage Erf now in phase with E^, assumed to be the greater of the 
two. The synchronizing current, L, now lags by almost 90® behind 
Elf so that the synchronizing power, E^Is cos <^i, is relatively 
small, whilst the synchronizing torque per ampere is very small. 
This lagging current, however, exerts a demagnetizing effect upon 
the alternator generating j&j, so that the effect is to reduce its 
induced E.M.F. Again, the other machine is, so far as this action 
is concerned, operating as a synchronous motor, taking a current 
leading by approximately 90®. The effect of this is to strengthen 
its field and so raise its voltage. The two effects combine to lessen 
the inequality in the two voltages and thus tend towards stability. 

The power delivered by the first alternator now tends to retard 
it in phase, whilst the other machine is accelerated, and the new 

2E 
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conditions are represented in Fig. 306 (6). A very small relative 
phase displacement of and is sufficient to cause a very con- 
siderable alteration in phase to Er, so that L, lagging behind Er 
by the same angle as before, is very quickly moved into the adjacent 
quadrant, when the direction of flow of synchronizing power is 
reversed. The tendency is now to bring the two machines into 
phase again, so that stable conditions are once more set up. 



f/s 

Fio. 306. — Effect of Unequal Voltages. 



Inequality of voltage is, however, objectionable, since it gives 
rise to synchronizing currents which have a very large reactive 
component. 

Load Sharing. — The amount of load taken up by an alternator 
running in parallel with others is governed by the power input to 
its prime mover. Alteration of the excitation produces a change 
in the kVA output but does not affect the kW output. It merely 
causes a change in the power factor by altering the reactive 
component. 



Consider two single-phase alternators running in parallel, 
generating Ei and E 2 volts respectively. If they are exactly in 
phase, the E.M.F.’s will appear in direct phase opposition when 
considered with respect to the local circuit. Now suppose their 
excitations and the powers developed by their prime movers to be 
so adjusted as to make them deliver and 1 2 amperes at power 
factors of cos <l>i and cos <l >2 respectively (see Fig. 307). The total 
load current is the vector sum of Ii and 1 2 (shown as the difference 
in the vector diagram). The power input to the second alternator 
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is now increased, so that this set attempts to accelerate. As soon 
as it has got ahead in phase by a small angle as shown in Fig. 307, 
new conditions of load distribution are set up. The E.M.F.’s 
El and E 2 now produce a resultant voltage Er acting around the 
local circuit. This in its turn sets up a s 5 nichronizing current L 
lagging behind Er by an angle which is not far short of 90®. This 
current L must now be added vectorially to the currents originally 
carried by the two armatures. It is generated by the second one 
and must therefore be added to I 2 to obtain the new armature 
current /j. The first alternator receives this synchronizing current, 
which tends to lessen its current output, on account of its phase 
angle. Its resultant current is now /j, being the vector sum of 
Ii and L. 

The effect of increasing the input to one prime mover is thus 
seen to make its alternator take an increased share of the load, the 
other one being relieved to a corresponding extent. The final power 
factors, cos and cos <^ 2 » ^^so altered since the ratio of the 
reactive components of the load has been changed as well. 

Effect ol Change of Excitation. — Suppose two paralleled alter- 
nators of the same rating have the same input. Their kW outputs 
are therefore equal. The reduction of the field current of one of 
them causes its induced E.M.F. to be lowered. The resultant 
voltage around the local circuit now has the same phase as the 
E.M.F. of the more strongly excited machine, the synchronizing 
current lagging behind this by 90®. This gives rise to a demagnetiz- 
ing armature reaction and so lowers the induced E.M.F. On the 
other hand, the synchronizing current leads by 90® the induced 
E.M.F. of the weaker machine, and so produces a magnetizing 
armature reaction. It therefore strengthens the E.M.F. of this 
machine. The result is a tendency to equalize the E.M.F/s. Also 
the distribution of the reactive component of the total load has 
altered, the more strongly excited machine now taking a larger 
proportion. In fact, it is possible to make one alternator operate 
on a leading power factor by sufficiently disturbing the two ex- 
citations. 

Effect of Difference in Wave Form. — If the open-circuit E.M.F. 
wave forms of two paralleled alternators be different, then a circulat- 
ing current between the two will be set up, irrespective of any phase 
advance of one or other of the prime movers. Assuming the 
fundamental components of the E.M.F.’s to be equal and in exact 
phase opposition, they will neutralize each other around the local 
circuit, but this will not apply to the harmonics, which are, by 
assumption, different. The wave form of the circulating current 
will be very irregular in shape and will contain no fundamental. 
Such conditions are to be avoided. In other words, only alternators 
with the same wave form should be run in parallel, thus giving an 
additional reason for the choice of the sine wave as a standard. 
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There is usually a small change in the wave form as the load 
comes on, so that the circulating current will be different for different 
loads, and the division of the total load may be affected thereby. 
Fortunately, however, in modern machines, this change of wave 
form with change of load is not usually of any serious moment. 

Free Oscillations. — The actual rotation of the rotor may be 
resolved into ajuniform rotation together with a superimposed to- 
and-fro oscillation or phase-swinging which may be set up by 
faulty 83 Uichronizing, by change of load or by various other causes. 
A sudden increase in load causes the rotor to lag momentarily behind 
its s 3 nichronous position. The load is then reduced and a synchroniz- 
ing torque is set up proportional to the retardation. When the 
retardation angle reaches a certain value, this torque becomes 
available for accelerating the rotor. After a further time it gets 
ahead of its synchronous position and acquires too great a propor- 
tion of the total load upon which it is subjected to a decelerating 
force. As the synchronizing torque is proportional to the phase 
displacement it can be shown that these oscillations obey the law 
of harmonic motion. If the oscillations are damped, they gradually 
die out and are not of great importance, but if, as on occasion 
happens, they gradually increase in amphtude, the machine ulti- 
mately is swung into an unstable position and falls out of step. 
For steady running the frequency of oscillation should be low. 

Forced Oscillations. — Due to irregularities in the torque set up 
by the prime mover throughout its cycle, forced oscillations are 
impressed upon the rotor of the alternator. 

With a single-cylinder (double-acting) reciprocating steam 
engine, there are two accelerations per revolution. The periodic 


time is thus ^ == — seconds, where n — r.p.m. For a two-crank 
2n n ^ 

engine with cranks at 90° and for three-crank engines with cranks at 


120°, the periodic times are — and — seconds respectively. If 

n n 

this periodic time approximates to that of the free oscillations, 
then mechanical resonance is set up. The phase -swinging gradu- 
ally increases in amplitude until the alternator falls out of step. 

Practice has shown that the maximum displacement should not 
exceed 2*5° (electrical) either way. The corresponding mechanical 
angle is obtained by dividing by the number of pairs of poles. A 
low supply frequency is an advantage in this respect, as this 
reduces the number of poles for the same speed and allows a larger 
mechanical displacement, so that a smaller flywheel effect may be 
employed. 

Speed Regulation. — There is a slight drop of a few per cent, 
in speed on the part of the prime mover, and the magnitude of this 
drop affects the distribution of load between the several paralleled 
alternators. Supx)ose that two machines are sharing the load and 
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that the first suffers a drop of 2 per cent, and the second one of 4 
per cent, from no-load to full load. Let them be arranged to share 
the total load equally at one particular value. An increase in total 
load now takes place. The drop in speed of both sets must be the 
same, for their frequencies must remain exactly the same. The 
drop in speed, however, corresponds to an increase in load of the 
2 per cent, machine which is double that of the other, assuming 
straight line speed characteristics. The machine with the flatter 
speed curve will thus acquire two- thirds of the increase in load. 
The load will only be shared equally at one point. For lower loads, 
the first alternator will take less than its share, and for higher loads 
it will take more. It is therefore very desirable that alternators 
which are to run in parallel should have similar speed characteristics 
on the part of their prime movers. 

Control of Bus Bar Voltage and Frequency. — If the bus bar 
voltage is low, the field currents of all the alternators must be in- 
creased. Raising the excitation of one only merely causes it to 
acquire reactive load. 

If the bus bar frequency is low, the steam admission to all the 
alternators must be increased. Adjustment in the case of one 
only would merely cause it to acquire load at the expense of its 
fellows. Ultimately this would cause a rise in frequency, but the 
machine would probably be burnt out before any change in frequency 
was noticeable. 

Disconnection from Bus Bars. — ^When it is desired to remove 
an alternator from the bus bars, the kW load should first of all be 
gradually removed by throttling the steam supply, after which the 
reactive load can be removed by reducing the excitation until the 
alternator is just floating on the bus bars. The main switch may now 
be opened with impunity, after which the prime mover may be 
brought to rest. 

Current Limiting Reactors. — In modern large generating and 
transmission schemes the forces called into play when a breakdown 
occurs are very considerable, and for the purpose of protecting the 
plant, current limiting reactors are now largely employed. These 
serve to limit the current to more or loss safe values by virtue of their 
reactance without wasting any appreciable amount of energy, since 
their resistance is kept small. They also tend to localize the effects 
of a fault by limiting the amount of power which can flow into it 
from other parts of the system, and thus they tend to protect the 
plant from a complete shut-down. Reactors may be introduced 
into the system at various points. They may be placed directly 
in series with individual generators, or they may be placed in the 
feeder circuits. They may also be inserted between different bus 
bar sections or in trunk mains acting as interconnectors between 
two generating stations. 

Current limiting reactors are employed in practically ail new 
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large systems, but in small systems they tend to interfere to a 
certain extent with the regulation. 

Rating of Reactors. — Reactors bring about a voltage drop, and 
this (when the rated current is flowing through the reactor at normal 
frequency) is usually expressed as a percentage of the voltage 
between lines on single-phase circuits, or as the voltage between line 
and neutral on three-phase circuits. For example, a reactor on a 
single-phase 2000 volt circuit, dropping 120 volts on full load, would 
120 

be called a X 100 = 6 per cent, reactor. To obtain the same 


percentage reactance on a three-phase circuit with a hne pressure of 


2000 volts, the voltage drop would have to be X 100 


volts. 

The kVA rating of a reactor is obtained by multiplying the 
rated current and the pressure drop across it, the resulting product 
being divided by 1000. 

Situation in System. — Reactors placed in series with the 
generators limit the current in the armature windings and protect 
the generators. They also protect the end turns (see page 194) 
from the extra electrical stresses to which they are subjected. In 
modem alternators the usual practice is to incorporate a portion of 
the necessary reactance in the design of the machine itself, and to 
provide the remainder by means of an external reactor. 

Reactors are occasionally installed on the L.T. side of trans- 
formers feeding modern high-voltage transmission systems, but 
the transformers are usually designed with a comparatively high 
internal reactance so that they can safely withstand short-circuits 
without extra help. 

Long feeders frequently have sufficient inherent reactance 
without the addition of artificial reactance, but in short feeders 
the latter is very common. Short-circuits are more common on 
feeders than on any part of the 'system, and the reactors tend 
to limit the area of disturbance. 

Bus bar reactors may be connected in two ways, known as the 
ring and star methods. In the former, bus bar sections and reactors 
are connected alternately in series to form a complete ring, whilst 
in the latter the bus bar sections are connected through reactors 
to a common star point. 

When reactors are inserted in trunk interconnector mains between 
two stations they may be treated very much in the same way as 
if they were connecting different bus bar sections. 

Reactors in Bus Bars. — Reactors placed between sections of the 
bus bars tend to confine the trouble due to a fault on the mains to 
the particular section in which the fault occurs. This resffits in the 
various generators being operated with a certain angular displace- 
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ment in their voltages. For example, consider the two alternators, 
A and R, in Fig. 308, connected to two feeder circuits, C and Z), the 
bus bars being divided into two sections connected through the 
reactors XX, Assuming the power factor to be unity, the load on 
C greater than that on Z), and the total load shared equally between 
the two generators, it follows that a certain amount of current must 
flow through the two reactors. Neglecting the losses in these, this 
current is in quadrature with the voltage across the terminals of the 
reactors. The vector diagram is shown in Fig. 309 (a), which 
represents the conditions for unity power factor. Va and Vb re- 
present the voltages of the two alternators and VaVb the voltage 
across the reactor. Ic and Id represent the currents in the two 
feeder circuits. The current flowing through the reactor is deter- 
mined by the magnitude of VaVb, 
and hence the phase displacement of 
the two alternators depends upon 
the difference in the loads on the 
two feeders. By subtracting IaIc (at 
right angles to VaVb) in the one case 
and adding IbId in the other, these 
two currents being the same, the 
currents delivered by the two alterna- 
tors, I A and I By are obtained. When 
the current is a lagging one, the 
conditions are represented in Pig. 

309 (6), the current IaIc == IbId 
flowing through the reactor being 
added to one alternator current and 
subtracted from the other to obtain 
the two feeder currents. 303 — Reactors Id bus Bars. 

Effect on Power Factor and Regu- 
lation. — ^The insertion of additional reactance in the system tends 
to lower the general power factor, but not to a very great extent, 
particularly if the original power factor is near unity. The regu- 
lation is also affected in an adverse manner, but this is almost 
negligible when the power factor is high, although it may become 
serious if the power factor of the load is low. 

Construction of Reactors. — ^When a short-circuit occurs on a 
current limiting reactor, the current flowing through its winding 
becomes very large. Take the case, for example, of a 5 per cent, 
reactor, which will allow 20 times the normal current to flow in the 
case of a dead short-circuit. Its reactance must not fall, which 
means that the iron (if it has an iron core) must not become saturated 
with 20 times normal current flowing through it. This is really 
understating the case, for abnormal current rushes are liable to take 
place (see page 581) if a short circuit occurs at or near to the zero 
point of the voltage wave. Normally, therefore, it must work at 
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an extremely low flux density, which makes the use of iron un- 
economical; in fact, the iron magnetic circuit would be larger 
than an air circuit. These reactors are, therefore, built with non- 
magnetic cores, or, alternatively, with an iron core but with an air- 
gap included in the magnetic circuit. 

In one type a number of bare conductors are wound in conical 
coils which are alternately upright and inverted. These coils are 
embedded in concrete supports which are cast around the turns so 
that the whole construction is very rigid. This is necessary on 
account of the large forces which are suddenly called into play when 
the first rush of current occurs. 

Losses in Reactors. — The losses in reactors are due to the l^R 
and eddy current losses in the conductors, and to reduce the latter 
the conductors are stranded. The total loss is usually about 6 
per cent, of the kVA rating of the reactor. 

Interconnected Power Systems. — The practice of intercon- 
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necting power systems is becoming more and more common, and is 
an extension of the idea of the parallel running of generators. It 
enables each station to supply the other with power in time of need. 
It is not necessary that each station should operate at the same 
voltage, as the stations may be linked through transformers. In 
any case the interconnector is usually worked at a very high voltage, 
and transformers are employed at each end to step up the generator 
pressure to that of the interconnector. A difference in the number 
of phases is also no bar to this interlinking as phase-changing groups 
of transformers may be used, as, for example, Scott-connected groups 
in changing from two- to three-phase or vice versa. Frequency 
changers must be installed when there is a difference of frequency 
in the two supplies. 

If the two stations are in phase and the bus bar voltages are 
exactly the same, no current will flow in the interconnector. This 
corresponds to the case of two alternators in parallel exactly 
balanced. There is no s 5 mchronizing torque. But directly one 
station gets ahead of the other in phase a synchronizing current 
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flows in the interconnector, and this keeps the two stations in 
step. 

In order to cause power to be transmitted from one station to 
the other, the two station bus bar voltages must be displaced in 
phase, and usually one is required to be boosted so as to overcome 
the impedance drop in the interconnector. 

Induction Regulator. — ^The induction regulator is a piece of 
apparatus which enables a continuously variable boost to be applied 
to a circuit. It consists of a stator and rotor wound as an induction 
motor, the primary being connected across the supply and the 
secondary in series with it. In order to avoid the use of six slip 
rings in a three-phase case, the secondary is wound on the stator. 
In some cases the use of slip rings is avoided altogether by making 
connection to the rotor by means of flexible connections, for the rotor 
does not rotate in the ordinary way. The rotor is geared to a 
handwheel through a rack and pinion, so that its position relative 
to the stator can be varied at will. The magnitude of the voltage 
induced in the secondary is constant provided the primary voltage 
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is constant, but its phase depends upon the position of the rotor. 
This phase can be varied at will throughout the full 360°, so that a 
continuously variable boost is obtained. The maximum and mini- 
mum voltages obtainable are the arithmetical sum and difference of 
the supply and boost voltages respectively. The phase of this 
resultant voltage varies somewhat from maximum to minimum, 
and to avoid this a double regulator is sometimes employed. The 
second one displaces the phase of the resultant voltage in the 
opposite direction to the first, so that the regulated and non- regulated 
voltages have always the same phase. Instead of two regulators, 
one only may be employed, if its series winding be divided into two 
halves, these being connected in reverse series. 

Induction Regulator in Interconnector. — As an example to show 
how an induction regulator operates in an interconnector, consider 
the vector diagram in Fig. 310, where and are the voltages at 
the sending and receiving ends respectively. Each half of the 
double induction regulator boosts up the sending voltage by an 


amount 


The vector difference between this boosted voltage and 
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that at the receiving end of the line is equal to the impedance drop 
in the interconnector and the connected apparatus between the two 
stations. The impedance drop is resolved into its two components 
IR and /X, the former being in phase with the current I flowing 
through the interconnector. The power factors at the sending and 
receiving ends are cos and cos respectively, whilst the power 
factor of the interconnector itself is given by cos a. 


On altering the phase of ^ by adjustment of the rotor of the 


induction regulator (the two vectors - move in opposite directions) 


the magnitude of IZ can be controlled, thus controlling the amount 
of power transmitted from one station to the other. But as a 
depends upon the resistance and reactance of the interconnector it 
remains constant, so that both and (f)^ are altered, the power 
factor of the transferred load varying accordingly. 


Examples 

(1) Two three-phase star-connected 50-cycle alternators of equal 
capacity are synchronized, the terminal voltage being 6500 volts 
and the external load zero. The resistance and synchronous 
reactance of each generator is 1*4 ohms and 7 0 ohms per phase 
respectively. Determine the synchronizing current for a phase 
displacement of 2-5® (electrical), the excitations being the same. 

(2) Assuming that each of the above machines runs at 1500 r.p.m., 
determine the synchronizing torque per geometrical radian displace- 
ment. 

(3) Explain the factors which affect the sharing of load between 
two alternators running in parallel. 

(4) Two single-phase alternators each have a terminal pressure 
of 2000 volts and are linked through an 8 ohm reactor the resistance 
of which is negligible. A load of 500 kW at unity power factor is 
taken off the bus bars at one particular point. What are the kVA 
loads on the two alternators assuming equal inputs ? 

(5) Two three-phase stations each have a bus bar voltage of 
6600 volts and are linked by an interconneotor which has a resist- 
ance and reactance of 2-0 and 6*0 ohms per line respectively. A 
double induction regulator gives a boost of 400 volts per phase to 
one station voltage without altering its phase, whereupon the 
current per interconnector line is found to be 150 amperes. What 
is the phase displacement between the two station bus bar voltages ? 
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ROTAEY CONVERTERS 

Methods of Transformation. — A number of pieces of apparatus 
are at present on the market for converting alternating into direct 
current. The main application of such machinery is in the equip- 
ment of a sub-station where A.C. is received from the E.H.T. mains 
and an L.T., D.C. is delivered to the consumers. There are four 
chief types of converting plant, viz. motor generators, rotary 
converters, motor converters and mercury arc rectifiers. Then 
there are the electrolytic rectifier or electric valve, the thermionic 
valve, metal rectifiers, and lastly mechanical rectifiers. 

Principle of the Rotary Converter.— The ordinary D.C. generator 
really generates an alternating E.M.F. which is made direct by 
the action of the commutator. If a pair of slip rings be mounted 
on the armature of such a generator at the non-commutator end, 
these slip rings being connected to conductors situated diametri- 
cally opposite each other in a bipolar case, the machine will also 
act as an A.C, generator. Moreover, it is possible to make it 
generate both D.C. and A.C. at the same time by mechanically 
driving it. An A.C. generator is, however, capable of acting as a 
s3mchronous motor, so that the rotation may be produced by supply- 
ing the A.C. end with power in an electrical form instead of driving 
the machine mechanically. Driven in this way, the machine is 
known as a rotary converter. The rotation of the armature induces an 
alternating back E.M.F. in it, and this is converted into a direct 
E.M.F. by the action of the commutator. If no current is delivered 
by the D.C. end, the motoring current taken by the A.C. end is only 
that required to overcome the losses of the machine and maintain 
its rotation. When the D.C. end is connected to some form of 
load resistance, a drag on the armature conductors is produced 
and is the equivalent of putting a load on the motoring A.C. end, 
which consequently takes a larger current. The power input to 
the rotary converter is obviously equal to tlie power output together 
with the power wasted in its losses. 

This machine must not be confused with a motor-generator 
employing a single armature core and field system. The latter 
machine has a double armature winding and the conductors carrying 
the motoring current are quite distinct electrically from those 
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carrying the generated current. In a rotary converter the same 
conductors carry both currents superimposed on each other, and 
since, generally speaking, the motoring current is flowing in the 
opposite direction to the generated current, the resultant current 
at any instant is the difference of the two. 

Inverted Rotary Converter. — Instead of supplying the A.C. end 
with a motoring current and generating a direct E.M.F. at the 
D.C. end, the reverse may be done. The commutator is then 
supplied with D.C., in which case the machine runs as a D.C. motor 
and acts like an A.C. generator. When run in this reverse manner, 
the machine is known as an inverted rotary converter. 

Polyphase Rotary Converter. — If an inverted rotary converter 
be supplied with three slip rings connected to conductors situated 
one-thiid of a cycle apart it will generate a three-phase supply. 
Conversely, when run in the ordinary way it may be supplied with 
a polyphase current if suitable slip ring connections are made. The 
number of slip rings necessary for the various polyphase supplies 
are the same as in the case of a rotating armature alternator or 
synchronous motor. 

Ratio of Transformation. — ^The brushes on the commutator are 
placed so as to obtain the maximum voltage generated, and, in a 
single-phase bipolar machine, once during each half- revolution or 
half- cycle the conductors connected to the slip rings come under 
the brushes as shown diagrammatically in Fig. 311. In every 
other position the voltage across the slip rings is less than it is at 
this instant. In the position shown, therefore, the voltage across 
the slip rings is also a maximum, and, neglecting the losses in the 
machine, this is equal to the commutator voltage. The maximum 
value of the A.C. voltage is thus equal to the D.C. voltage in a single- 
phase rotary converter, and, assuming a sinusoidal wave form, the 

1 

R.M.S. value of the A.C. voltage is equal to times the D.C. 
voltage. 

StiU neglecting the losses, the watts at the two ends of the 
machine are equal, or 


and 


EdId = EaIa cos <f>, 

j r Ed 1 
/^ = //) X ^ 


Ea cos 
* == /z) X — X 

1 COS <l> 


If the machine is operating on unity power factor the alternating 
current is equal to V2 or 1414 times the direct current. 

In the case of a two-phase rotary converter (bipolar machine) 
there are four slip rings connected to conductors situated 90® apart 
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(see Fig. 312). Since the armature winding is necessarily of the 
distributed type as used in D.C. machines, the two phases are linked 
together in the armature of the rotary converter itself, and conse- 
quently the phases of the supply must be linked at the centre and 
not at one end. The three-wire system of transmission is therefore 
inadmissible. The two slip rings belonging to each phase being 
connected to conductors situated diametrically opposite, the voltage 


per phase is the same as in the single phase case, viz. or 0-707 


times the D.C. voltage. 



Fio. 311. — Armature Position lor Maximum FlQ. 312. — Two-Phase Eotary 
Voltage. Singie-Phase. Converter, 


Equating the D.C. and A.C. power, we get 
EdId == 2EaIa cos <f> 


and 


T T ^ 

Ia = Id X X ^ 2 

Ea 2 cos <f> 

1 

= Ij) X —7^ 


V2 cos <f> 


On unity power factor, the A.C. line current is therefore 0*707 times 
the direct current. 

In a three-phase rotary converter, the conductors connected to 
any two slip rings cannot be connected to the brushes at the same 
time, since the slip ring connections are spaced 120° apart instead 
of 180°, as in the single- and two-phase machines. The position 
of the slip ring connections for maximum voltage must therefore 
be determined. In the single-phase case it was seen that this 
position was the one where the slip ring conductors enclosed the 
maximum number of lines of force. In other words, the vertical 
distance between a and b in Fig. 313 must be a maximum. Calling 
the radius of the circle unity, this distance is 1 + sin 30° == 1*5 in 
Fig. 313 (a) and 2 sin 60° = 1*732 in Fig. 313 (6). The latter position 
will be found to give the maximum value for all the various positions, 
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Vs 

the length of the vertical line being — times the full diameter of 


the circle.^ 


V3 


The maximum A.C. line voltage is therefore times the D.C. 


voltage, and the R.M.S. value of the A.C. voltage is 
times the D.C. voltage. 


2V2 


0*612 




Pio. 313. — Three-Phase Rotary Converter. 


Equating the D.C. and A.C. power again, we get 
Ej)Id = '^SEaIa cos (j) 


and 


Ia=^Id 
= Id 
= Id 


^ Ea^ V3c08^ 

2 V 2 1 

X — __ X 

V3 V3 cos (f> 
0*943 

X 2- 

cos 0 


Since the winding is distributed in many slots per pole, the vector 
diagram of the voltages per conductor takes the form of a semicircle 


^ This can bo shown by the calculus as follows : — 

Vertical distance = sin 6 -f sin (120® ~ 6) 

= sin 0 4- sin i20® cos d — cos 120® sin 6 

Vs 

= f sin 0 4- cos 0 = y. 

For y = max., ^ = 0, 

^ = 4 cos 0 ^ sin ^ = 0. 

Vs 

f cos 6 — -y- sin d. 

Vs cos d = sin 

tan 6 = Vs and 9 *= 60®. 
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(see Fig. 211). The resultant voltage when acting as a single-phase 
rotary converter is given by the diameter of the circle, the breadth 
2 

factor bei ng ~ f'bis case. When acting as a three-phase machine, 

the slip ring^ppings are situated two-thirds of a pole pitch, or 120°, 
apart, and the ratio of the three-phase to the single-phase voltage is 

given by ^ in Fig. 314. From the geometry of the diagram, 


AC 

AB^ 2 ^ 


and the 


three-phase 


V3 

voltage is equal to times the 


single-phase voltage, or x 

= 0*612 times the D.C. voltage, 
assuming no losses, the same as 
before. 

Similar calculations can be worked 
out for six- and twelve-phase rotary 
converters. 

The various ratios for different 
numbers of phases, assuming 100 
volts and 100 amperes at the D.C. 
end, are tabulated as follows : — 


B 



A 

Fig. 314. — Construction for Voltage Ratio 
of Tliree-Phase Rotary Converter. 



D.C. 1 

Single- 

Phase. 

Two- 

Phase. 

Three- 

Phase. 

Six- 

Phase. 

Twelve- 

Phase. 

Volts between Slip Rings 

100 

70-7 

70-7 

61-2 

36-4 

18-3 

Current per Slip Ring at 
Unity Power Factor ... 

100 

141-4 

70-7 

94-3 

47-2 

23-6 


These ratios of transformation are somewhat affected by the 
ratio of pole arc to pole pitch, just as this ratio affects the E.M.F. 
generated in an alternator (see page 268). As a general rule, the 
A.C. voltage is raised by reducing the ratio of pole arc to pole pitch 
and vice versa, this being done at the expense of the wave form. 
Displacing the brushes from the no-load neutral position on the 
commutator alters the distribution of the flux on load and also 
affects the voltage ratio. The ratios calculated above have been 
worked out on the assumption of a sinusoidal wave form which 
involves a ratio of pole arc to pole pitch of approximately 0*7. 

Ratio of Transformation. — General Case. — Consider the general 
case of a rotary converter with m slip rings. '-The number of phases 
is also Mual to m, except in the single- and two-phase cases, where m 
is 2 4 respectively. The slip ring tappings are now situated 
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2n 

a = — radians apart. (This is an electrical angle ; to obtain the 
m 

2n 

geometrical angle, — must be divided by the number of pairs of 
poles.) 

The voltage between slip rings is given by AC in Fig. 315, AB 

E D 

representing the single-phase voltage, or If a line be drawn 

V 2 

AG AB 

from D to meet AC at right angles, it is seen that ^ = 

a AC Tz 

sin 2* so that = sin — • Let Esr represent the R.M.S. voltage 

between slip rings, and En the voltage between slip ring and neutral. 
Then 

rp Ed . n 


and 


En = 


Ed 


cX 


Let 1a represent the A.C. component of the current per conductor, 
I SR the ci^rent per slip ring, and Id the D.C. line current. Then, 
assuming no losses and unity power factor, 


2a/2/d 



mEnlsR = EdId 

d 

j EdId 

mEn^ 

Also 

mEsRiA = EolDi 

Ed . Tz 
m--7=. sm —Aa = 

V2 w 


i.- 


m sin — 
m 

But 


so that 

7 V2 

^ 2 


m sin - 
m 


m 


IsR 

2 sin - 
m 


m j 

r. A. 


The above relations must be modified somewhat in practice on 
account of (1) efficiency, (2) power factor, and (3) the ratio of pole 
arc to pole pitch. 
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Let hi SR be the active component of the slip ring current, allowing 
for iron loss, friction, excitation, etc. With 96 per cent, efficiency, 

for example, h = = 1-04. Also let klsR be the reactive com- 

ponent of the slip ring current. Then the total slip ring current is 
I AO = Ian X \/A^ + 

The ideal current must be multiplied by 

y/h^ + k^ 

where h is slightly greater than unity, and k = h tan <^. 

Effect of Output on Ratio of Transformation.-Qowing to the 
presence of resistance and reactance in the armature, the ratio of 
transformation does not remain constant for all values of the load. 
A' certain amount of voltage is lost 
in this way, the magnitude depend- 
ing upon the value of the load. If 
the A.C. supply voltage be main- 
tained constant, the D.C. voltage 
gradually falls as the load comes 
on, after the manner of a shimt 
generator, and the relation between 
the D.C. load current and D.C. 
terminal voltage is called the char- 
acteristic of the rotary converter. 

Construction. — The construction 
of a simple rotary converter differs 
very little from that of a D.C. 
generator, with the exception that 
shp rings are mounted at the 
non-commutator end of the arma- 
ture. They are, however, sometimes complicated by the addition 
of boosters for the purpose of improving the regulation, the two 
armatures being carried on the same shaft. laterpoles are also 
always employed on^ n^odern machines for the purpose of im- 
proving the operation; V Owing to the fact that the alternating 
and direct currents tend to neutralize each other in the armature, 
the heating is considerably reduced, which means that a larger 
output can be obtained from a particular armature with a given 
temperature rise than would be the case if the currents flowed in 
separate conductors instead of being superimposed on one another 
in the same bar. j The size of a rotary converter for a given output 
and speed is thus Jess than that of the corresponding D.C. generator. 
Another advantage lies in the fact that a single magnetic fleld 
system serves the machine, whilst two field systems are required 
in the case of a motor-generator set. 

Number of Poles. — ^The relation between the number of poles and 

2F 



A 


Fig. 315.— Ratio of Transformation.— 
General Case. 
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the frequency and speed is the same as in the case of a synchronous 
motor or an alternator. (For a given frequency the speed depends 
to a large extent upon the armature diameter, and, as this goes up 
with the output, the speed must come down wdth a corresponding 
increase in the number of poles. The following table shows the 
number of poles which may be expected for various outputs : — 


Output in kW. 

26 Cycles. 

60 Cycles. 

260 

4 Poles 

4 Poles 

600 

6 „ 

6 „ 

1000 

6 M 

8 „ 

1500 

8 „ 

12 „ 

.^000 

12 „ 

16 „ 


Armature Windings.— (Drum wound armatures are employed with 
windings exactly like those in IXCr generators' Either two-circuit 





ICo 

Too 








><3 

Vi 

Vi 



FlQ. 316. — Three-Phase Armature Winding for Kotary Converter. 


(wave) or multiple circuit (lap) windings may be used,V^t it is the 
usual practice to adopt the two-circuit windings for outputs up to 
about 100 kW, whilst multiple-circuit windings are used for the 
larger outputs. J 

When two-eircuit windings are adopted there is only one con- 
nection required per slip ring, corresponding to the single brush 
spindle in the D.C. generator. \^When multiple-circuit windings 
are adopted there must be as many connections to each slip ring 
as there are pairs of poles, corresponding to the number of brush 
spindles in parallel in the D.C. generator. j The total number of 
tappings required is therefore equal to tire number of slip rings 
in a two-circuit winding and the number of slip rings multiplied 
by the pairs of poles in a multiple-circuit winding. 

Consider as an example the case of a 6-pole multiple-circuit 
armature having 144 conductors. Used on single-phase, there would 
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be 6 tappings spaced 24 conductors apart ; as a two-phase macliine 
there would be 12 tappings spaced 12 conductors apart ; as a three- 
phase machine there would be 9 tappings spaced 16 conductors 
apart ; and as a six-phase machine there would be 18 tappings spaced 
8 conductors apart. 



Diagram of Connections 



Vector Diagram 

FlQ. 317. — Double Star Connections for Six-Phase Rotary Converter. 


A development of a portion of this winding when used for three 
phases is shown in Fig. 316. 

Transformer Connections for Six-Phase Rotary Converter.— Owing 
to their improved performance, six-phase rotary converters are 
largely adopted on three-phase systems, since the six phases can be 
produced merely by connecting up the single three-phase or the 
three single-phase transformers in certain ways. 

The tot method is called the double star method of connection 



436 


ALTERNATING CURRENTS 


CH. 


and is occasionally employed. Double secondary windings are 
required, each set being connected in simple star. The two star 
points are joined together and the six free ends connected as shown 
in Fig. 317, which also shows the vector diagram. The transformer 


secondary voltage per phase is now 


Ed == 0-354£i) and if the 
V3 




/ 



Vector Diagram 

Fio. 318. — Diametric Connections for Six-Phase Rotary Converter. 


primaries are connected in delta, the transformer ratio must be made 


R 

0*354 


2*83J?. 


The next method, called the diametric method, is really a develop- 
ment of the previous one and is now standard practice. Referring 
to Fig. 317, it is seen that each pair of secondaries can be replaced 
by a single winding, the middle points being taken to a common 
star point. But this latter connection is unnecessary, as in a 
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three-phase transmission scheme the armature itself fixes the 
neutral point by its various connections. This method, therefore, 
only requires three single secondaries instead of six, these being 
connected as indicated in Fig. 318, which shows the vector diagram 
in addition. The latter also shows that the middle points of the 
three secondaries are all at the same potential. Since the single 
secondary takes the place of two in the second method, the trans- 



D.C 

Bos Bars 


former secondary voltage must be doubled, thus halving the trans- 
former ratio, which now becomes 

Three-Wire Rotary Converters. — ^Rotary converters can be used 
to supply a three-wire D.C. system without employing separate 
balancers, provided that the neutral point of the transformer 
low tension windings is available. With a balanced load, this 
neutral point maintains a potential midway between the potentials 
of any two slip rings connected to opposite points on the armature. 
The potential of this neutral point is thus constant, and is also 
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midway between the potentials of the two sets of brushes on the 
commutator. The middle wire of the D.C. system is therefore 
connected to the neutral of the A.C. side as shown in Fig. 319, 
which represents a six-phase three-wire rotary convertor. The out- 
of -balance current of the three- wire system is thus led back to the 
star point of the transformer secondaries, where it distributes 
itself amongst the various phases, producing an unbalanced effect 
similar to an ordinary unbalanced load. This disturbs the regula- 
tion to a certain extent, but out-of-balance currents up to 25 per 
cent, of the full load current can be dealt with in this manner 
without detriment. If close regulation is desired, the series field 
windings and the interpole windings can be split into two halves, 
one being connected on the positive side of the machine and the 
other on the negative. 

In practice, where the diametric connections are used for six- 
phase rotary converters (see Fig. 318), it is found to be quite suffi- 
cient if the middle wire of the D.C. side is connected to the centre 
of one phase only of the transformer. 

Static Balancers. — If the neutral point of the transformer secon- 
daries is not available, an artificial neutral point can be made by a 
system of choking coils connected across the slip rings. Such an 
arrangement is called a static balancer. In the case of a single - 
phase machine a single choking coil is all that is necessary, the 
middle point being connected to the middle wire [see Fig. 320 (a)]. 
In a two-phase machine two choking coils are necessary, their 
middle points being joined together to form the neutral point 
[see Fig. 320 (b)]. Three- and six-phase rotary converters require 
three choking coils [see Fig. 320 (c), representing a three-phase 
machine]. Strictly speaking, a six-phase machine requires six 
choking coils, but three are sufficient to provide the neutral point, 
the other three being neglected as far as the static balancer is 
concerned. The neutral point of the static balancer takes up a 
constant potential midway between those of the brushes on the 
commutator, exactly as in the three-wire rotary converter, where 
the neutral point of the transformer secondaries is available. Any 
out-of-balance current is dealt with in the same way as described 
in the previous paragraph. 

Three-phase static balancers are wound with interconnected 
or zigzag windings (see page 199) as this results in better balancing. 
Any out-of-balance current now causes E.M.F.’s to be induced in the 
corresponding winding in the other phase and this tends to preserve 
the voltage balance of the system. 

Balancing at the neutral of the transformer is, however, to 
be preferred in the majority of cases, on account of the lower 
resistance of the windings. 

Effect of Excitation. — ^When run from the D.C. side a rotary 
converter acts as a D.C. shunt motor, the speed varying with the 
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excitation if the A.C. side is on open-circuit. When driven from the 
A. O. side, it runs as artrynchroTiOTfS^Motor vdthout any speed variation. ^ 


When connected to the suj^ly on both sides, either may act as a 
motor driving the other ^art as a generator, depending upon the 
voltages and the excitation. If running with a weak field, the D.C. 



(a) Single-Phase 


side may try to rurufaster the®- the 
speed of synchronism, the result being 
to make the A. O: side act as a 
generator. If over-excited, the D.C. 
side tries to run below the speed of 
synchronism, and is consequently 
driven by the A.C. side, which is 
now motoring whilst the D.C. side is 
generating. At one excitation, there- 
fore, the D.C. current will die down 


to zero and then reverse in direction 



{h) Tu>O^Phase Fio. 321 .— Effect of Excitation. 



(c) Three-Phase 


Fig. 320. — Councctioua of Static 
Balancers. 


creased, whilst just before this point 
is reached it will be found that both 
sides are motoring, neither being 
strong enough to make the other side 
generate. Raising the D.C, line 
voltage is the equivalent of weakening 
the field and has the same effect. 
The variations in the main currents 
for different excitations are shown in 
Fig. 321 . 

Armature Current and Heating. — 

The resultant current in the armature 


of a rotary converter is the difference 
between the direct and the alternating currents fiowing at the 
instant under consideration. This current will vary from instant 
to instant and also will be different in different conductors, 


depending upon their proximity to the slip ring tappings. 

Consider a single-phase bipolar case. The A.C. is a maximum 
when the conductors connected to the slip rings come under the 
commutator brushes, assuming this current to be in phase with the 
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FiQ. 322. — Armature Ourrente In Slngle-Phaae B^otary Converter. 
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E.M.F. In the position shown in Fig. 322 (a), therefore, the con- 
ductors oa' are just carrying their maximum A.C., but at this 
instant these conductors pass under the brushes and the D.C. 
flowing through them reverses. The A.C. and D.C. components 
of the current in the conductors aa\ together with their resultant, 
are shown in Fig. 322 (6). For an efficiency of 100 per cent., the 
R.M.S. value of the A.C. is V2 times and the maximum value double 
that of the D.C. In the case of the conductors aa', the D.C. reversal 
occurs at the peak of the A.C. wave, and consequently the resultant 
current takes on a momentary value far in excess of the normal D.C., 
but this state of affairs does not apply to all the other conductors. 
For example, the conductors dd/ also have the maximum A.C. 
flowing in them in the position shown in Fig. 322 (a), but the D.C. 
reversal does not take place until a quarter of a period later. The 
resultant current in these conductors is shown in Fig. 322 (e), whilst 
the currents in intermediate conductors such as 66' and cc' are 
shown in Fig. 322 (c) and {d). The maximum height of the A.C. 
wave remains the same throughout, but the different positions at 
the time of the D.C. reversal cause vast changes in the resultant 
armature current. The most complete neutrahzation occurs at 
those conductors situated midway between the slip ring tappings, 
and these conductors carry the minimum resultant current. As 
the slip ring tappings are approached, the R.M.S. value of the 
resultant current increases until it attains a maximum at the con- 
ductors nearest to the tappings themselves. 

Next consider a three-phase bipolar case. In Fig. 323 (a) 
maximum voltage exists between the slip rings (1) and (2) in the 
position shown. Again assuming unity power factor, the current in 
this section of the delta-connected armature will also be a maximum 
in the same position. (The fact that the line current is 30° out of 
phase with the voltage across slip rings does not matter. It is the 
armature current that is desired.) The conductor a, immediately 
to the right of slip ring No. 1, will therefore come under the brushes 
30° after the point of maximum A.C. The D.C. and A.C. com- 
ponents of the current in this section of the armature, together with 
their resultant, are shown in Fig. 323 (6). Considering conductor 6 
situated 30° behind a, the maximum A.C. occurs at the same instant 
as in a, but the D.C. reversal in this case occurs 60° after the instant 
of maximum A.C. The currents are shown in Fig. 323 (c). Con- 
ductor c is situated 60° behind a and is midway between the two 
slip ring tappings. The component currents and their resultant 
in this case are shown in Fig. 323 (d). Here the most complete 
neutralization is obtained, and, in consequence, this conductor 
carries the minimum current. In fact, whatever the number of 
phases, the conductor situated midway between two slip ring 
tappings will carry the minimum current. 

The maidmum height of the A.C. wave compared with the 
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height of the D.C. curve is calculated from the voltage ratio. The 

3 

R.M.S. line voltage is times the D.C. voltage, and the R.M.S. 

2^/2 1 2\/2 

line current is, therefore, — 7= X — p- = — 7 , — times the D.C. The 

Vs Vs s 

maximum line current is X V2 = | times the D.C., and the 

o t> 




Current In 
Conductor c 


Fio. 323. — Armature Currents in Three-Phase Rotary Converter. 


maximum armature A.C. is — 7 = = 0’77 times the line value of 

3V3 

the D.C. and 1*54 times the armature value. 

On 8 tud 3 dng Figs. 322 and 323 it is seen that the further the 
conductor is situati^ from the midway position the larger is the 
current which it has to carry. In this respect the three-phaser has 
an obvious advantage over the single-phase machine, particularly 
as the heating effect is proportional to the square of the current. 
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The armature currents for various positions relative to the 
poles can be studied further by referring to Fig. 324, which repre- 
sents the armature of a bipolar rotary converter in various positions, 
the poles being supposed to lie along a horizontal axis. Fig. 324 (a) 
represents the A.C. only in a single-phase winding. In Fig. 324 (6) 
the D.C. is superimposed, the resultant current being shown. 



100 100 100 100 



Fig. 324. — Armature Cuixenta in Rotary Converter. 

(a) Single-Phase. A.C. only. ih) Single-Phase. D.C. on A.C. 

(c) Three-Phase. A.C. only. (d) Tliree-Phaso. D.C. on A.C. 


Fig. 324 (c) represents the A.C. only in a three-phase winding, whilst 
Fig. 324 {d) shows the resultant effect of superimposing the D.C. 
on the A.C. 

One conclusion to be drawn is that the closer the slip ring 
tappings are made the less is the armature heating. 

Effect of Number of Slip Rings on Output. — It was shown above 
that the greater the number of slip rings the less was the amount 
of heating produced in the armature conductors. This is equivalent 
to saying that for the same temperature rise of the armature the 
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output is greater the greater the number of slip rings, or, conversely, 
for a given output and temperature rise, a six-phase machine is 
smaller than one with fewer phases. This is the reason why six- 
phase rotary converters are now standard practice. Twelve-phase 
machines have been used, but the extra benefits do not compensate 
for the additional complications involved. 

^ Starting. — ^There are three methods of starting up a rotary 

converter, viz. : — 

(1) By means of an auxiliary starting motor. 

(2) From the D.C. side. 

(3) From the A.C. side. 

The first method is to employ a small auxihary induction motor, 
exactly as in the case of a synchronous motor. After being syn- 
chronized, the D.C. side is paralleled on to the bus bars. 



The second method is to run the set up from the D.C. side as an 
ordinary shunt motor, synchronizing when the correct speed is 
attained. When this method is employed in a sub-station a complete 
shut-down renders it impossible to start up again, since the D.C. 
bus bars would be dead. To obviate this danger, it is the usual 
practice to have at least one of the rotary converters started up by 
means of an auxiliary motor. In addition, the sub-station is usually 
linked up to others from which it is possible to obtain the necessary 
D.C. supply. 

In order to avoid the large currents in the L.T. circuit it is usual 
to synchronize on the H.T. side of the transformers. Fig. 325 shows 
the chief connections for starting up a rotary converter in this 
manner. When the load is subjected to heavy fluctuations a some- 
what different procedure is commonly adopted. The rotary 
converter is run up to a speed slightly above that of synchronism. 
The D.C. side is then opened and the A.C. side immediately closed. 
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The machine then pulls itself into step, when the D.C. switches are 
again closed. 

^ ^ ^ The third method is applicable to polyphase rotary converters, 
the procedure being the same as in the case of self-starting syn- 
chronous motors (see page 411). A squirrel cage winding is pro- 
vided, this time on the stationary field system. Unfortunately, 
however, the polarity of the D.C. side is not definite, this depending 
upon the position of the armature at the instant of switching in. 
To see the reason for this, consider a machine started up and ready 
to be S 3 nichronized. If the armature be now suddenly retarded so 
that it drops back through a pole pitch, the current being reversed at 
the same instant, the conditions for synchronizing are still maintained, 
but the polarity on the commutator is also reversed. When the 
armature is started up by means of a squirrel cage winding, either of 
these two conditions may be set up, depending upon the moment at 
which synchronism is reached. To determine the polarity on the 
commutator, a moving coil voltmeter is employed, the pointer of 
which will indicate a voltage of a very low frequency (the difference 
between that of the supply and that of the machine) when near 
synchronism. The field switch is then closed when the voltmeter 
indicates that the polarity is correct and the voltage is a maximum. 
Another method of correcting the polarity is to provide the field 
with a double pole change-over switch. If the D.C. voltage is found 
to be reversed, this switch is thrown over and then back again. 
Since the rotation is maintained in the same direction, the first 
reversal causes the exciting current to demagnetize the field, whilst 
the second change-over causes it to be built up in the other direction, 
the armature having been retarded half a period in the meantime. 

In order to avoid the heavy currents on starting in this method, 
it is usual to start from tappings on the secondary side of the trans- 
former. The starting current is of the order of 100 per cent, full 
load current when one-half tappings are used, and of the order of 
60 per cent, full load current when one-third tappings are em- 
ployed. 

A combination of the first and third methods is now commonly 
adopted for large rotary converters. An auxiliary polyphase 
Induction motor is used for starting purposes, this being connected 
in series with the rotary converter. This induction motor fre- 
quently has a solid rotor with absolutely no winding on it at all, 
and it operates in the same manner as a squirrel cage motor. On 
being switched in the auxiliary motor takes the bulk of the voltage 
on account of its higher impedance, but as the set speeds up, the 
back E.M.F. generated by the rotary converter causes the voltage 
to be gradually transferred to the latter machine. Finally the 
auxiliary starting motor is short-circuited and the set is paralleled 
as before. starting current with this method is of the order of 
30 to 40 p^ cent, full load current. 
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Inverted Running. — When converting D.C. to A.C. the machine 
is called an inverted rotary converter, injKhifib cas e its speed depe nds 
upon its field strength if ruimin^^ alone- If it i§Lrumimg in parallel 
vdldr^synfehjohous’^^^ of considerably greater capacity it 

must, however, run at the same frequency. When running alone a 
weakened field causes a rise in speed, and if the load be inductive, 
the lagging current will weaken the field and the speed may rise 
to a dangerous degree. To overcome this difficulty the excitation 
is obtained, not directly from the commutator, but from a separate 
exciter coupled directly to the main armature. An Increase in the 
speed now brings about* a greater increase in the exciter voltage, 
thus strengthening the field and checking the speed variation. 

Inverted rotary converters are usually compound wound as 
well, so that any increase in reactive current will bring about a 
counteracting increase in the field strength. 

Speed Limiting Device. — All large rotary converters are now 
fitted with a speed limiting device. This causes the machine to be 
thrown out of circuit should the speed exceed a predetermined figure. 
The device is operated by centrifugal force and consists of an arm, 
mounted on the shaft and revolving with it, which tends to fly 
outwards against the resistance of a spring. At the critical speed 
this arm trips a trigger which closes the tripping circuit of the D.C. 
circuit breaker. 

Parallel Running. — Rotary converters driven from the same A.C. 
system are often required to run in parallel on the D.C. side. If 
they are directly paralleled at the commutator and shp rings, how- 
ever, a complete local circuit is formed by two converters by way of 
the A.C. and D.C. bus bars, and large cross currents are liable to 
be set up in this local circuit, due to slight differences in the opera- 
tion of the two machines. To avoid this, the rotary converters are 
usually operated from separate transformers. When the same bank 
of transformers is used, the rotary converters should be operated 
ftpm independent secondaries. 

For good parallel running it is desirable that there should be a 
comparatively large voltage drop from no-load to full load, as in 
the case of alternators, :When run in conjunction with a battery, 
it is usual to include a reverse current cut-out on the D.C. side to 
prevent the rotary converter running back should a large drop in 
voltage occur on the A.C. side. 

Hunting.— Rotary converters, like synchronous motors, are 
subject to hunting trouble^ and the way in which hunting is set up 
has already been described (see pa^40S). The armature currents of 
a pol3q)hase converter set up a field which, under perfect conditions, 
is stationary in space. ^When hunting occurs, however, this field 
oscillates to and fro ana sets up an E.M.F. in the coils undergoing 
Miurt-CtFcuit by the brushes on the commutator, and thus is the 
cause of violent sparking. The squirrel cage starting winding now 
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operates as a series of damping grids (see page 273) and any oscillation 
of the flux across the pole face, produced by irregularities in the 
sj)eed, generates an E.M.F. in these damping grids, setting up eddy 
currents which tend to damp out the oscillations which produce 
them. 

In addition to adopting the above expedients, the wave form 
employed should be as close an approximation to a sine wave as 
possible. / 

Overload Capacity. — Niyell-designed rotary converters have a high 
overload capacity, since the heating is less than in a corresponding 
D.C. generator. / Also the armature reaction due to the motoring 
and generating action is a differential effect, and as interpoles are 
used the sparking is not so acute as it otherwise might be. A 
good machine will have an overload capacity of 100 per cent, for 
short periods, this being an important fact when considering the 
spares required in a sub-station. 

Power Factor.— ^•The power factor of a rotary converter depends 
upon its excitation,^ just as n the case of a synchronous motor, 
and, as a general rtfle, it is advisable to operate it at as near unity 
power factor as possible. If there is other apparatus connected to 
the line, taking a lagging current, the resultant power factor of the 
system can be improved by over-exciting the rotary converter so 
as to make it take a leading current at a power factor of, say, 0*9. 
Unfortunately, however, this affects the armature heating to a 
serious extent, particularly in the neighbourhood of the slip ring 
tappings. In fact, in a six-phase converter, the heating in such a 
coil is increased by about 80 per cent, if the power factor is changed 
from unity to 0*9 leading. As this is the equivalent of a very con- 
siderable overload, it is very necessary to operate the machine at 
as near unity power factor as possible when on or about full load. 

It is thus seen that from a practical standpoint the rotary 
converter is not nearly so good as a synchronous motor-generator 
set for the purpose of improving the power factor. 

Compounding. — Rotary converters may be compounded in just 
the same way as D.C. shunt generators, this winding being in 
addition to that of the interpoles. In such a case, the D.C. bus bars 
should include an equalizing bar for the purpose of paralleling the 
various series coils of the different converters running in parallel. 
When operating a D.C. three-wire system, half the compound winding 
is connected on one side and half on the other. 

Armature Reaction. — In a D.C. generator the armature reaction 
acts in such a direction as to require a forward lead of the brushes, 
whilst in a motor the armature reaction is in the opposite direction. 
In the rotary converter the D.C. and A.C. currents may be con- 
sidered as being superimposed on one another in the armature so 
that there are two armature reactions tending to neutralize one 
another. In a three-phase machine the A.C. and D.C. currents are 
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roughly of thejsame magnitude, so that the two reactions are more 
or less equal. V^uccessful commutation may therefore be obtained 
for all loads up to full load, and even fqr overloads, by fixing the 
brushes in the no-load neutral position, j This neutralization of the 
armature reactions has the effect of considerably raising the limiting 
load from the sparking point of view, this being much higher than 
would be the case if the machine were used as a D.C. generator. 

The armature reaction, measured in ampere- turns, may be 
regarded as being composed of three components, viz. (1) the D.C. 
armature reaction, (2) that due to the active component of the 
and (3) that due to the reactive component of the A.C. vX 

Consider the case of a bipolar six -phase rotary converter. The 

total armature ampere- conductors due to the D.C. are where N 

is the total number of armature conductors. The total ampere- 

turns per pole, due to the D.C., are, therefore, = 0*125 /i)A,or, 

8 

say, 0*122 allowing for the coils undergoing short-circuit during 
commutation. Now considering the A.C. active component, it was 

shown on page 432 that 1a = and since w = 6, this becomes 


= 0*47 //). The mean value of the ampere-tums 
6 sin 30 6 ^ 

oscillates between 0*407 and 0*47 having an average value 
of 0*44 or 0*22 ampere-turns per pole. But 1a = 0*47/z?, 
so that the armature reaction due to the active component of the 
A.C. becomes 0*22 /^A = 0*22 x 0*47 /z?A = 0*103 //)A ampere- 
turns per pole. Allowing 4 per cent, for losses (A = 1*04), this now 
becomes 0*107 /jdA ampere- turns per pole. If the rotary converter 
is working at unity power factor, the resultant armature reaction is, 
therefore, 0*122 7z)A— 0*107 /i)A = 0*015 //^A ampere-turns per pole. 
The D.C. reaction is approximately 15 per cent, greater than the 
A.C. reaction. This difference is too small to cause appreciable field 
distortion, and permits heavy overloads to be taken without serious 
commutation difficulties. The interpoles are therefore much smaller 
than on a D.C. generator. 

If the rotary converter is not operating at unity power factor, 
there is an additional armature reaction due to the reactive com- 
ponent of the A.C. These ampere-tums are in quadrature with those 
discussed above, and since the reactive component of the armature 
current iskl a, where k == h tan <j>, the armature reaction due to this 
component becomes 


X 0*107 IdN = 0*107 IdN X tan ({>. 
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Voltage Regulation. — The D.G. voltage obtained from a given 
rotary converter depends upon the impressed A.C. voltage and 
drops slightly as the load comes on. In an ordinary generator 
this can be corrected by adjusting the field strength, but in the 
present instance this is of no avail, since it ^lerely changes the 
power factor on the A.C. side. In order to obtain a certain amount 
of voltage regulation on the B.C. side, various methods have been 
devised of which the following are the chief : — 

(1) Reactance regulation. 

(2) Booster regulation. 

(3) Induction regulator control. 

Reactance Regulation. — A change in the excitation of a rotary 
converter does not affect its D.C. voltage, but it alters the power 
factor and the armature current. If a choking coil be placed in 
series with the rotary converter it absorbs a variable voltage de- 
pending upon the value of the current. The phase of this voltage 



also depends upon the current in the converter armature, which 
in turn depends upon the excitatidh. The terminal voltage ol the 
converter is the vector difference of the supply voltage and that 
absorbed by the choking coil, and by adjusting the excitation the 
phase and magnitude of the voltage absorbed by the choking coil 
can be regulated so that a practically constant voltage is obtained 
at the D.C. end for all loads. 

In order to maintain a constant D.C. voltage, the voltage across 
the converter slip rings must rise slightly as the load comes on, 
and the way in which this is brought about is shown in Fig. 326, 
which represents the vector diagram of the quantities concerned. 
Fig. 326 (a) is drawn for a weak excitation, the armature current, I, 
lagging behind the slip ring voltage, F,.r.. The voltage drop across 
the choking coil is represented by Fc.c. and leads the current by 
90®, whilst the voltage supplied by the transformer secondary is 
represented by Vt and is assumed to be constant throughout. 
Vt is the vector sum of Vs.r. and Vex.- The weak excitation and 
lagging armature current correspond to the conditions existing on 
light loads. Fig. 326 (6) represents the conditions on a larger load. 

2G 
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V The excitation of the rotary converter has been increased so as to 
■brin^ the power factor up to unity. Ve.c. still leads the current by 
90®, /whilst its magnitude is reduced on account of the improved 
pow^ factor, but is increased on account of the increased load. 
It is the displacement in phase, however, which is the chief cause 
of the increased slip ring volts F^.r., as is seen from the diagram. 
Fig. 326 (c) represents the conditions on overload. The rotary 
converter is now over-excited, so that its armature current leads the 
slip ring voltage. The voltage absorbed by the choking coil is 
now increased, both on account of the increased load and the 
decreased power factor. But, again, the chief feature of the diagram 
is the advance in phase of this voltage which still leads the cur- 
rent by 90°. The result is clearly shown to be a further increase 
in the voltage supplied to the slip rings, and this increase can, by 
a suitable design, be made to counteract the increased drop in voltage 
due to the load coming on. It is also possible to obtain a rising 
D.C. voltage, as in the case of an over-compounded D.C. generator, 
by increasing the size of the reactance. 
By making the rotary converter compound 
wound, the increase in field strength is 
obtained automatically. 

The desired reactance may be obtained 
in two ways. A special reactance coil may 
be inserted in each phase between the 
transformer and the slip rings, or, alter- 
natively, the reactance may be supplied 
by the transformer itself. For this purpose 
special packets of stampings are placed at 
intervals in the path of the secondary leakage flux, thus reducing 
the reluctance of these paths. 

The disadvantage of this method of control is that the rotary 
converter cannot always be worked on the best power factor, since 
the regulation depends to a large extent upon the angle of phase 
difference between the slip ring voltage and the armature current. 
This method of voltage control is suitable for voltage variations up 
to about 15 per cent. 

Booster Regulation. — The additional voltage required at the 
slip rings of the rotary converter is here obtained by means of a 
booster, which is carried on the main shaft and is situated between 
the slip rings and the armature of the rotary converter as shown in 
Fig. 327. '^e booster consists of a rotating armature A.C. generator 
having the same number of phases and poles as the converter itself. 
Each phase of the booster armature is connected in series with one 
of the slip ring leads, the fat ©nd being taken to one of the tappings 
on the converter armature. Sfhe function of the booster is to generate 
a small voltage proportional to the D.C. load, this small voltage being 
added to that at the slip rings in order to counteract the natural 
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Fig. 372. — Rotary Converter 
with Booster. 
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drop as the load comes on. To effect this the booster receives its 
excitation from the D.C. end of the converter, its fields being 
connected in series with the load, like the compounding coils on 
the converter itself. (The booster is usually compound wound in 
practice.) As the load increases the field current increases and the 
generated E.M.F. boosts up the supply so as to maintain a practi- 
cally constant voltage at the commutator for all loads. If desired, 
a larger booster voltage may be induced, so that the D.C. terminal 
voltage rises with the load, as in the case of an over- compounded 
generator. 

With booster control, the power factor is independent of the 
load, so that unity power factor can be obtained, or, if desired, a 
leading current can bo drawn from the mains. This method of voltage 
control is suitable for voltage variations up to about 25 per cent. 

Induction Regulator Control. — The simplest method of hand 
regulation is to employ a small boosting transformer, as shown in 



FlQ. 328. — Induction Regulator Control. 


Fig. 179, in addition to the main transformers, so that boost can be 
applied gradually as the load comes on. Unfortunately, either 
very heavy currents or very high voltages have to be dealt with, 
according as the boost is obtained on the H.T. or L.T. side of 
the main transformers. The method is therefore comparatively 
expensive, but close regulation can be obtained by it, such as is 
desired if the rotary converter is operating on a lighting load. 

Instead of using a boosting transformer of the type shown in 
Fig. 179, an induction regulator may be employed (see page 425). 

Connections for a three-phase rotary converter are made as 
shown in Fig. 328. The phase of the voltage generated in the 
induction regulator depends upon the position of the rotor, so that 
by slowly rotating it by hand th© main transformer voltage can be 
boosted up or down at will. (^The two extreme positions of th© 
induction regulator are those in which th© boost voltage is directly 
added and subtracted, intermediate voltages being obtained in 
between. In order to prevent any alteration in the power factor, a 
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variation in the boost voltage must be accompanied by a hand 
adjustment of the field strength. 

Examples 

(1) A six-phase rotary converter is required to give 480 volts at 
the commutator. The supply is 6600 volts 3 phase. The primaries 
are connected in delta, and the secondaries diametrically. Deter- 
mine the ratio of transformation of the transformers, neglecting 
drops. 

(2) Show how a six-phase rotary converter can be operated from 
three-phase mains, illustrating by means of a skeleton diagram of 
connections. If the D.C. side supplies a three-\vire system, show 
how the transformers may be made to deal with the out-of-balance 
current. 

(3) Describe two methods of obtaining automatic voltage 
regulation with rotary converters. 

(4) A three-phase rotary converter with reactance control 
operates at 0-85 power factor (lagging) when the slip ring current is 
200 amperes per ring, and the slip ring voltage is 550 volts. The 
choking coils have a reactance of 0*25 ohm each and a negligible 
resistance. What power factor must the set work at with 400 
amperes per ring, in order to obtain a slip ring voltage of 570 volts ? 
Assume a constant voltage of supply. 

(5) Draw a diagram of connections for a rotary converter, 
showing starting arrangements with a pony motor in series. 

(6) Describe how a rotary converter can be made to give a 
constant D.C. voltage for all loads, by means of reactance control. 
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MOTOR CONVERTERS 

General Arrangement. — The motor converter consists of an 
ordinary induction motor with a wound rotor and a D.C. generator, 
rigidly coupled together. In addition to the mechanical coupling, 
the two rotating elements are also connected together electrically, 
a hollow shaft being employed for the purpose of carrying the 
connecting leads. 

Connections. — The diagram of connections for a three-phase 
motor converter is shown in Fig. 329, which represents a set having 
two poles on both A.C. and D.C. sides. The stator of the induction 
motor is wound for the same number of phases as the supply, but 
the rotor is usually provided with a twelve-phase winding. When 
running normally, these twelve phases are connected in star, the 
outer ends being connected to twelve equidistant points on the D.C. 
armature, from the commutator of which the main direct current is 
collected. This end of the set usually is provided with interpoles, 
and may be either shunt or compound wound. When starting up, 
only three, or in the largest sizes six, phases of the rotor of the in- 
duction motor are used, tliese being connected to slip rings and thence 
to'sTMaiiing-reaistance^ usual manner with induction motors. 

In addition, a short-circuiting ring is mounted at the end of the slip 
rings for the purpose of short-circuiting the whole of the inner ends 
of the twelve phases when the normal running conditions have been 
attained. A synchronizing voltmeter, which is used during starting 
up, is also connected across two of the slip rings, as shown in the 
diagram. 

Principle of Action. — Assuming that the combined set is run- 
ning at some definite speed, the rotor of the induction motor has 
E.M.F.’s induced in it corresponding in phase and magnitude to its 
slip. These E.M.F.’s produce currents in the armature of the 
D.C. generator, which, in addition, has another series of E.M.F.’s 
induced in it on account of its rotation in its own magnetic field. 
The frequency of the E.M.F.’s supplied from the induction motor is 
that of slip, whilst the frequency of the E.M.F.’s due to pure genera- 
tor action is determined by the speed. For these two frequencies 
to be the same, the induction motor must run with a slip of 60 per 
cent., or, in other words, the set must run at half synchronous speed. 
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If the speed differs from this value by some small amount, one of 
these frequencies goes up and the other down, so that circulating 
currents will flow round the two rotating elements, just as in the case 



of two alternators, and a large synchronizing force is produced 
tending to make the two frequencies equal. The normal running 
speed of the combination is thus half the sxx^ed of synchronism, and 
it behaves as a single synchronous machine. 
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As the rotor of the induction motor is rotating with a slip of 
50 per cent., it follows that it is running with an efficiency of 50 per 
cent, (neglecting the stator losses). Half the power input is trans- 
formed into mechanical form by the ordinary motor action, and the 
remaining half is transmitted to the rotor by transformer action. 
The mechanical power developed goes towards driving the D.C. 
generator through the rigid coupling, whilst the electrical power 
developed in the rotor is supplied to the armature of the D.C. 
generator and helps to drive it by rotary converter action. The 
power given out at the commutator in D.C. form is due to the sum 
of these two elffects, one-half of it having been converted by motor- 
generator action, and the other half by transformer and rotary 
converter action. Thus the A.C. end operates half as an induction 
motor and half as a trans former, whilst the D.C. end operates half 
as a generator and half as a rotary converter. ■ 

Construction. — The construction of the two machines forming a 
complete unit differs very little from the standard practice with 
induction motors and D.C. generators. In the larger sizes three 
bearings are employed, whilst for the smaller sets only two are 
used. The induction motor is provided with three or six slip 
rings, for the purpose of starting, and a short-circuiting ring to 
short-circuit the twelve phases when the speed of synchronism is 
attained. The air-gap is made much larger than is customary 
with induction motors of similar size. The object of employing 
the small air-gaps iisually adopted is to keep the magnetizing 
current down as much as possible, thereby raising the power factor, 
but this does not apply in the case of a motor converter, since the 
magnetizing current is drawn from the armature of the D.C. end. 
Larger clearances can therefore be used without introducing any 
harmful effects. 

On tlie D.C. end the currents are fed into the rotating element 
through the hollow shaft direct from the rotor of the induction 
motor. 

Speed, Frequency and Number of Poles. — It has been shown that 
the speed of a motor converter is half the synchronous speed of 
the A.C. end when both machines have only two poles each. This 
is also true for multipolar sets when both machines have the same 
number of poles. The general formula connecting the speed and 
the numbers of poles is obtained by considering the frequency of 
slip of the induction motor and the frequency of generation of 
the D.C. generator and equating them. If n be the speed in r.p.m., 
/ and sf the frequency of supply and slip respectively, and pa and 
pd the number of poles on the A.C. and D.C. ends respectively, 
the speed of the induction motor is equal to 


--f X 120 

Pa 
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and 


sf=f- 


npa 

m 


The frequency of the D.C. generator ie equal to 




npd 

120 


Therefore 


and 


«/=/- 


npa _ npd 

120 ” m' 


npa + npd = 120 / 


n 


120 / _ 
Va + Pd . 


set, therefore, runs at a speed equal to the sjmchronous speed 
,61 an induction motor having as many poles as both A.C. and D.C. 
ends together. An increase in the number of poles at either end 
causes a reduction in speed. 

The frequency of the currents in the D.C. generator is 


8f = 


120 / 
Pa + Pd 



==/ X — 

Pa+Pd 

The D.C. end is thus always o^fatmg on a frequency considerablyji 
lower than that of the supply, which is advantageous, since th^ 
performance of rotary converters is always better on low frequencies.! 

In an ordinary induction motor, the number of rotor turns is 
not rigidly fixed, but in the present case the D.C. generator must 
be supplied with a definite voltage, depending upon the value of 
the D.C. line voltage required and the number of phases. The 
rotor at the A.C. end must therefore have the correct number of 
turns per phase to generate this voltage when running with its 
normal slip. 

Power converted Mechanically and Electrically. — Considering the 
A.C. end, the output of the induction motor is given by 


Mechanical rotor output __ Actual speed 
Electrical rotor input ~ Synchronous speed 

whence 


Mechanical rotor output = Rotor input X 

= Total input X 


Actual speed 
Synchronous speed 
Actual speed 
Synchronous speed' 


neglecting the stator losses. 
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But the actual speed is n = and the synchronous 

Va + Pd 

120 /’ 

speed of the induction motor by itself is — • Therefore th^ 

Pa 

mechanical output of l^e rotor 19 

Total input X X 

Pa + Pd 120/ 

= Total input X — ^ — 

Pa + Pd 

The power received by the U.C. end in electrical form is equal 
to the power deVeiopt^ electrically in the rotor of the induction 
nfotofTiihd tKfs is obtained from the equation . 

Electrical power developed in rotor ^ 

Rotor input 

_ Speed of slip _ sf 

Synchronous speed ” / 

But sf X — ^ — (see above). 

Pa + Pd" 

Therefore the electrical power developed in the rotor 


= Rotor input X 


/X 


Pd 


Pa + Pd 


= Total input X 


Pa + Pd 


tp 

Thus — is the fraction of the total power converted by 

V<^ + Vd 

7)d 

motor-generator action, and — is the fraction of the total 

^ Pa + Pd 

power converted by transformer and rotary converter action. 

Starting. — Motor converters can be started up from either the 
D.C. or the A.C. end. 

In starting up from the D.C. end, an ordinary motor starter is 
employed, the A.C. end being sjmchronized like an alternator when 
the correct speed is attained. 

Starting up from the A.C. end is very simple in the actual opera- 
tions gone through. Three, or, in the largest sizes, six, of the twelve 
rotor phases are brought out to slip rings, the other ends of these 
phases being permanently connected to the D.C. armature. The 

^ In an ordinary induction motor this is the rotor loss. 
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slip rings are connected to a rotor starter in the usual manner, and 
a synchronizing voltmeter, V (see Fig. 329), is connected across 
two of the rotor slip rings, this comprising the whole of the 83 ^ 1 - 
chronizing gear. The D.C. end being unexcited, the rotor starting 
switch is closed, and the set commences to run up to speed as an 
induction motor. Since the synchronous speed of the motor 
converter is only half the synchronous speed of the induction motor 
acting by itself (assuming the same number of poles at both ends), 
the rotor starter allows the set to run up to a higher speed than that 
of synchronism. When a speed of about 10 per cent, above the 
normal running speed is obtained, the shunt regulator at the D.C. 
end is adjusted until the rotary converter begins to excite as a D.C. 
dynamo. When this occurs, the speed commences to fall and 
approaches that of synchronism. The voltmeter, F, now begins to 
be affected by two different voltages of slightly different frequency, 
viz. the voltage induced in the induction motor rotor having a 
frequency equal to that of slip, and the voltage induced in the 
rotary converter armature which is connected to the voltmeter 
through the induction motor rotor, the frequency of this voltage 
being determined by the speed. The voltmeter pointer now 
commences to pulsate after the manner of the synchronizing lamps 
in the case of alternators, the pulsations gradually becoming slower 
as the synchronous speed is approached. The correct speed of 
synchronism is reached when the pulsations cease and the volt- 
meter is at zero. The starter is now short-circuited and the remain- 
ing rotor phases are all connected together by the short-circuiting 
ring mounted near the slip rings. The set is now ready for running 
on load. 

The starting current varies from one-quarter to one-third of 
the normal full load current, and depends upon the magnetizing 
current of the A.C. end. 

Three-Wire Motor Converters. — When motor converters are used 
to supply a three-wire system the D.C. outers are connected to the 
brushes on the commutator of the rotary converter, whilst the 
middle wire is connected to the neutral point of the induction 
motor rotor. The potential of this point is midway between the 
potentials of the outside ends of any two diametrically opposite 
phases, and consequently is midway between the potentials at 
opposite points on the D.C. armature. The potential of the middle 
wire is therefore midway between the potentials of the brushes on 
the commutator, and any out -of- balance current finds its way 
back to the armature of the rotary converter by way of the neutral 
of the induction motor rotor. The actual connection is made on the 
A.C. starter, as shown in Fig. 330, where three leads are brought 
out to the starter through a triple pole change-over switch. When 
starting up, the middle wire of the three- wire system is open-circuited, 
and is only connected to the motor converter when the starting 
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switch is thrown over to the running position after the set has been 
brought into synchronism. 

The out-of-balance current is dealt with in the same way as in 
the case of three- wire rotary converters, where the middle wire is 
connected to the star point of the transformer secondary. 

Motor Converter with Synchronous Booster. — Motor converters 
are sometimes provided with a direct-coupled synchronous booster 
for the purpose of regulation, just as in the case of a rotary converter. 
This booster is practically an alternator with a rotating armature, 
and it must be wound for as many phases as the rotor of the A.C. 
end. The various windings are connected directly in series between 
the rotor at the A.C. end and the tappings on the D.C. armature. 



Examples 

(1) Draw a skeleton diagram of connections of a motor con- 
verter operating off three-phase mains. The induction motor rotor 
is to be wound with 12 phases. 

In a particular motor converter, the induction motor has 4 
poles and the rotary converter 6 poles. The frequency of supply is 
50 cycles per second. Calculate the synchronous speed of the set, 
together with the rotor frequency. Prove any formulae used. 

(2) Compare the motor converter with the rotary converter 
together with its transformers, and also with the motor generator. 

(3) Derive an expression to show what proportion of the power 
in a motor converter is converted by motor generator action and 
what proportion by transformer and rotary converter action. 

, The induction motor end of a 700 kW motor converter has six 
poles and the rotary converter end eight poles. The frequency 
of supply is 50 cycles per second. Determine the speed of the set, 
the frequency of the rotary converter, and the amount of power 
transmitted by the middle portion of the shaft. 
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Mercury Arc Rectifier. — ^The essential part of a mercury arc 
rectifier consists of an arc which is struck between a graphite or an 
iron anode (+) and a mercury cathode ( — ). Within a certain 
range of pressure, in practice from about 0 0001 to about 0*03 mm. 
of mercury, it is found that a current will only flow one way and 
that vihen the mercury is positive no appreciable current flows at 
all, the current being due to electrons emitted from the mercury 
cathode. This is on account of the speed of the negative ions 
(electrons) which is much greater than that of the heavier positive 
ions (protons). The disparity in the relative masses is such that, 



(a) ^Mercury^ ^ Mercury Mercuty Mercury 
ne Anodt Posdwe Negative Positive 



(/>) ^Mercutv ^Mercurij Mercury ^Mercury 

Two Anodes <-r7 ; ~ 

Negative Negative Negative Negative 
to PJ to fo ]st to 

Graphite Graphite Graphite Graphite 

Fio. 331. — Current Wave Form. 

whereas the electrons can move very quickly from the cathode to a 
positively charged anode, the acceleration of protons to a negatively 
charged anode is relatively so slow as to result in a current of only 
a few micro-amperes. Since the electrons consist of negative 
charges, they constitute a current in the opposite direction when 
moving from cathode to anode. 

If such an arc is set up by an alternating E.M.F., one-half of 
the current wave is cut off, leaving a unidirectional current having 
a wave form similar to that shown in Fig. 331 (a). In order to 
make use of both half-waves, a second anode is provided, this 
being connected to the other A.C. line, a common cathode being 
employed. With this arrangement the theoretical wave form 
obtained is that shown in Fig. 331 (6), 

460 
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Description of Apparatus. — The arc is formed in an exhausted 
glass vessel, T, called the rectifier tube (see Fig. 332). This contains 
two graphite anodes, AA, each connected with the exterior by means 
of a platinum wire fused through the glass. At the bottom is a 
pool of mercury, (7, forming the cathode, also connected with the 
outside by a platinum wire fused through the glass. Unfortunately, 
however, the arrangement is not self- starting, so an auxiliary 
electrode, S, is used as a temporary anode for starting the arc. 
This consists of another little pool of mercury lying close to the 
main pool as shown, and is connected to one of the main anodes 
through a resistance, R. In order to start the arc and bring 
about the necessary emission of electrons from the cathode, the 



whole glass bulb is tilted to one side, thus causing momentary 
contact between the mercury in the two pools. An arc is thus 
struck producing sufficient mercury vapour to start the main arcs 
from the graphite anodes. The resistance, 2?, is included to limit 
the violence of the starting arc. 

The A.C. supply is brought to the two ends of an auto- trans- 
former, each end being further connected to one of the anodes. 
One of the D.C. supply leads is connected to the mercury cathode, 
whilst the other is connected through a choking coil to the middle 
point of the transformer. The choking coil is for the purpose of 
smoothing out the irregularities of the current wave form, and does 
not cause any loss, since iiyis connected on the D.C. side. The D.C. 
supply is thus obtained from the left- and the right-hand side of the 
transformer alternately. 

Three- and Six-Phase Rectifiers. — In the ca^ of a three-phase 
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rectifier, the bulb is provided with three anodes, the oommon 
cathode forming the positive of the D.C. supply, and the neutral 
point of the star-connected transformer secondaries forming the 
D.C. negative as shown in Fig. 333. 

An increase in the number of phases results in the rectified 
currents being more uniform in character, and six-phase rectifiers 
are most usual, although for outputs up to about 60 kW three 
anodes may be employed. 

The D.C. voltage obtained from a mercury arc rectifier is not 
steady like that obtained from a battery of accumulators, but 
contains a certain amount of ripple, i.e. rapid fluctuation of rela- 
tively small amplitude. The us^gf a greater number of phases 
results in a reduction of this ripple, but this advantage is offset by 



the shorter operating time of each anode per cycle, and by com- 
plications of construction. For a bulb of a given size there is an 
increased risk of a short-circuit between adjacent anodes on account 
of their relative nearness. In the largest sizes (up to 10,000 
amperes), 18 anodes are sometimes employed, three in parallel per 
phase. 

The effect on the supply of a larger number of phases can be 
obtained by connecting rectifiers in parallel in different ways, e.g. a 
30^ phase shift can be obtained by the use of delta-connected 
primary windings for one rectifier and star-connected primary 
windings for the next. This gives the effect on the aggregate A.C. 
and D.C. supplies of twelve-phase connections when two six-phase 
rectifiers are used. 

All-metal Mercury Arc Rectifier. — In the larger sizes the glass 
bulb is replaced by an air-tight steel container. In the former 
case the various connecting wires can be sealed directly into the 
glass, but when a metal container is used, insulators must be 
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employed to carry the leads into the interior of the rectifier, and 
difficulty is experienced in making these parts air-tight. A high 
degree of vacuum is desirable for efficient operation, the normal 
working range being from 0*01 to 0-001 mm. of mercury when the 
arc is not in action. Higher pressures obtain, of course, when the 
arc is in operation. A further factor adding to the difficulty of 
the vacuum problem is the desirability of being able to open 
the container for the purpose of inspection and cleaning. 

Mercury Seal. — In order to carry a conductor through the steel 
wall, a brass bolt is passed through a porcelain insulator bedded 
down on to the steel by means of a vulcanized india-rubber or 
asbestos washer. The space between the bolt and the bushing 
portion of the insulator, and between the latter and the steel wall, 
is filled with mercury. The vacuum on the inside of the chamber 
tends to keep this mercury in position. The device has the additional 
advantage that if any of the mercury is drawn into the interior, 
it mixes with the other mercury there without doing any damage. 

Construction of All-metal Rectifier. — The arc operates in a large 
welded steel cylinder above which is a narrow condensing cylinder. 
These are joined together by a plate which carries the anodes in a 
ring, these pointing downwards into the main cylinder. At the 
bottom of the main arc chamber the mercury cathode is situated, 
and the whole rectifier is mounted on insulators. 

The six main anodes are mounted on insulators, attached to 
which are six tubular arc guides open at their lower ends. These 
guide the arcs towards the cathode, and prevent hashing- over 
between adjacent anodes. In a number of cases the anodes are 
provided with external radiator coolers. 

At the top of the condensing cylinder there is a solenoid called 
the ignition coil. When the rectifier is switched into circuit this 
becomes energized and gives a downward movement to a central 
rod, this being opposed by a helical spring. At the lower end of 
this rod an auxiliary ignition anode is situated. When the central 
rod is depressed sufficiently it makes contact with the mercury 
cathode. The solenoid is now cut out of circuit automatically, 
upon which the spring draws the rod upwards. This causes an 
arc to be struck from the surface of the mercury, creating sufficient 
vapour to enable the main anodes to come into action. 

There are two further auxiliary anodes called excitation anodes. 
Their function is to maintain the arc should the load fall below a 
certain value, for which purpose they are connected to a small 
artificial load. 

In order to limit the temperature rise, water cooling is 
ado^ited. This water is passed through a pipe round the base of the 
cathode and also through a water jacket round the main cylinder. 
Cooling water also circulates around the anode bases. The con- 
densing cylinder is provided with another water jacket. The 
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mercury vapour is here condensed, the mercury trickling back into 
the cathode pool in the form of drops. 

Vacuum Pump. — An all-metal rectifier does not keep its vacuum 
in the same way that a glass one does, so that it is necessary to 
instal a vacuum pump. It is not necessary to have this pump 
working continuously, an occasional half-hour being all that is 
necessary. 


360° 





+ 

Fro. 334. — Output Voltage Waves for Different Numbers of Phases. 


Output Voltage Waves. — In the case of a single-phase rectifier 
with two anodes, each anode works theoretically for half of each 
cycle and, as a first approximation, the D.C. output voltage may 
be assumed to take the form shown in Fig. 334. The working 
time for one anode is shown shaded; The output voltage varies 
between a maximum and zero, and the preponderant ripple has a 
frequency of 100 cycles per second on a 50-cycles supply. 

In a plain three-phase rectifier, each anode fires theoretically 
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for one-third of the total time. Dunng- the interval, the potentiah 
of t^ firing anode is higher than that of either of the other two, 
with respect to the cathode^ and the electrons emitted from the 
cathode are therefore directed to this particular anode. The 
working time for one anode is now represented by 120°, and is 
again shown shaded in the diagram. The preponderant ripple 
now has a frequency of 150 cycles per second on a 50-cycles supply. 

In a six-phase rectifier, each anode fires for a time equal to 60® 
(again shown shaded), and the preponderant 
ripple has a fi:equency of 300 cycles per Y z X 

second. 

In a twelve-phase rectifier, the firing 
time is reduced to 30°, whilst the frequency 
of the preponderant ripple has risen to 600 
cycles per second. The method of connecting 
the transformer secondary windings should 
be noted. 

It is apparent that, as-the number of 
phases is increased, the amplitude of the 
ripple is decreased but that its frequency 
is progressively increased. 

Voltage and Current Relations in Six- 
Phase Rectifier. — The case of a six-phase 
rectifier will be studied, the transformer 
primaries being connected in delta and the 
transformer secondaries in aiY-phaao 
with the neutral ends solidly connected to- 
gether. (This is also called the diametric 
connection.) These connections are shown 
in Fig. 335. 

Each of the six anodes in turn acquires a 
higher positive potential than the others for 
one-sixth of a cycle, and when this takes 
place the arc is assumed to be transferred to that particular anode. 
(In practice, owdng to the effeots of reactance, a certain amount of 
overlap occurs.) It is inactive during the remaining time. There 
is a drop of about 15 volts in the arc, so that the cathode assumes 
a potential about 15 volts below that of the working anode, this 
becoming the D.C. positive terminal. The transformer secondary 
neutral point forms the D.C. negative terminal. 

The voltages between the various anodes and the neutral point 
are shown at (a) in Fig. 336, which also shows the output voltage. 



The maximum D.C. voltage is therefore V2 times the R.M.S. 
secondary phase voltage minus the arc drop, whilst the minimum 

D.C. voltage is times the maximum value, again minus the arc 


drop, since the point of intersection of two anode voltage waves 
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occurs 30° away from the maximum value, and cos 30° = 

The mean value between these two extremes is 1*36 times the 
R.M.S. phase voltage, neglecting the voltage drop in the arc.^ 




Fio. 336. — SiX'PhaBe Rectifier Wave Forma without Interphase Transformer. 


Neglecting voltage drops, the current wave form for each anode 
consists of the central 60° portion of a sine wave, rising from zero 

' This can be proved as follows : — 

Mean voltage =: Area of voltage wave during firing time, divided 
by firing time. 


1 

2njV2E cos d dd 


= - ( - i)>] 

- = 1-36J5. 
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30® before the maximum value is reached, and falling again to zero 
30° after the maximum value has been passed, as shown at (6) in 
Fig. 336. In practice^eacJ^ajRc^ to any. anode 

from rising ^0 rapidly, and also causes it to die away more slowly. 
There is tlms a ^ad ual t ransfer of current firom anode to anqde, or 
overly, -and t&s modifies the anode current wave form considerably. 

The current in the primary 'phase windings of the transformer 
has the same wave form as that on the secondary side, except that 
each primary feeds two secondaries exactly opposite in phase. 
Thus, in Fig. 335, the primary winding A feeds the two secondary 
windings, a and a'. The primary phase current of the transformer 
is shown at (c) in Fig. 336. 

The primary line current is obtained by subtracting two phase 
currents. Thus the current in line X is equal to (phase current 
A) — (phase current C). In Fig. 336 (c) the current for the second- 
ary a was shown above the zero line, and that for a' below the zero 
line. Since the phase current C has to be subtracted, the current 
for the secondary c is drawn below the zero line, whilst that for c* 
is shown above the zero line. The resultant primary line current is 
now represented at (d) in Fig. 336, and this is seen to be very far 
from sinusoidal. 

The 300-cycle ripple is apparent in the D.C. output voltage, 
and the A.C. line current is now seen to contain various harmonics 
of varying magnitude. The D.C. ripple and the A.C. harmonics 
can be choked down by the introduction of reactance, and this is 
always done in practice. Since there is no energy storage in the 
arc, any modification of the D.C. output current must produce 
precisely the same eSect on the A.C. input. 

Interphase Transformer. — ^A disadvantage of the plain six-phase 
rectifier discussed above is that the utilization of the active material 
is not efficient, since each anode carries the full current for only 
one-sixth of the total time. The six-phase rectifier will now be 
compared with two three-phase rectifiers, each carrying half the 
total current and operating 180° out of phase with each other. 

Let R be the resistance of each secondary winding in the six- 
phase case, and let the output be I amperes. The heat involved in 
a time t is now 

6PR X i = PRt. 

D 

If the same transformer be utilized to feed two three-phase 
rectifiers in parallel (from alternate secondary phases), the load on 

each rectifier being ^ amperes, each anode would fire for one-third 

of a cycle instead of one-sixth. The heat involved is now 

2 X X ^ = iPRt. 



468 


ALTERNATING CURRENTS 


CII. 


Heace, for the same copper loss the resistance could be doubled 
and J^e volume of copper halved. In addition io .reducing the 
cost of the transformer, this arrangement also results in an improved 
voltage regulation. 

Instead of having two separate three-phase rectifiers, the same 
effect can be obtained in one chamber by separating the two 
three-phase neutral points, and connecting them to the ends of a 
mid-point auto-transformer as shown in Fig. 337. The mid-point 
forms the D.C. negative terminal. The auto-traEisfQrmeiL.is.,calicd 


Y Z X 




r 

Fio. 337. — Connection* of Interphase Transformer. 


an inUrphaae transformer or an absorption choke coil. Its-efifect is 
to cause the load current, /, to divide equally between the two 
three-phase groups, which means that one anode of each group 
must always be &ing. Each anode, therefore, carries current for 
one-third of a cycle, instead of one-sixth as in the case of the 
six-phase rectifier without an interphase transformer. On the other 
hand it pnly carries half the total load current. 

When two anodes are firing simultaneously, one in each group, 
their voltages to the cathode must be the same. The difference in 
the voltages across the corresponding transformer phase windings 
appears across the interphase transformer, the mid-point of which 
assumes a value half-way between the two. 
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The graphs of the different anode voltages are shown at (a) in 
Fig. 338, together with the D.C. output voltage which is the average 
of the two voltages of those anodes which are firing simultaneously. 
This mean value can be obtained in the following manner : — 

Let the voltage of the anode a be represented by V2E sin co^, 
and that of the anode b' by V^E sin {at + 60°). The average of 
these two values is 

V2E . 

— 2 — [sin at -|- sin {at 60°)] 

V2E 

= X 2 sin {at + 30°) cos 30 

= \ X V2E sin (to« + 30°). 


The D.C. output voltage thus consists of the cre.sts of sine 

a/3 

waves having a maximum height of times the maximum A.C. 
Vs r 

phase voltage, or --- X v2 times the R.M.S. value. The mean 


value of the D.C. output voltage is, as before, - times the maximum 

TT 

3 Vs 

value, or ' X x V2 = 1-17 times the R.M.S. phase voltage. 

TT Z 

Without the interphase transformer this value was (see p. 466) 1*35 
times the R.M.S. phase voltage. (The voltage drop in the arc is 
neglected in each case.) 

The voltage across the terminals of the interphase transformer 
is represented in Fig. 338 (a) by the vertically shaded portions 
between two anode voltage waves, and this can be shown to be the 
same as the horizontally shaded portions on the same diagram. 
This is practically a wave of triangular shape and of triple fre- 
quency, and the voltage between one tet*minal and the mid-point 
of the interphase transformer is of the same wave form but of half 
the amplitude. 

The anode current, and therefore the transformer secondary 
current, has the same characteristic form as the D.C. output 
voltage and is represented at (6) in Fig. 338. Each primary wind- 
ing has to serve two secondary windings, so that the current in the 
primary phase A has a positive portion on account of the current 
in the secondary phase a, and a negative portion on account of the 
secondary phase a' which operates half a cycle later. The primary 
phase current for phase A is shown at (c) in Fig. 338. 

The current in line X (see Fig. 337) consists of the difference of 
the currents in phase A and phase C. In obtaining the primary 
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line current, therefore, the primary current due to the secondary c 
is drawn below the zero line, and that due to the secondary c' is 
drawn above the zero line. This primary line ciurent, for line X, 



a b c 



a • 



Fio. 338.— Six-Phase Eectlfler Wave Forms with Interphase Transformer. 

is shown at (d). Incidentally, this is a better wave form than that 
shown in Fig. 336 (d). 

Magnetizing Current of Interphase Transformer. — If the currents 
in the two halves of the interphase transformer are exactly equal, 
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the resultant ampere-tums are zero, but in practice a certain 
amount of magnetizing current must flow in order to set up the 
flux. This flux chokes down the current in the more heavily 
loaded half of the winding, and increases that in the more lightly 
loaded section, thus tending to maintain equality of the currents 
in the two halves. The magnetizing current may be regarded as 
flowing straight through the winding, the circuit being completed 
by those main transformer secondary windings which are in opera- 
tion and the corresponding arcs in the rectifier itself. The voltage 
producing this magnetizing current is the voltage existing between 
the two ends of the interphase transformer windings. 

The magnetizing current aids the main load current in one half 
of this winding and opposes it in the other. If the main load 
current falls below a certain value, therefore, the magnetizing 
current cannot flow, since this would involve reversing the current 
in one of the main arcs, and this cannot take place on account of 
the valve action. Below this load, called the transition load, the 
interphase transformer no longer functions, and the rectifier reverts 
to simple six-phase working, showing a rise in D.C. voltage of 
about 15 per cent, at the point of change-over. 

Again, on heavy overloads, the anodes begin to work over the 
full 180®, on account of overlap, and when this occurs, the arc is 
not transferred from anode to anode, but from one anode to that 
diametrically opposite. Here, again, the interphase transformer 
becomes inoperative. From the transition load up to full load 
there is a further small drop in voltage of — 5 per cent, depend- 
ing upon the transformer reactance. Compensation for this can 
be made by arranging the transformer with on-load tap-changing 
gear, or by providing the rectifier with grid control. 

Performance. — The rectified voltage falls gradually as the load 
comes on, due to the reactance of the transformer, etc., but this 
drop does not usually exceed 5 per cent. In addition, there is the 
voltage drop in the arc which is of the order of 15 — 20 volts. This 
voltage drop is independent of the D.C. output voltage, so that 
higher efficiencies are obtained at the higher voltages, and overall 
efficiencies of 95 per cent, are obtainable. The power factor of the 
transformer primary varies from about 0*90 up to 0*95 at full load. 

A mercury arc rectifier can stand overloads up to 100 per cent, 
for a few minutes, whilst the permissible momentary overload is 
very high. This makes them very suitable for traction supply, 
where the ripple is not of great consequence. 

When two or more rectifiers are, for reasons of economy, fed 
from the same transformer, a paralleling reactance coil is con- 
nected in series with each anode circuit to ensure the proper 
division of the load. 

Grid Control.— T^h^iiuiaient in a mercpry arc rectifier can be 
varied b y mea ns of gricb j3ituatedJiiL jJie-.di^h^ 
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the anodes and the cathode, just as in the case of a three-electrode 
vqive' The instant at which the arc discharge takes place is con- 
trolled by applying potential impulses to these grids, and this can 
be conveniently brought about by employing an alternating grid 
potential, of the same frequency as the main anode voltage, but of 
adjustable phase. As an alternative to varying the phase, a steady 
D.C. potential may be superimposed on the A.C. grid potential, 
the control being obtained by varying the magnitude of this D.C. 
bias potential. 





Fra. 339. — Grid Phase Control of Mercury Arc Rectifier. 


Phase Control. — The grid has to be raised to a certain minimum 
potential before an arc can be established between anode and 
cathode, this being known as the ignition voltage. If an alternating 
voltage be applied to the grid, therefore, the main arc is struck at 
the instant that this grid voltage reaches the value of the ignition 
voltage. This is illustrated in Fig. 339. At (a) the grid voltage is 
in phase with the anode voltage, and the arc is struck very early. 
The ignition angle is small, this being the angle between the instant 
when the anode voltage is zero and the instant when the arc is 


XXVII 


RECTIFIERS 


473 


struck. This arc is maintained until the voltage of the main anode 
falls below the ignition value. The shaded portion of the curve 
represents the time during which the arc is established, and the 
D.C. output voltage depends upon the average value of this useful 
part of the anode voltage wave. 

At (b) the grid voltage has been retarded in phase, so that the 
duration of the arc is only about half what it was at (a). The 




Fio. 340. — Grid Bias Control of Mercury Arc Rectifier. 

D.C. output voltage is therefore reduced in more or less the same 
proportion. 

At (c) the grid voltage is almost in phase opposition, and the 
ignition angle is almost 180®. The shaded portion of the anode 
curve is now extremely small, and the D.C. output voltage has 
been reduced almost to zero. 

The phase control of the three grid voltages (in a three-phase 
rectifier) is effected by supplying them through an induction 
regulator (see p. 425). The primaries of this induction regulator 
are connected to the A.C. supply, and the secondaries, which are 
star-connected, are taken through current-limiting resistances to 
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the grids. The neutral point of this star is connected to the 
cathode, so as to fix the potentials of the grids with respect to the 
cathode: 

Bias Control. — ^The control of the ignition point is here effected 
by applying an adjustable D.C. bias potential to each grid, in 
addition to the A.C. potential discussed above. This D.C. grid 
bias is obtained by means of a regulating potentiometer energized 
by a number of cells, as in the case of the grid bias used in con- 
nection with thermionic valves. The mid-point of the cells is 
connected to the cathode and the sliding connection on the potentio- 
meter is taken to the neutral point of the star-connected induction 
regulator secondaries. 

The method is illustrated in Fig. 340. At (a) the maximum 
positive grid bias is shown, the ignition point occurring with zero 
anode potential. The arc is now established over the full 180®, 
and the D.C. output voltage is a maximum. 

At (6) the grid bias is reduced to zero, and the ignition point is 
retarded by more than 90®. The main arc is now only established 
for less than half the time shown at (a) and the D.C. output voltage 
is accordingly reduced. 

At (c) a negative grid bias is applied, with the result that the 
ignition angle is increased to 180®. The ignition is now retarded to 
its maximum, and the D.C. output voltage is reduced to zero. 

Other methods of grid control are employed, but the two types 
outlined above are sufiScient to illustrate the principle. 

Wave Form of Grid Voltage. — In order to control the exact time 
of the ignition point more exactly, the wave form of the voltage 
applied to the grid is made very sharply peaked. This is achieved 
by interposing a highly saturated transformer in series with a resist- 
ance in the grid circuit, the grid itself being connected to the second- 
ary. A very flat-topped flux wave is obtained in the transformer, 
this inducing a secondary voltage which is in the nature of a voltage 
impulse, as shown in Fig. 341 (a). The sinusoidal anode voltage is 
shown in Fig. 341 (6), together with the peaked grid voltage, where 
it is seen that the ignition point is much more sharply defined than 
it is with a sine wave of grid voltage. The addition of a negative 
D.C. bias to the grid results in the grid voltage curve being lowered 
throughout by a constant amount as shown in Fig. 341 (c). The 
desired ignition voltage is now only just exceeded for a very short 
time thus giving a very sensitive control of the D.C. output voltage 
by phase control of the grid voltage. 

Hot Cathode Rectifier. — A two-electrode discharge tube con- 
taining gas or vapour, and operated with a hot cathode acts as a 
rectifier. The anode and cathode are sealed into a partially 
exhausted vessel, the atmosphere consisting of mercury vapour or 
an inert gas such as argon, neon or helium. These rectifiers differ 
from ordinary thermionic valves in this respect, since the latter 
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are highly evacuated. The introduction of vapour or gas modifies 
the characteristics. 

In the thyratron the current flowing between the anode and 
cathode is controlled by a third electrode or grid. In the case of 
the thermionic valve used for radio work, the grid potential con- 
trols the amount of current passing between anode and cathode, 
but in the thyratron, the only function of the grid is to prevent or 
control the starting of the arc. After this takes place, the grid has 
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FiO; 341. — Peaked Wave Form of Grid Voltape. 


no further effect. The arc ceases when the anode potential is 
reduced to zero or given a negative value. 

The cathode may be directly heated, as in the filament type, or 
it may be indirectly heated by means of a separate tungsten heater 
energized from a separate transformer winding. 

The anode current is controlled by adjustment of the phase of 
the grid voltage, or by applying a steady bias voltage, as in the 
case of the mercury arc rectifier. 

Copper Oxide Reotiflier. — This rectifier consists of a disc of copper 
upon which has been formed, by heat treatment, a layer of copper 
oxide. Contact is made with the outer surface of the oxide by 
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pressing a metal disc against it, or by moans of a metal sprayed on 
to the oxide surface. A number of these rectifier elements are 
formed in series, the number depending upon the voltage applied. 
Cooling fins are fitted between the elements to aid in the dissipation 
of the heat produced by the internal resistance drop. 

The resistance of such a rectifier is low measured in the direction 



Load 

Fio. 342, — Connection of Copper Oxide Rectlflers. 

of oxide to copper, whilst in the opposite direction it is very high. 
The current in one direction is approximately proportional to the 
apphed voltage, whilst in the other direction it is practically zero. 
The rectifier action thus permits current to flow one way only. 

For high voltages a number of elements are connected in series, 
whilst for heavy currents, they are connected in parallel. 

The simplest method of connection, called half-wave rectification, 
is illustrated in Fig. 342 (a). Rectified current flows through the 
load circuit during one-half of each cycle only, but a condenser is 
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frequently added as shown in the diagram, in order to maintain the 
output during the idle half-cycles. 

Full-wave rectification is obtained by the arrangement shown in 
Fig. 342 (6). The secondary winding of the transformer has a 
centre tapping, so that the upper and lower halves of this winding 
carry load current during alternate half-cycles. The current through 
the load is unidirectional, but consists of a succession of half-waves, 
always in the same direction and without any intervals. 

An alternative method of obtaining full-wave rectification is 
shown in Fig. 342 (c). This is known as the bridge connection, 
from its similarity to the connections of a Wheatstone bridge. 
When the upper supply lead is positive the top right-hand and the 
bottom left-hand rectifiers carry current, the other two being idle, 
this being reversed during the half-cycle that the bottom supply 
lead is positive. No transformer is required with this arrangement, 
unless the supply voltage is too high. The theoretical wave form 
of the rectified load current is the same as for Fig. 342 (6). 

Fig. 342 (d) shows six rectifiers connected for rectification of a 
three-phase supply. WTien any particular supply lead is positive, 
current flows through the appropriate right-hand rectifier, whilst 
when a supply lead is negative, current returns to the supply by 
way of the appropriate left-hand rectifier. The resultant rectified 
output current fluctuates much less in this case than in any of the 
previous cases mentioned. 


Examples 

(1) Explain how a uni-directional current can be obtained from 
an A.C. supply by the aid of a mercury arc. 

(2) Draw a diagram of connections for two three-phase mercury 
arc rectifiers arranged for six-phase working. 

(3) Describe the construction of an all-metal mercury arc rectifier. 

(4) Explain the action of an interphase transformer as used 
with mercury arc rectifiers. 

(5) Describe two methods of grid control of mercury arc 
rectifiers. 
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FREQUENCY CHANGERS 

Interlinking of Power Systems. — The parallel running of power 
systems is now resorted to, so that energy may be transferred 
from one to the other, either in normal or abnormal conditions such 
as take place when a fault occurs (see page 424). When the fre- 
quency of the two stations differs, the paralleling must be performed 
through the medium of a frequency changer. The voltage or phase 
adjustment can still be carried out by the aid of transformers, 
induction regulators and the like. 

Synchronous Frequency Changers. — When the ratio of the two 
frequencies must be kept rigidly constant, the most obvious method 
of changing the frequency is by means of a synchronous motor- 
alternator set. When run on constant frequency, the synchronous 
motor is a constant speed machine and thus enables the alter- 
nator to generate at a constant frequency. It will be observed that 
no deviation in speed is permissible. (Of course hunting troubles 
may still be encountered.) From this it follows that any small 
change in frequency of the one system must be reflected by an 
exactly proportional change in the frequency of the other system, 
as otherwise the conditions are not fulfilled. If a small rise occurs, 
then the whole of the power necessary to accelerate all the syn- 
chronized machines in the other station must be transmitted by the 
frequency changer. Corresponding conditions obtain when one 
station suffers a small drop in frequency. This results in there 
being a lower limit to the kVA capacity of the frequency changer 
linking the two stations, since if this were too small, it would run 
the risk of being burnt out by the heavy load which it would be 
called upon to carry, even although this is only of short duration. 

Possible Speeds. — ^The frequency of a synchronous machine 
running at a constant speed is proportional to the number of poles, 
so that the ratio of the number of poles on the component elements 
of the frequency changer must be the same as the ratio of the two 
frequencies. This considerably limits the choice of speed in certain 
cases. No disadvantage accrues on this score in a 25 — 50 cycle 
conversion, for a bipolar 25-cycle machine running at 1500 r.p.m. 
will operate with a 4-pole 50-cycle machine. The conditions are 
rather more awkward, however, with a 25 — 60 cycle conversion. 

478 
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The pole ratio is now 5 : 12 and the minimum numbers of poles are 
10 and 24 respectively, the corresponding speed being 300 r.p.m. 
For a given output such a set would be relatively expensive, as 
compared with the 25 — 50 cycle set running at 1500 r.p.m., so that 
it is seen that some frequency changes are more expensive to effect 
than others, the powers being the same in each case. 

The speeds quoted above are the maximum ones ; lower speeds 
can also be obtained, these being found by dividing the maximum 
speeds by any whole number. 

The following table shows the maximum speeds and the corre- 
sponding numbers of poles for several of the more common frequency 
changes : — 


Frequency 

Change. 

Maximum Speed 
in r.p.m. 

Numbers of 
Poles. 

25 to 40 

300 

10 and 16 

25 „ 60 

1500 

2 „ 4 

25 „ 60 

300 

10 „ 24 

40 60 

600 

8 „ 10 

40 60 

1200 

4 „ 6 

60 „ 60 

600 

10 12 


Angular Displacement. — ^When an alternator, which is running 
in parallel with others, is loaded, the phase of its induced E.M.F. 
must be advanced on accoimt of its synchronous reactance drop 
(see page 289). To effect this the rotating element must be advanced 
in position at a given instant of time. On the other hand, in a 
synchronous motor the rotor drops behind as the load comes on 
(see Fig. 298). 

When a synchronous motor drives an alternator, these two 
displacements are in the same direction. It follows, therefore, that 
the correct position of the rotor of the alternator is different when 
on load from what it is on no-load. On this account the stator of 
one machine is mounted on a cradle, so that it can be rotated through 
a small angle, either by hand or by means of a small motor. It does 
not matter which stator is moved, since a forward displacement of 
the one is equivalent to a backward displacement of the other. 

Consider the case of a 25 — 50 cycle set, motoring on the lower 
frequency and running at 1500 r.p.m. For unity power factor, let 
the phase of the induced E.M.F. of the alternator on full load be 
20° ahead of its no-load position, and let the motor fall back by 25° 
behind its s 3 nichronous position at the same time, the angles being 
measured in electrical degrees. When running light the load on 
the motor is assumed to be 10 per cent, of its full load value, and 
assuming the motor displacement angle to be proportional to the 
load, this is now 2*5°. On the application of full load, therefore, 
the motor falls back by 22*5°, and to neutralize this, the pole ratio 
being two to one, the alternator must be advanced by 22*6 X 2 



480 


ALTERNATING CURRENTS 


OH. 


= 45®. In addition, the alternator must be advanced by 20® in 
order to enable it to take up the load, so that the total electrical 
angle of advance is 65®. This being measured on the 4-pole 50-cycle 
machine, it corresponds to an actual stator displacement of 32*5®. 

If the set be motoring from the 50-cycle side, the required stator 
displacement is different. The motor phase angle is now 20® on 
load, the alternator angle being 25®. When running light the motor 
angle is 10 per cent, of 20® or 2®, so that the additional displacement 
is 18®. To neutralize this the 25-cycle alternator must be advanced 
by 9®, to which must be added its own 25®, making a total of 34®. 
These are electrical degrees, but being measured on a bipolar 
machine the angle is the same as the required actual stator dis- 
placement. 

Regulation of Load by Stator Setting. — Since the displacement 
angles of both motor and generator are affected by the load, it 
follows that a change of load can be effected by adjustment of the 
stator setting. Whilst this is the only adjustment necessary when 
several frequency changers are running in parallel, it must be 
accompanied by adjustment of the prime mover outputs in the two 
stations concerned when the frequency changer is the only con- 
necting link. In order to make one particular machine act as the 
generator, its stator must be racked round against the rotation, as 
this makes its armature conductors come under the influence of 
the flux a little earlier. Conversely, racking the stator in the 
direction of rotation makes the machine into a motor. 

Alteration of the excitation of either motor or generator merely 
affects the power factor of the machine concerned and does not, 
to any appreciable extent, alter the power load. 

Starting of Synchronous Frequency Changers. — An auxiliary 
induction motor may be used for starting, usually built with two 
less poles than the synchronous motor so as to enable it to reach 
synchronous speed. Self-starting or self-synchronizing synchronous 
motors are, however, commonly used (see page 412)J The synchro- 
nous induction motor may also be employed. 

Synchronizing. — The fact that the motors of two identical 
synchronous frequency changers are synchronized does not neces- 
sarily imply that the generators are also in synchronism, even if 
both sets are running light. 

Considering a 25—50 cycle set with two and four poles respec- 
tively, if the 25-cycle machine be synchronized first, the other 
machine must be in its proper phase, assuming a correct stator 
setting, for there is only one rotor position in the whole revolution 
for synchronizing a bipolar machine. If, however, the 50-cycle 
machine be synchronize first, the 25-cycle machine may or may 
not be in its correct position, for either of the two north poles of 
the former sot may be opposite to a given point on the stator at a 
given instant of time. One of these positions permits of synchron- 
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izing, but the other corresponds to a phase displacement of 180°, 
since a shift of a double pole pitch on the 50 -cycle side is equivalent 
to a shift of only a single pole pitch on the 25-cycle side. There is, 
therefore, an even chance of the generator coming into the correct 
position for synchronizing. 

With other frequency ratios this chance may be considerably 
reduced. The conversion of 25 to 60 cycles is a case in point. 
There are now 10 and 24 poles respectively. The synchronous motor 
may be synchronized in any one of five positions, and the total 
number of electrical degrees in one revolution on the 24-pole side 
is 12 X 360 = 4320°. The five x> 08 sible positions thus differ in 

4320 

phase from each other by — — — 864°, or 144°. Assuming the 

first position to be the correct one, the succeeding positions corre- 
spond to phase angles of 144°, 288°, 72°, 216°, 0°, etc. There is 
thus one chance in five that the generator is in the correct phase. 
If the 60-cycle machine be paralleled first, the chance of obtaining 
correct synchronism is one in twelve. The correct phase angle is 
actually obtained by pole-slipping, as explained with rotary con- 
verters (see page 445). It is, however, an advantage to synchronize 
the high frequency machine first, as then a given error in stator 
position corresponds to a smaller electrical angle. 

Induction ^equency Changers. — An induction motor, preferably 
of the slip ring type, is now made to drive an alternator of the 
synchronous type. The motor works with a certain slip, and this 
affects the frequency ratio. Consider again the case of 25 — 60 cycles. 
With the synchronous type the maximum speed is 300 r.p.m., 
but in the present case a speed of 720 r.p.m. may be adopted, 
employing 4 and 10 poles respectively. The speed of a 10-pole 

120 X 60 

60-cycle synchronous machine is — = 720 r.p.m. The 


synchronous speed of a 4-pole 25-cycle induction motor is 


120 X 25 
4 


= 750 r.p.m., but with a slip of 4 per cent, this is also reduced to 
720 r.p.m. If such a set be run in parallel with one of the synchro- 
nous type, the frequency ratio is definitely fixed, and therefore the 
8lij> of 4 per cent, must be maintained, thus determining the load 
carried by it. 

The induction frequency changer can be made to transmit 
power in the reverse direction, the induction machine running as 
the generator, but in this case there must be a synchronous machine 
running in parallel with it, so as to supply the magnetizing current 
to its stator. The induction machine now runs above synchronous 
speed, the negative slip varying with the load. 

If an induction machine be driven at a speed considerably higher 
than that of s 3 nchronism, the frequency of the rotor currents 
becomes appreciable. A frequency changer may consist, therefore, 
21 
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of a driving motor coupled to an induction machine, the stator of 
which is supplied from the motor side. The generator rotor may 
be driven either in the same direction as that of the rotating 
field or against it. In the former case the rotor frequency is 
equal to 

Stator fre uenc (Synchronous speed — Operating speed) 

^ ^ Synchronous speed 


If the rotor is driven against the field, the frequency of its current 
becomes 


Stator frequency X 


(Synchronous speed + Operating speed) 
Synchronous speed 


As an example, suppose the supply frequency to be 25 cycles, 
and the rotor to be driven at 140 per cent, of synchronous speed in 
the opposite direction to that in which it tends to rotate as a motor. 
The rotor frequency is now 25 X (1 + 1*4) = 60 cycles. Part of 
the energy is transferred by transformer action (25 /60th of the total) 
and part by motor-generator action (35 /60th of the total), somewhat 
after the manner of the motor converter. In this way a variable 
frequency can be obtained by varying the speed of the driving motor. 

Comparison of Synchronous and Induction Frequency Changers. — 
If the frequency ratio must be kept constant under all conditions, 
or if reversible operation is desired without the aid of paralleled 
synchronous machines, it is necessary to adopt synchronous fre- 
quency changers. On the other hand, from the point of view of 
operation, the paralleling and the suitable load distribution is 
simpler in the case of the induction type. The power factor of the 
S 3 mchronous type, however, is under control, whereas this is not 
so in the other case, unless a phase advancer be also installed (see 
page 533). 

Frequency Changers for Operating High-Speed Motors. — Certain 
industrial operations demand speeds in excess of 3000 r.p.m., the 
highest that can be obtained from an ordinary synchronous or 
induction motor working on 50 cycles per second. Frequency 
changers of the induction type can be designed to give output 
frequencies ranging from 75 to 450 cycles per second, and giving 
motor speeds from 4500 to 27,000 r.p.m. 

A frequency changer of this type consists of an A.C. generator, 
or alternator, driven by an induction motor. The generator is also 
constructed in the manner of an induction motor, having stator 
and rotor windings. The stator winding is fed from the source of 
supply, and sets up a rotating field in the air-gap of the generator. 
The speed of this rotating flux is that of s 3 nichronism, correspond- 
ing to the frequency of supply and the number of poles on the 
generator. The rotor is driven by a squirrel cage induction motor 
in the opposite direction to that of the rotating field. At zero 
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speed, the rotor windings have E.M.F/s induced in them at a 
frequency equal to that of supply. As the speed of the rotor is 
increased, the frequency of the generated E.M.F/s is also increased, 
the output frequency being equal to the sum of the frequency of 
supply and that of speed. 

In general, the high frequency is given by 

Output frequency = Excitation frequency + 

where p is the number of poles on the generator and n is the speed, 
i.e. that of the driving squirrel cage induction motor. 

For example, if a bipolar induction motor runs at 2900 r.p.m. 
on a 50- cycle supply, and the generator has 6 poles, the output 
frequency is 

6 X 2900 ... , . 

50 H — =195 cycles per second. 

Various combinations and the resulting speeds are given in the 
following table, a supply frequency of 50 cycles per second being 
assumed. 


Driving 

poles 

8 

4 

4 

2 

2 

2 

2 

Motor, 

r.p.m. 

750 

1,500 i 

1 

1 1,500 

1 

3,000 

. 3,000 

3,000 

3,000 

Frequency 

Changer. 

poles 

4 

4 

6 

4 

6 

10 

14 

cycles 

per 

second 

76 

100 

125 

150 

200 

300 

400 

High 

Frequency , 
Motor. 

r.p.m. 

4,500 

6,000 

1 

7,500 

9,000 

12,000 

18,000 

24,000 


Frequency changers of the above type have a voltage regulation 
of about 10 — 15 per cent, at a power factor of 0-8. 

Triple-Frequency Welding. — A specially connected transformer is 
employed to give a single-phase output from a three-phase supply, 
this output being at three times the supply frequency (see Fig. 343). 
A three-phase transformer has its primaries connected in star, the 
secondaries forming an open delta which is only closed through the 
arc welding circuit. A high flux density is employed in the trans- 
former core, which necessitates a third harmonic in the magnetizing 
current for sinusoidal magnetization. Since no third harmonic 
magnetizing currents can flow in the primary star, the induced flux 
is not sinusoidal. Consequently, third harmonic E.M.F.’s are 
induced in the secondary windings in addition to the normal E.M.F.^s 
of fundamental frequency (see p. 200). The E.M.F.’s of funda- 
mental frequency cancel out round the secondary delta, but the 
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third harmonic E.M.F/s are in phase. They thus produce a 
resultant which supplies current at triple frequency to the welder. 
This current can be regulated by means of the tapped inductance 
as shown. The power factor is rather low, but this can be improved 
by incorporating condensers on the primary side, the load of which 
is balanced. 




Fig. 343. — Triple-Frequency Welding Circuit. 


Examples 

(1) Determine the minimum numbers of poles and the maximum 
speed of a synchronous frequency changer to operate on 30 — 85 
cycles. 

(2) The full load displacement angles from the neutral position 
of the component machines in a 25 — 60 cycle synchronous frequency 
changer are 15° and 24° respectively, the stator of the latter machine 
being adjustable. The speed is 300 r.p.m. and the power required 
when running light is 16 per cent, of full load. Determine the 
angle from the neutral position through which the adjustable stator 
must be racked in order to obtain full load (a) when this machine is 
generating, and (6) when it is motoring. 

(3) An induction frequency changer is to convert from 40 to 
50 cycles and the slip is to be less than 10 per cent. What is the 
maximum speed possible and the corresponding numbers of poles ? 

(4) An induction frequency changer set for operating high speed 
motors is designed to give an output frequency of 350 cycles per 
second on no-load. The supply frequency is 50 cycles per second 
and the driving motor has 2 poles. How many poles must the 
frequency changer have ? (Neglect slip.) 



CHAPTER XXIX 


SINGLE -PHASE SERIES MOTORS 

Simple Series Motor. — The simple single-phase series motor is 
very similar to the D.C. series motor in its general arrangement, 
the armature A and the field winding F being connected in series 
as shown in Fig. 344. The brushes on the commutator make con- 
nection with conductors in the neutral zone, and since these motors 
are largely used for traction work where reversible rotation is 
required, the brushes are kept in the no-load 
neutral position for all loads. The field system 
is laminated throughout, as otherwise there would 
be prohibitive iron losses. The salient pole con- 
struction is now abandoned in favour of a stator 
like that of an induction motor, the field winding 
being placed in slots as in the rotor of a turbo- 
alternator, a uniform air-gap being the result. 

E.M.F.’s induced in the Armature. — In addition 
to the E.M.F.’s induced in the armature due to 
r otat ion in the magnetic field, there are also 
E.M.F.’s induced by transformer action, the field 
winding acting as the primary and the armature 
winding as the secondary. These E.M.F.^s wiD 

now be considered in detail. slii^^e^series^^^ 

The resultant magnetic field is due to the Motor, 

combination of the fluxes set up by the main 
field and the armature winding respectively. The M.M.F.’s due to 
the field and armature windings act on different axes in space, and 
it is convenient to consider the resulting fluxes as though each had 
a separate existence. That due to the main field winding (acting 
vertically in Fig. 344) is called the main fluXy and that due to the 
armature winding (acting horizontally in Fig. 344) is called the 
cross flux. 

First, consider the effect of rotation in the main field. All the 
conductors from A to A' down the left-hand side of the armature 
(Fig. 345) will have E.M.F/s induced in the same direction, and all 
the conductors from A to A' down the right-hand side of the arm- 
ature will have E.M.F.’s induced in the opposite direction. The 
E.M.F, per conductor will be a maximum at B and B* and zero at 
A and A\ but it is across these latter two points that the maximum 
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P up iji[ the armature due to this cause, and it is at these 

two^points that the brushes are situated. When the current 
reverses the magnetic field reverses, and thus the back E.M.F. 
between the brushes is reversed, since the rotation is unchanged, 
tehis E.M.F. is therefore permanently opposed to the applied E.M.F., 
ho matter what value the speed may have. Tha^ie^ueaoy of thi^ ^ 
back is- equal to that of the field and therefore tg . that 

of th^ supply, and is independent of the speed of rotation. Its 
magnitude, however, depends upon the strength of the field and 
the rate of cutting linos of force. The magnitude of this E.M.F. is 
given by the same formula as used for D.C. machines, viz. 

_ n<J>avN p 
60 X 10« ^ q 

where Eav is the average value of the E.M.F., n is the speed in 

r.p.m., N is the number of conductors, 
average value of the flux 
f f \\ per pole, p is the number of poles, 

I r / ] number of parallel cir- 

\\. J J cuits on the armature. With, sinusoidal 

distribution the average value of the 

FlO. 345. — To Illustrate E.M.F.'t 2 

Induced in Annature. per, pole, <I>ap, is equal to - times the 

maximum, value of the flux per pole, O, and if be the number 
of turns in series, then 

T = ^ 

2q 

2 

n X -<I> X 2qT X p 

and San = 

60 X 10* X 3 

4 

- X n^Tp 


60 X 10* 


The B.M.S. value of the voltage is given by 


and hence 


E = JL.x‘^x 

2 V 2 « 60 X 10* 

■\/2n<t>Tp 


Thia^^EJd.F, is in phase with the flux which produces 'it. As 
will be shown later, the power factor of the motor is less than unity, 
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and consequently the back E.M.F., which is in phase with the flux, 
and, approximately, the current, is not in phase with the applied 
terming voltage. 

The second E.M.F. induced in the armature is due to rotation 
in the armature reaction field (the cross flux), and the axis of this 
flux is a line joining the brushes. This flux is geometrically at 
right angles to the main field in a bipolar motor, and consequently 
the maximum p.d. occurs between the points B and B\ Asr4BiT as 
this ErM.F. is concerned, the points A and A' are equipotential, 
and therefore this E.M.F. has no effect upon the total back E.M.F. 
induced. Unfortunately, however, the conductors at A and A* are 
situated so as to have the maximum voltage induced in them, 
and since the turns in this region are short-circuited by the 
action of the brushes on the commutator, this results in a tendency 
to spark. 

There are next the E.M.F. ’s set up by transformer action. 
Considering the armature as stationary for the time being, the 
maximum E.M.F. is induced in those turns which embrace the 
greatest area in a plane at right angles to the flux. Thgsg^turns 
are situated at AA\ and consequently this effect will also tend to 
produce sparking at the brushes. The conductors between which 
the maximum p.d. exists are situated at BB' (at right angles to 
A A'), and consequently the cumulative effect of the whole winding 
is neutralized at the brushes, since the E.M.F. induced in the con- 
ductors between B and A is balanced by the E.M.F. induced in 
the conductors between B and A' \ similarly on the other side of 
the armature. Thq phase of this induced voltage is 90® behind the 
fluXjL^ since, it is proportional to minus the rate of change of flux, 
and its frequency is the same as that of the flux, which is the 
frequency of supply. Since the magnitude of this voltage is only 
dependent upon the rate of change of the flux and the number of 
turns, it foUws that it is independent trf the speed of rotation, and 
consequently the same E.M.F. is induced due to this cause, whether 
the armature is rotating or not. The ordinary formula for the 
induced E.M.F. in a transformer is 

E = y/2nj<^T X 10“® volts (see page 177), 

2 

but in this oape a breadth factor ~ must be introduced to account 
for the fact that all the turns do not link with all the flux. Therefore 

E = -X X 10-« 

TT 

= 2V2f(bT X 10”"® volts. 

If the field is not uniform, or if the armatine winding is differently 
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arranged, the value of the constant - is affected somewhat. Ip 

the case o^ multipoUr wave aw>«nd -arraaitiiref the number 

of tumii in series between the brushes. 

The ratio of this transformer E.M.F. to the rotation E.M.F. is 

Transformer E.M.F. 2\/2f<!>T X 10“® _ 120/ 

Rotation E.M.F. y/2n<bTp ~~ * 

60 X 108 

But the synchronous speed is 

120 / 

n, = — 

P 

Therefore 

Transformer E.M.F. _ _ Synchronous speed 

Rotation E.M.F. ~~ Actual speed 

The fourth E.M.F. induced in the armature is one due to trans- 
former action set up by the armature reaction cross flux. This is 
produced in the same way as the transformer E.M.F. due to the 
main field, except that it acts along an axis A A' instead of BB'y 
since the armature reaction cross flux is at right angles to the main 
field. The phase of this induced E.M.F. is again 90® behind the 
fiux, and requires the application of an E.M.F. at the brushes 
90® ahead of the flux to overcome it. This'ig only another way of 
saying that the armature possesses reactance, since the E.M.F. 
induced is an E.M.F. of self-induction, and the voltage required 
to overcome it, together with the E.M.F. required to overcome the 
resistance of the armature and brushes, forms the impedance voltage 
of the armature. 

Torque. — Th^ torque developed depends upon the instantaneous 
product of the armature current and the fidd. Tha. field is pro- 
portional to the current, neglecting the effect of change of perme- 
ability, so that the torque is nearly proportional to the square of 
the current. When the current reverses in direction the field does 
so at the same instant, since they are practically in phase with 
each other, and so the torque is always developed in the same 
direction. Owing to the variation in the strength of the current, 
the value of the torque is constantly varying between zero and a 
maximum value at a frequency equal to double that of the current, 
so that although the torque is uni-directional in character it is 
pulsating in magnitude. 

Speed. — Assuming for the moment that the power factor and 
eflficiency remain constant for all loads, then the output is propor- 
tional to the current for a constant applied voltage. But since 
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the torque is proportional to the square of the current, the speed, 

which is proportional to is inversely, proportional to the 

current and to the output.^ Actually this proportionality does 
not hold' good ^exactly, hut it is sufficient to show that the speed 
decreases considerably with increase of load and that the speed-load 
characteristic is of the same general shape as in the case of the 
D.C. series motor. In general it is called a series characteristic, 
to distinguish it from that of the D.C. shunt motor, known as a 
shunt characteristic. 

Vector Diagram. — In drawing the vector diagram of the series 
motor, it is convenient to start with the flux vector. In Fig. 346, 
<I> represents the main magnetic flux entering the armature and 



mutually linking the armature and field windings. Oc is the cross 
flux which has the same^-time phase as the main flux, iut-^hich 
has^ -space displacement of half a pole pitch with it. This flux 
also mutually links both armature and field windings. The. no l ead 
magnetizing current, . loads the flux by a small angle dependent 
upon the hysteresis loss and the eddy current loss. This is rela- 
tively much larger than in the case of a transformer since there is a 
relatively small number of turns in the exciting circuit, and on 
account of the two air-gaps in the magnetic circuit, i^jother 
component of the current is introduced on account of the current 
flowing through the coils short-circuited by brushea- on the 
commufator. These coils have E.M.F.'s induced in them by the 
transformer action of the main flux. Th$ resultant of these 
E.M^F.’s is representeiJby lagging behind the flux by 90®. 
Since these coils possess both resistance and reactance, the short- 
circuit current, /,<., flowing through them, lags behind this E.M.F. 
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by some anglfiLa. To balance the ampere-tums set up in this way, 
an equl^lent number must be supplied by the main armature 
current, exactly opposite in phase. The neutralizing component 
which effects this is 7',^- On adding this to vectorially, the 
totaLarmature currents, * ly is obtained. 

The total voltage across the armature is the resultant of several 
components. The^Ja an E.M.F^ induced between the brushes, 
due to the transformer effect in the mutual cross flux, This 
E.M.F. demands the application of an equal and opposite E.M.F., 
Et, leading the cross flux, <!><., by 90°. Another voltage, must 
also be applied to neutralize the E.M.F. induced in the armature 
due to self-inductance associated with leakage flux, i.e, flux linking 
with the armature but not with the field winding. This E.M.F. is 
in quadrature with the current, I. There is a small IR drop, E^^, 
on account of the resistance of the armature winding and brushes 
in phase with the current, I ; and finally there is the E.M.F., Ef,y 
applied to the armature winding to neutralize the back E.M.F. 
induced by rotation in the main flux, O. This is in phase with <I), 
and is relatively large compared with the other components. The 
resultant of these four components gives E^, which is the total 
voltage applied to the armature. 

The field winding has a relatively small IR drop, E^fy in phase 
with the main current, and a larger reactive drop, E^fy due to the 
reactance of the field winding, this component leading the current 
by 90°. The resultant of these two components gives the total 
voltage applied to the field winding. 

The total voltage applied to the motor terminals, E, is the 
vector sum of E^ and Ej. .The angle af lag of the total current 
behind the applied voKage is given by <j>y and cos is the power 
factor of the motor. 

It is thus seen that for a high power factor, the reactances should 
be small and the rotation E.M.F. large. The latter i» obtained by 
running the motor at a high speed, above that of synchronism. 
The motors previously dealt with have not been able to run at 
hypersynchronous spe^s, but there is no fundamental reason why 
this should be impossible in the present case. 

At the moment of starting the rotation E.M.F. is zero, and th»» 
advances the phase of the terminal volts with respect to the currept, 
thus making the power factor worse. The power factor gradually 
improves as the speed increases. For heavy loads, the power 
factor comes down again, since the speed falls as the load 
goes up. 

Circle Diagram. — Considering the motor to have a constant volt- 
age applied to its terminals, this voltage can be split up approxi- 
mately into two main components 90° out of phase with each 
other. The component in phase with the current consists of the 
resistance drops in the armature and field windings and the rotation 
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voltage. The latter is not strictly in phase with the current, as 
shown in the vector diagram, but is assumed so for the purposes 
of the simple circle diagram. The voltage in quadrature with 
the current consists of the reactance drops in the armature and 
field windings. This again is only an approximation, since the 
vector diagram showed the voltage overcoming the transformer 
effect of the armature OC’ out of phase with the flux instead of the 
current. These assumptions are made, however, in order to split 
up the constant applied voltage into two components at right angles 



to each other. In Fig. 347, if OB represents the constant applied 
voltage, OG represents the voltage overcoming the total reactance 
of the motor and CB represents the total voltage in phase with 
the current, and since OB is constant and the angle OCB is a right 
angle, it follows that the point C moves in a semicircle erected 
on OB as a diameter (see Fig. 44). Since the reactance of the 
motor may be assumed constant, the current is proportional to 
the voltage across the reactance of the motor, and is represented to 
scale by OC. The phase of the current, however, is represented by 
CB and the angle of lag is given by the angle CBO, which is equal 
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to the angle EOG, The power factor, therefore, is given by ^ 
or cos EOC, OB is now divided at ^4, so that 


OA __ reactance of field 
AB reactance of armature 


Et 


(Fig. 346), 


and another semicircle is erected on OA as a diameter. Now 
wherever the point C may be, OC is divided by this second semi- 
circle at D in the same ratio as OB is divided at Ay since the triangles 
OBC and OAD are similar. (The line .dZ) is omitted in the diagram 
for the sake of clearness.) OD therefore represents the voltage 
drop in the reactance of the field and DC the voltage drop in the 
reactance of the armature. As in Fig. 49 (which see), a vertical 
fine is erected at B and a length BF is measured off along it such 
that 

BF _ Total resistance __ Erf + Era 

OB ~~ Total reactance Ex + Et' 


Another semicircle is now erected on BF as a diameter and this is 
cut by the line CB at H. Now the angle HBF equals the angle 
COBy and therefore 

m _qc 

BF ” OB 

BF 

and BH = OC X ^ 

UiJ 

rry , ^ ^ 1 . T Total resistance 

= Total reactance voltage drop X fftt- i— 

Total reactance 

^ , Total resistance 

= Total reactance X Current X , : 

lotal reactance 

^ Current X Total resistance 
= Total resistance voltage drop. 


The line BF is now divided at (?, and another semicircle erected 

on BO as a diameter, in the same way that OB was divided at A, 

^ , ... BO . , . Resistance of field 

In the present instance is made equal to — r- 5 : , 

^ OF ^ Resistance of armature 

and the line CB is now split up at H and Ky so that BK represents 
the voltage drop due to the resistance of the field, Erj, and KH 
represents the voltage drop due to the resistance of the armature. 
Era* The remaining part of the voltage in phase with the current, 
HCy must therefore represent the voltage, e, induced in the armature 
due to its rotation in the magnetic field. The voltage drop across 



XXIX SINGLE-PHASE SERIES MOTORS 493 

the brushes on the armature is given by the vector sum of e, Era, 
and Ety and is represented by DK in the circle diagram. Since e is 
proportional to the flux x speed, the speed is proportional to 

— or , assuming the flux to bo proportional to the current. 

flux current ^ 

CH 

In the circle diagram, therefore, the speed is represented by 
Let OG and BF be produced until they meet at L, Now OC = 


OB cos COB = OB cos CBL 

Gli 


Therefore the speed is proportional to 

CH 


CH 

OC 


OB X 


CH 

FL 


FL 

OB' 


and since OB is constant, the speed is represented to scale by FL. 

As in the case of the induction motor, the input is measured 
by CN to a scale of watts. The copper losses can be obtained 
by drawing vertical lines from the points H and K, the vertical 
height of H representing the total copper loss and the vertical 
height of K the copper loss in the field only. The output (neglect- 
ing iron and friction loss) is thus obtained by subtracting the 
vertical height of H above the base line from the input CNy from 
which the electrical efficiency can be obtained. The torque is 
proportional to the instantaneous product of current and flux, and, 
neglecting the phase difference between these two quantities and 
also the effect of magnetic saturation, the torque may be taken 
as being approximately proportional to the (current)^. Now in the 
circle diagram 


cos COB = 


OC 

OB 


ON 

00 


and therefore 


OC^ = ON X OB. 


The torque being proportional to OC^ and OB being constant, it 
follows that the torque is represented to scale by ON. 

At the moment of starting e is zero, and if the full voltage be 
applied the starting current will be represented by OM and the 
starting torque by OP. 

Power Factor. — From the circle diagram in Fig. 347 it is seen that 
the power factor is better on light loads than on heavy loads, since 
the vector OG is swung round to the right as the current increases, 
thus increasing the angle of lag. When the point C reaches the 
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top of the semicircle, the power input has reached a maximum 

and the power factor has dropped to = 0*707. Further increase 

of load reduces the power factor still more, so that when M is 
reached the power factor is at its worst. This, however, is the 
condition at starting when the back induced voltage, 6, is zero, so 
that when the motor is first switched into circuit the power factor 
is very poor, but it gradually improves as the motor gains speed. 
Also, the higher the speed the greater does e become, thus improving 
the power factor. If reference be made to the vector diagram in 
Fig. 346, which is rather more accurate than the circle diagram, 
it will be seen that if e bo made sufficiently large it is possible for 
the motor to draw a loading current from the supply. This is 
due to the action of the short-circuited coils under the brushes, 
which set up a number of ampere- turns and cause a phase displace- 
ment between the flux and the main armature current. It is not 
desirable to magnify this effect deliberately, however, although it 



FlQ. 348. — AutO'transfornicr for starting Series Motor. 


would improve the power factor, since it would do it at the expense 
of the commutation and the efficiency. 

The best way of obtaining a high power factor is to neutralize 
the armature reactance (which will be dealt with in the case of the 
compensated series motor) or to reduce the working field strength. 
This reduces the reactance of the field winding and brings about 
the high speeds which are desirable. 

It is also seen that a low frequency is advantageous, since this 
residts in relatively low reactances and high power factors. 

Full load power factors of 0*8 to 0*95 are met with in practice. 

Starting. — The usual starting device for a single-phase series 
motor consists of an auto- transformer with a number of tappings 
on the winding, so as to enable the voltage across the motor terminals 
to be gradually raised. This arrangement allows a reduced voltage 
to be applied to the motor and also relieves the line to a large extent 
of the excessive current which the motor is allowed to take at the 
moment of switching on. The connections are shown in Fig. 348, 
where M represents the motor, A the auto-transformer, and C a 
choking coil known as a 'preventive coil or mid-point reactor. One 
terminal of the motor is connected to one end of the auto- 
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transformer and the other to the middle point of the choking 
coil. The two ends of the choking coil are connected to two 
moving fingers which in some positions lie on the same contact 
and in others bridge over two contacts. When both fingers are 
on the same contact, the currents flow in opposite directions in the 
two halves of the choking coil, thus rendering it practically non- 
inductive, so that the drop in volts is inappreciable. When bridging 
two contacts, the impedance of the choking coil is sufficient to prevent 
the short-circuiting of the particular section of the auto- transformer 
concerned. The choking coil thus appears non-inductive to the 
motor circuit and yet acts Uke a highly inductive resistance to 
the local circuit across the contacts. 

Compensated Series Motor. — One of thpjnethods of improving the 
power iactor of4he series m.otor eon^sts in counteracting the leakage 
reactance of the armature. The, latter tends to set up a distorting 
field, the axis of which is a line drawn through the brushes in a 



FlQ. 349. — Compensated Series 
Motor. 



Fio. 350. — Compensated Series Motor 
with Damping Coil. 


bipolar case. These cross ampere-turns can be neutralized by means 
of an auxiliary field winding placed midway between the main 
field windings in much the same way that interpoles neutralize the 
cross ampere- turns of the armature in a D.C. motor. The general 
arrangement is shown in Fig. 349, where A represents the armature, 
F the main field winding, and O the compensating winding*^ This 
compensating winding is arranged to set up as many ampere-turns 
as the armature, and since it acts in direct opposition it practically 
eliminates the leakage cross flux and renders the armature non- 
inductive. The addition of the compensating winding also aup- 
pr^ses to a large extent the rotation E.M.F. which is induced by 
the armature cross ffiix in the shortnircuited coils under the brushy. 
The compeuaating^^ windings therefore, has a b eneficial efEect on 
the commutation as well as effecting an improvement in the power 
factor. ^y. 

An alternative arrangement to that shown in Fig. 349 consists 
in short-circuiting the compensating winding on itself and dis- 
connecting it from the main circuit altogether. The auxiliary 
winding is now often called a damping coil, and the connections of 
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this type of motor are shown in Fig. 350, where D represents the 
damping coil and A and F have the same significance as before. 
This produces the same result as the former method of connection, 
although the action is somewhat different. The imping coil- 
acts .th»-shogt=.r.u:cuit.ed secondary^! a transformer the primai:y 
of wl^h iaiermedLby the armature winding, whilst the flux linking 
the two consists of the armature cross leakage flux. The E.M.P. 
induced in the short-circuited damping coil causes a current to flow 
which sets up ampere-turns sufficient to neutralize the ampere-turns 
of the armature, thus suppressing the cross flux and rendering the 
armature tolerably non-inductive. 

The difference between the two methods of compensation lies 
in the fact that in one case the neutralizing ampere-turns are obtained 
directly from the main circuit (forced), whilst in the other they are 
obtained by transformer action from the armature (induced). 

Series Motor with Transformer. — As series motors are usually 

limited by their design to line pressures of about 300 

volts, it is necessary to supply a transformer when 

higher voltages are dealt with. There is, however, 

objection to the field winding being connected to 
the H.T. supply, and so only the armature is supplied 
from the L.T. side of the transformer, which is con- 
nected in series with the field winding as shown in 
Fig. 351, in which T represents the transformer. 
Fia. 35i.--seriefl This transformer can also be used for starting pur- 
Tra^former. poscs and for Variable speed work by providing the 
secondary with a number of tappings, so that the in- 
crease in the apparatus is not as much as would appear at first 
sight. 

Commutation. — In addition to the usual process of reversing the 
current which takes place in D.C. motors, there are the extra E.M.F.'s 
induced in the short-circuited coils to be dealt with. This adds 
to the difficulty of commutation and leads to special features in 
the design of the commutator. This is made of larger diameter 
than in the corresponding D.C. motor, so that it more nearly 
approaches the diameter of the armature. A large number of com- 
mutator bars is also essential, the maximum number possible for 
the particular armature winding being put in. Narrow brushes 
are also employed, so as to avoid short-circuiting more turns than 
absolutely necessary at a given instant. Since the current is large 
at starting, commutation is more difficult at this time and sparking 
may be anticipated, but as the motor gains speed the current 
decreases and the commutation improves. As tolerably good 
commutation can be obtained over a wide range of speeds, it 
follows that the series motor is suitable for variable speed work. 
The addition of interpoles also exerts a very great effect on the 
commutation as in D.C. motors, and they are now always employed. 
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Interpoles. — In D.C. motors interpoles fulfil a double purpose. 
They act as a compensating winding for the purpose of neutralizing 
the armature cross flux, and they also aid commutation by intro- 
ducing a reverse flux into the armature so as to cut the conductors 
coming under the brushes. In A.C. motors these two functions 
are separated. The action of the compensating winding has already 
been discussed, but it must be remembered that this winding mutt 
embrace a complete pole pitch, since the M.M.F. set up by the 
armature acts over the whole of this region. The commutating 
winding, on the other hand, is only required to produce a local 
effect on those conductors undergoing commutation. For this 
reason, the interj^ole (or commutating pole) winding is concentrated 
over a narrow area, and one largo tooth is provided on the stator 
core to receive this winding. The main field winding and the 
compensating winding are wound in the same sized slots, displaced 
half a pole pitch with respect to each other, whilst the interpole 
winding is situated on the centre fine of the compensating winding 
and is wound on a single tooth of larger dimensions than its fellows. 

Sphere of Application. — Owing to its variable speed properties, 
the series motor, in common with the other types of single-phase 
commutator motors, is particularly adapted to traction work, and 
for this purpose has been built in sizes up to 3000 B.H.P. For this 
class of work a single-phase system has obvious advantages over a 
polyphase system in the transmission and collection of the current, 
since an earthed return can be adopted and only one live wire need 
be used. The various types of single-phase commutator motors 
have to compote, therefore, with the single-phase induction motor 
and have now practically displaced the latter from the market in 
this class of work. 


Examples 

(1) Explain the origin of the various E.M.F.’s acting in the 
armature of an A.C. series motor. 

(2) A single-phase series motor takes a current of 100 amperes 
at 0*85 power factor. The flux lags behind the applied voltage by 
40°. The resistances of the armature and field winding are 0*3 and 
0*35 ohm respectively. The corresponding reactances are 0*40 and 
0*60 ohm respectively. What are the values of the applied E.M.F. 
and the induced back E.M.F. ? 

(3) What is meant by forced and induced neutralization of the 
armature reaction in an A.C. series motor ? 

(4) Describe the vector diagram for a single-phase series motor, 
and show how the neutralizing of the armature reaction flux results 
in an improvement of the power factor. How is the diagram 
modified at the moment of starting ? 

2K 
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(5) Draw a vector diagram for a single-phase series motor, and 
explain its construction. Explain the effect of the neutralizing 
winding on the proportions of this diagram. 

Describe two methods of connecting the neutralizing winding. 

(6) What are the functions of the various windings on the stator 
of an A.C. series motor and how are they wound ? 



CHAPTER XXX 


REPULSION MOTORS 

Simple Repulsion Motor. — ^The simple repulsion motor consists 
of a field system and an armature with a commutator just like a 
series motor. The difference between the 
two motors lies in their connections and 
action. The field system or stator does not 
possess salient poles, but is built up of toothed 
laminations as in the series motor, thus pro- 
ducing a uniform air-gap. The field wining 
is wound in the stator slots, the position of 
the poles being determined by the winding. 

The armature possesses an ordinary dis- 
tributed winding connected to the commutator 
in the usual way, but the brushes are set at 
an angle of about 70° from the position of 
maximum p.d. on the armature. These 
brushes are short-circuited and are not con- 
nected electrically to the main circuit at all. 

The stator winding producing the main field is connected across the 
supply. The connections of a simple repulsion motor are represented 
diagrammatically in Fig. 352. 

Theory of Operation. — Considering the motor as a transformer in 
which the stator winding forms the primary and the rotor winding > 
the secondary, the maximum p.d. is set up between the points 
AA\ If the brushes be placed on this line the maximum current 
will flow in the armature, but no torque will be produced, since the 
axis of the main field coincides with the axis of the flux set up by 
the armature. To obtain the maximum torque these two fluxes 
should be at right angles to each other in a bipolar case. The position 
corresponding to this is along the line BB\ but if the brushes be 
placed in this position they short-circuit two equipotential points 
on the armature, and thus no armature current is produced. As it 
is essential that both an armature current should flow and a phase 
displacement should exist between the axes of the two fluxes, an 
intermediate position between A A' and BB' is chosen for the 
brushes. In those circumstances, neither the armature short- 
circuit current nor the phase displacement is a maximum, but 
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their instantaneous product has a definite value, whilst in the two 
extreme positions it is zero. 

In the series motor, the rotation is set up by the armature current 
producing poles along the axis of the brushes, those poles being 
attracted to those of the main field of opposite sign. In the present 
instance, however, the armature tends to set itself in such a position 
that it expends the minimum amount of electrical energy, just as 
a sheet of copper suspended in the field of an alternating electro- 
magnet endeavours to set itself so as to produce the minimum 
eddy currents. This means that the armature shown in Fig. 352 
tends to rotate in a counter-clockwise direction. Owing to the 
apparent repelling action instead of the usual attracting action, the 
motor is called a repulsion motor. This action does not take place 
in the series motor, although the transformer E.M.F. is present, 
since the brushes are set in the neutral position. 

If the brushes had happened to lie on the other side of the 
vertical line AA\ the induced rotation would have been in the 


opposite direction, so that in order to reverse the direction of 
rotation, all that is necessary is to move the brush rocker backwards 
through 40° against the original direction of rotation. 

Owing to the fact that the armature is not connected to the 
main circuit, it is possible to design these motors to work directly 
on H.T. systems without the help of a transformer, since only the 
stationary stator winding is connected to the line. In this respect 
the simple repulsion motor has the advantage over the series motor, 
but this advantage is lost when the repulsion motor becomes compen- 
^ sated, as will be seen when the connections 

~ studied (see Fig. 357). 

E.M.F. ’s induced in the Armature. — The flux 
set up by the stator winding cuts the arma- 

ture in a vertical direction in Fig. 353. The 

resulting short-circuit current of the armature 
^ own, the axis of which 

\ ( \ brushes. This latter field 

\ ^ Hf^^can bo resolved into two components at right 

\ ' 'C/ angles to each other. One of these compon- 

\ considered as acting in a vertical 

direction along the line .4 A' so as to oppose 
the main stator flux, whilst the other com- 
M^F ^inducedX^^ ponent produces a horizontal flux along the 

AiTEature. line BB' . This horizontal component of 

the armature flux can be regarded, there- 
fore, as a cross flux in quadrature with the now reduced main 
flux. The armature ampere-tums can also be split up into the 
two components which produce the back and the cross flux. The 
ampere-turns producing the back flux are obtained from the con- 
ductors lying between C and D* and between and C", whilst 
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the ampere-turns producing the cross flux are obtained from the 
conductors lying between C and D and between U and C' , Imagin- 
ing the armature winding to be divided in this manner, each portion 
has two voltages induced in it. The back turns CD* and DC* 
have one E.M.F. induced in them by the transformer action of 
the main field and another E.M.F. due to rotation in the cross 
field. The transformer action of the cross field and the rotation 
in the main field produce no resultant E.M.F. in these turns. The 
cross turns CD and D*C* have a transformer E.M.F. induced in 
them by the cross field and a rotation E.M.F. due to the main field. 
In these turns the transformer E.M.F. of the main field and the 
rotation E.M.F. due to the cross field have no resultant value. 
The transformer E.M.F. 's lag behind their respective fiuxes by 90° 
whilst the rotation E.M.F.’s are in phase with them. 

In addition to these E.M.F.’s in the armature, there is also the 
back E.M.F. induced in the stator winding, due to the transformer 
effect of the original stator flux. 

Torque. — The torque developed by the armature conductors is 
due to the fact that the armature tends to set itself in such a position 
that the currents flowing through it are reduced to a minimum, since 
in this way it reduces its losses to a minimum. In the motor shown 
in Fig. 352 this torque is acting in a counter-clockwise direction. 
But the brushes on the commutator short-circuit a number of turns 


independently of the main short-circuiting lead, and these turns 
tend to set up a flux of their own at right angles to the plane of 
their coils, i.e. at right angles to the bnish axis. This flux inter- 
acts with the main stator flux and tends to produce rotation in a 
clockwise direction. This torque therefore opposes the main 
driving torque, which is weakened by this differential effect. 

Atkinson Repulsion Motor. — The stator field can be imagined to 
be split up into two components at right angles to each other, one of 


those acting along the axis of the brushes 
and the other in quadrature with it. The 
former component is the one producing 
the armature current by transformer effect, 
whilst the latter produces that component 
of the field which may be said to develop 
the torque. The actual stator winding can 
thus be replaced by two windings at right 
angles to each other and connected in 
series, as shown in Fig. 354, F being called 
the field winding and T the transformer 



Fig. 354. — Atkinson Repulsion 
Motor. 


winding. This modification of the simple 

repulsion motor is known as the Atkinson repulsion motor. In 
reality, of course, the two stator windings do not produce separate 
fiuxes, but only one resultant, so that there is no theoretical difference 
between the simple repulsion motor and the Atkinson motor. One 
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advantage possessed by the latter, however, lies in the fact that 
the direction of rotation can be reversed by reversing one of the 
stator windings without touching the brush rocker. 

The connection between the repulsion and the series motor can 
also be explained by a consideration of Fig. 354. The power 
which ultimately appears as useful output is transferred to the 
rotor from the stator winding, T. If this power is supplied directly 
from the stator, by conducting the current from the winding F to 
the armature brushes, and thence to the machine terminal, the 
short-circuit on the armature being removed at the same time, the 
winding T is eliminated, and the motor becomes a series motor 
having exactly the same connections as shown in Fig. 344. 

Vector Diagram. — The approximate vector diagram can bo most 
easily studied by referring to the Atkinson modification on account 
of the splitting up of the stator flux, but it also applies to the simple 
repulsion motor, since there is no theoretical difference between 



the two. The transformer winding, T, in Fig. 354 produces a 
flux parallel to the brush axis, which is represented by Or in the 
vector diagram in Fig. 355. This induces a voltage, in the 
armature by transformer action, this voltage lagging behind Or by 
90°. The stator winding T, acting as the primary of the transformer, 
has a corresponding voltage induced in it, this being counterbalanced 
by the application of an equal and opposite voltage, Aj, this voltage 
leading the flux by 90°. Now the stator current lags behind this 
E.M.F. by a small angle, and this stator current has to produce the 
flux 0/ when flowing through the field winding, F. Owing to the 
hysteresis and eddy current loss, however, the stator current leads 
this flux by a further small angle, since it includes a small active 
component, with the result that the flux O/ is not in quadrature 
with the flux <I)<, but leads it by rather less than 90°. The armature 
now has a second E.M.F. induced in it, due to its rotation in the 
flux O/. This E.M.F. is in phase with the flux <!>/, and is repre- 
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sented by Ej. The resultant armature E.M.F. acting along the 
line of the brushes is the vector sum of Et^ and E/y and is repre- 
sented by Er. The secondary or armature current, /a, lags behind 
this resultant voltage, Er, by a definite angle, a, which depends 
upon the relative magnitudes of the armature resistance and 
leakage reactance. The primary or stator current, L, consists of 
two components. The first is the magnetizing current necessary 
to produce the flux Ot. In an ideal case this lags behind the voltage, 
Et^y by 90° and is in phase with O/, but owing to the presence of 
hysteresis and eddy current losses this current leads the flux by a 
small angle and is represented by /m. The second component of 
the stator current is that required to balance the ampere- turns of 
the secondary or armature circuit and is exactly opposite in phase to 
/a. This component is represented by /'a. The resultant stator 
current, L, is obtained by adding vectorially the two components 
Im and r a- At first sight it may appear as if another magnetizing 
component of the stator current is required for the field winding, 
Fy but this is not so, since the phase of the current is settled by the 
above two components and the field winding, Fy has to take whatever 
current the transformer winding permits. It is seen from the 
vector diagram that the flux 0/ lags behind the current, L, by a 
small angle, this being due to the iron losses caused by this flux. 
Although the field winding, jP, does not introduce any additional 
magnetizing current, yet it brings about a certain voltage drop in 
the stator, and this will be dealt with next. The resistance of the 
complete stator circuit brings about a voltage drop, ERy \n phase 
with the current, L, and the reactance of the field winding, jP, brings 
about another voltage drop, Exy leading the stator current, L, by 
90°. The voltage associated with the flux, Ot, in the transformer 
winding, T, has already been dealt with and is represented by Eti. 
Combining Er and Ex, the impedance voltage, Ez, is obtained, and 
combining this with Eti the total applied stator voltage, Es, is 
obtained. The power factor of the motor is given by cos <f>y where 
<f> is the angle of phase difference between the applied stator voltage, 
Es, and the stator current, L. 

Supply ol Energy to Rotor. — ^The energy which appears in the 
rotor is transmitted to it by transformer action across the air-gap. 
This comes from the transformer winding T and not from JP. The 
latter acts in much the same manner as the field winding of a D.C. 
motor, the only power associated with this winding being that 
necessary to supply its own iron losses. 

Starting. — Repulsion motors can be started up by means of a 
starter like that used for a D.C. series motor, or they may be started 
up by means of an auto-transformer. The latter method is superior, 
inasmuch as it relieves the line to a certain extent of the excess 
current which flows during the starting period. 

When the motor is first switched into circuit the rotation E.M.F. , 
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Ej (Fig. 355), is zero. The resultant E.M.F., Er, acting in the rotor 
circuit is now coincident with Et^. Tlxis has the effect of retarding 
the rotor current in phase considerably, which in its turn causes 
the stator current to lag behind the stator voltage by a larger angle, 
thus reducing the power factor. As the rotor gains speed the 
rotation E.M.F. is gradually increased and the rotor current is 
gradually advanced in phase. This reacts on the stator circuit so 
that the power factor improves as the speed increases. 

Owing to the very large current taken at starting, the starting 
torque is high, notwithstanding the poor power factor. This can 
be seen from Fig. 355, for the torque is proportional to the instan- 
taneous product of the rotor current and the resultant flux. The 
phase of the resultant flux lies in between that of Of and O/, and at 
the moment of starting the rotor current is very nearly in phase 
opposition. As the rotor current is also large at starting, the 
resulting torque is very great. As the motor gains speed the rotor 
current swings round in phase to the position shown in the vector 
diagram, and this produces a drop in the torque, apart from the 
reduction in the actual magnitude of the current. 

Commutation. — The commutator of a repulsion motor is charac- 
terized by its relatively large diameter and high number of bars, 
just as is the series motor. The brushes also are made very narrow. 
In the short-circuited coils there are two distinct E.M.F.’s induced 
in addition to the usual reactance voltage due to the reversal of 
the current. The two E.M.F/s are due to the transformer action 
of the field winding, F (Fig, 354), and the generator action of the 
transformer winding, T. The transformer E.M.F. lags behind the 
flux due to F by 90®, whilst the rotation voltage is 180® out of 
phase with the flux due to T, Since the two fluxes are very nearly 
in quadrature, it follows that the two E.M.F. *s are very nearly in 
phase opposition and tend to neutralize each other. This neutraliza- 
tion is most complete at the synchronous speed, so that the commu- 
tation is best at speeds in tliis neighbourhood. 

D6rl Motor. — The torque developed is influenced by the position 
of the brushes, so that speed regulation can be obtained by moving 
the brushes. With the ordinary repulsion motor, however, a small 
movement of the brushes produces a large variation in the torque. 
In addition to this, the armature coils are subjected to an excessive 
short-circuit current when the brushes are in the extreme position 

In the D^ri type of repulsion motor these objections are over- 
come by employing a double set of brushes as shown in Fig. 356. 
One set is fixed permanently in position, whilst the other set is 
capable of movement round the commutator. The number of 
brush spindles is now equal to twice the number of poles. The 
fixed brush spindles are set along the axis of the single stator wind- 
ing, and each of these is connected to one of the movable brush 
spindles. The resultant axis of the armature M.M.F.’s is now that 
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indicated by the dotted line, and a given movement of the brushes 
results in a much smaller displacement of this resultant axis than 
when single brush spindles are employed. In this way a much 
finer speed control is obtained. 

Compensated Repulsion Motor. — In the Atkinson repulsion motor, 
the stator winding was split up into two components, one acting 
along the line of the brushes and the other at right angles to it. 
The flux due to the latter component can be produced directly 
from the armature, by transformer action, without the aid of this 
second winding, which can be done away with altogether. The 
flux due to the winding, jP, in Fig. 354 is proportional to the stator 
current. If this stator current were passed through the armature 
by means of two additional sets of brushes on the commutator 
arranged along the axis of the winding F, the resulting armature 
ampere- turns set up along this axis would act in the same direc- 
tion as the ampere-turns of the stator winding F. The diagram 
of connections of this new variation, which is called the com- 
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Fio. 357. — Compensated Repulsion Motor. 


pensated repulsion motor, is shown in Fig. 357. An important point 
to notice is that there are four brush spindles, although it is only 
a two-pole machine. One pair of brushes, AA', is set along the 
axis of the single stator winding. These brushes are short-circuited 
and carry what is called the armature or the short-circuit current. 
The other pair of brushes, BB' , is set along a line at right angles to 
the first pair and is connected in series with the stator winding. The 
current passed through these brushes is the stator, or exciting current, 
as it is termed. Tliis current, by passing through the armature, sets 
up a number of ampere- turns which produce a flux in the direction 
BB\ This flux combines with the flux set up by the stator winding 
directly, producing a resultant flux which acts along an axis in 
between A A' and BB\ If the motor be regarded in this manner, it is 
seen to be the equivalent in principle of the simple repulsion motor. 

One result of this modification is that the second stator winding 
of the Atkinson repulsion motor is done away with, and as this 
winding produced the main field flux, its removal leads to the elimina- 
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tion of the reactance associated with it. In the simple repulsion 
motor, the one stator winding fulfilled the same functions as both 
the stator windings of the Atkinson repulsion motor, so that the 
stator reactance of this motor is reduced as well. The effect on 
the behaviour of the motor can be studied by means of the vector 
diagram in Fig. 355. The voltage drop due to the reactance of 
the field winding, F, is there represented by Exy and if this com- 
ponent be eliminated the stator voltage, Esy is brought more nearly 
into phase with the stator current, 1$. It is thus seen that the 
compensation of the motor leads to an improvement in the power 
factor which is maintained at a high value over a wide range of 
hyx)ersynchronous speeds. 

If the brushes A A' be removed, it is seen that the motor changes 
into a simple series motor, but this alteration causes a profound 
change in its working, since the two motors are quite different in 
their action. 

Winter-Eichberg Motor. ^ — One of the advantages possessed by 
^ the simple repulsion motor over the series motor lay in the fact 



FlO. 358. — Wlnter-Eichbcrg Motor. 



Fio. 359. — Serles-RepulsloD Motor. 


that the armature was not connected to the stator winding, which 
could therefore be wound for high voltages. This advantage is lost 
in the compensated repulsion motor, since the armature is connected 
in series with the stator across the brushes BB\ The improvement 
in the power factor is thus obtained at the expense of limiting the 
voltage on which the motor may be used. If the armature brushes, 
BB^diie fed from the secondary of a transformer, however, this advan- 
tage may be regained, and this is the arrangement adopted in the 
Winter-Eichberg motor which is illustrated diagrammatically in 
Fig. 358. By providing the transformer with a number of tappings 
it may be used for starting the motor in addition to its normal 
use, the stator being switched straight on to the supply. 

Both the stator winding and the transformer supplying the 
armature have good power factors, since they act like loaded trans- 
formers, so that the resulting power factor of the motor is very good. 

^ This motor is sometimes termed the Latour-Winter-Eichberg motor, 
since it wcui invented by Latour, working independently of Winter and 
Eichberg, about the same time. 
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In common with the simple repulsion motor, its power factor is 
poor at the moment of starting, but this improves rapidly as the 
motor gains speed. 

Series-Repulsion (or Doubly Fed) Motor. — In the series motor, 
power is fed directly into the rotating element, whilst in the repul- 
sion motor the power is supplied to the stator and is transferred to 
the rotor by inductive action. In the series-repulsion motor useful 
power is fed into both stator and rotor. The connections are shown 
in Fig. 359. As the rotor is in series with the upper stator winding, 
there is a series motor action, but the rotor may also be considered 
as operating on a closed circuit of its own, and the combination of 
the two stator windings enables it to operate as a repulsion motor. 

Repulsion-Start Single-Phase Induction Motor.— This motor is 
constructed like a repulsion motor, having an armature, com- 
mutator, and brushes which are short-circuited in the normal way. 
During the starting period the brushes are in contact with the 
commutator and the motor develops a large starting torque as a 
repulsion motor. When a certain speed is attained a centrifugal 
governor operates a short-circuiting device which short-circuits the 
whole of the commutator, at the same time removing the brushes 
from the commutator, thus eliminating a large amount of wear. 
This converts the motor into a single-phase induction motor, and 
as such it continues to run. 


Examples 

(1) How does change of brush position affect the performance of 
a repulsion motor ? 

(2) What are the advantages gained by employing four sets of 
brushes on the armature of a bipolar machine, as in the case of the 
D^ri motor ? 

(3) Explain the principle of action of a compensated repulsion 
motor suitable for use on a high voltage. 

(4) Draw a diagram of connections for a compensated repulsion 
motor with a variable ratio auto-transformer for starting purposes. 
Explain the action of the motor. 

Show that such a motor can be used directly on a high-voltage 
supply. 

(5) Draw the vector diagram for a single-phase repulsion motor. 
Explain how this diagram is derived, and show, by its aid, why 
the motor develops a large starting torque. 
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SINGLE-PHASE SHUNT MOTORS 

Simple Shunt Motor. — Both the series and the repulsion motor 
'' have series characteristics, and for certain operations a shunt 
characteristic is desirable. A simple shunt motor, with a laminated 
frame, however, has no commercial value for several reasons. 
Owing to the many turns on the field winding, this circuit is very 
inductive, giving rise to an extremely low power factor. The large 
phase angle between the armature and field currents results in a 
greatly reduced torque and a low weight efficiency. Sparking at 
the commutator is also troublesome. The operation is greatly 
improved if a two-phase supply is available, the field being supplied 
from the leading phase . but in that event a two-phase induction 
motor is preferable. 

Shunt-induction Motor. — ^The connections of this motor are 
represented in Fig. 360, the phase angle trouble now being over- 
come. The stator winding sets up a flux lagging by 90° behind 
the stator E.M.F. and, assuming rotation, 
there is an E.M.F. induced in the rotor 
across the commutator bmshos, XX, in 
phase with the flux. These brushes being 
short-circuited, the resulting current, called 
the exciting current, lags by an angle ap- 
proximating to 90°, so that the rotor flux 
due to this is almost in phase opposition 
with the supply voltage. (In the simple 
shunt motor the flux lags behind the 
supply voltage by a very large angle.) 
The working armature current is induced 
by transformer action and flows between 
the second pair of short-circuited brushes, 
YY, lying along the axis of the stator flux. This current is ap- 
proximately in phase opposition with the stator applied E.M.F., 
and therefore in phase with the rotor flux due to the exciting 
current along the axis, XX, and the torque is duo to the interaction 
of these two. As the exciting current is proportional to the speed, 
the torque is zero at standstill, so that the motor is not self-starting. 
It must, therefore, be started either as a series or as a repulsion 
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Fia. 360.— Shunt induction 
Motor 
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motor. The magnitude of the exciting flux is, however, inde- 
pendent of the armature current and the load, so that the motor 
has a shunt characteristic. 

With a lap winding there are two sets of brushes per pole, but 
with a wave winding there need not ever be more than four sets. 

This motor has the same characteristics as the single-phase 
induction motor, viz. a relatively constant speed, low power factor 
and no starting torque. The efficiency is less since there are addi- 
tional brush and commutator losses. 

Compensated Shunt-induction Motor. — In order to improve the 
power factor, the phase of the exciting current must be advanced, 
or rather it must be prevented from falling behind. The stator 
E.M.F. leads the E.M.F. induced between XXy so that phase com- 
pensation can be provided by injecting into the rotor circuit an 
E.M.F. having the phase of the stator E.M.F. This is done in 
Fig. 361 (a), which shows a secondary winding on the stator con- 
nected to the exciting brushes, the main stator winding acting as 


(h) (C) 

Fio. 361. — Compensated Shunt-induction Motor. 

the primary of a transformer in order to provide the necessary 
E.M.F. In Fig. 301 (6) the exciting brushes are connected directly 
across a section of the stator winding, which now acts as an auto- 
transformer. 

In order to make the motor self-starting, the brushes are tilted 
by 15° and an automatic switch is placed in the rotor exciting circuit 
as shown in Fig. 361 (c). With this switch open the motor starts 
as a repulsion motor. When a certain speed is attained the switch 
can be closed either by hand or automatically by means of a centri- 
fugal device. 

If this switch is omitted, the flux producing acceleration is 
materially reduced and the starting torque is loss. The motor is 
now known as a repulsion-induction motor. 

In one design the commutator is completely short-circuited by a 
centrifugal device when running, the motor then operating as a 
single-phase induction motor (see page 507). 

Instead of tilting the brushes the same result can be attained 
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by providing an additional winding on the stator in space quad- 
rature with the main winding as in the Atkinson repulsion motor 
(see Fig. 354). Starting can now be effected by controlling the 
magnitude of the main armature current. 

Speed Regulation by Field Control. — The working field is con- 
troll^ by the strength of the exciting current. By adding induct- 
ance in this circuit, the exciting current is reduced, thus raising the 
speed, and by adding capacitance the exciting current is strengthened, 
thus lowering the speed. The connections are shown in Fig. 362 {a). 

As an alternative the field control can be obtained by the aid 
of an auxiliary winding on the stator energized from the armature as 
shown in Fig. 362 (6). The armature acts as the primary of a trans- 
former and the auxiliary winding as the secondary, and the E.M.F. 
of the latter modifies the value of the exciting current. This 







( (b ) 

FlO. S62. — Speed Retpilatlon by 
Field Control. 




Fio. 363. — Speed llegulatlon by Voltage 
Control. 


auxiliary winding may also be used for starting purposes by dis- 
connecting it and re-connecting it in the main stator circuit. The 
exciting bnishes now being ox)en-circuited, the motor starts as a 
repulsion motor. 

Speed Regulation by Voltage Control. — Instead of varying the 
field strength, the desired speed regulation may bo obtained by 
controlling the main armature current. To do this, the voltage 
across the main bnishes is regulated by the introduction of an 
additional E.M.F. as shown in Fig. 363. The motor is now a t 3 rpe 
of doubly-fed motor, energy being fed into the rotor both directly 
and inductively. This particular variation is known as the series- 
repulsion shunt motor. 


Examples 

(1) Tabulate, by diagrammatic sketches, the chief types of single- 
phase commutator motors, with bripf notes relating to each. 

(2) What are the means adopted for starting shunt-induction 
motors, and how is speed regulation effected ? 
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THREE-PHASE COMMUTATOR MOTORS 

Rotating Field in Commutator Motor. — The polyphase winding 
on the stator sets up a synchronous rotating field, and this is acted 
upon by another rotating field due to the rotor. The frequency 
of the E.M.F.’s induced in the rotor is proportional to the rate 
at which the rotor conductors cut the flux, i.e. the difference between 
the synchronous speed of the rotating field and the speed of the 
rotor, or the speed of slip. In general this slip may be either 
positive or negative, so that the speed is not confined to sub- 
synchronous values. The action of the commutator adds to this 
frequency a further number of cycles per second which is propor- 
tional to the speed. The resultant frequency at the brushes is 
equal to the sum of these two, or, 

Stator frequency = Frequency of slip + Frequency of speed, 

just as in the case of the induction motor. The rotating field due 
to the rotoi rotates at slip frequency with respect to the rotor and, 
considering the actual spe^ of the latter, at synchronous speed with 
respect to the stator. The M.M.F.’s due to the stator and rotor 
rotating with the same speed and having a space displacement with 
respect to each other, there is a torque set up the magnitude of 
which depends upon the ampere-turns in the two windings and 
upon the space angle referred to above. The direction of this torque 
is independent of the direction of rotation of the rotating field ; it 
only depends upon whether the rotor pole is to the right or to the 
left of the stator pole. It is, however, usual for the motor to rotate 
in the same direction as the rotating field,, as better operating 
characteristics are then obtained. 

Three-phase commutator motors can be designed with either 
series or shunt characteristics, and variable speeds can be obtained 
without great loss of efficiency. 

Three-Phase Series Motor. — Each one of the three stator phase 
windings is comiected in series between the commutator brushes 
and the supply, as shown in Fig. 364. In order to enable the motor 
to be used on high voltages a transformer is interposed between the 
supply and the stator [see Fig. 364 (a)]. This transformer must be 
rat^ for the full power of the motor. An alternative method of 
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connection is to place the transformer between the stator and rotor 
winding [see Fig. 364 (6)]. This is permissible since the stator may 
be wound for high voltages, whereas the rotor may not. The 
transformer is now much reduced in size, since it only deals with 
the portion of the power which is fed directly into the rotor. A 
large portion of the power is fed into the rotor inductively across 
the air-gap, and this power does not pass through the transformer. 
On account of commutating conditions, the transformer is necessary 
for all voltages higher than about 200 volts. 

The space displacement angle between the stator and rotor 
M.M.F.^s can be varied throughout 180° by altering the position of 
the brushes, and as it is the resultant of these M.M.F.'s that pro- 
duces the flux, this will therefore vary with the bnish position. 
The flux also depends upon the current flowing through the windings. 



stator Rotor 



FlO, 364. — Threc-Pha.so Series Motor. 

The rotating field induces a back E.M.F. in the stator winding 
proportional to the stator frequency and the flux. There is also a 
back E.M.F. induced in the rotor winding proportional to the 
frequency of slip and the flux. This rotor back E.M.F. is zero at 
synchronous speed and a maximum at standstill. In addition to 
these E.M.F. ’s there is also an impedance voltage which is approxi- 
mately proportional to the current. The flux being determined by 
the brush position and the current, the back E.M.i\ is determined 
by the same factors, so that given values of these correspond to 
one definite constant speed. With a given current the speed can 
be altered by change of brush position. 

Light Load Conditions. — On low loads the current and the flux 
are weak, so that the 8j)eed rises to a high value in order to generate 
the necessary back E.M.F. There is now a relatively small voltage 
drop across the stator and a correspondingly large ono «kcro8s the 
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rotor, and in order to prevent racing on light loads the transformer 
supplying the rotor is designed so that it becomes saturated when it 
supplies this large voltage. In consequence the magnetizing cur- 
rent of this transformer is greatly increased, and as this current 
circulates through the stator windings, it increases the flux and thus 
prevents the speed from attaining a dangerously high value. The 
no-load speed is usually designed to be about 50 per cent, above 
synchronism, and as the motor becomes somewhat unstable in its 
operation below a speed of 50 per cent, of synchronous speed, a 
speed range of 3 : 1 is obtained. The speed-torque curve is like 
that of an induction motor with added rotor resistance, except that 
hypersync hronous speeds are reached on the low loads. 

The stability of this motor can be improved by connecting it in 
delta for the high speeds and in star for the lower ones. 

Series Motor with Fixed and Movable Brushes. — Two sets of 
brushes are now employed, one fixed and one movable as shown in 
Fig. 3p5. Each movable brush is 
coimected to the other end of the 
transformer winding to which the 
corresponding fixed brush is con- 
nected. If the two sets of brushes 
touch the same commutator bars, the 
transformer secondaries are short- 
circuited, and no rotation ensues. 

If the movable brushes are rotated Trans/brmer^ 

through one-third of a pole pitch, 
the transformer secondaries are con- 
nected in simple delta. Speed regulation is obtained by brush 
movement. 

Three-Phase Shunt Motor. — The stator is made like that of an 
induction motor and is connected to the supply, whilst the rotor is 
made like a D.C. armature and is connected through a transformer, 
also to the supply [see Fig. 366 (a)]. Tappings on this transformer 
enable the armature voltage to bo varied at will. Alternatively, an 
induction regulator may bo used instead of the transformer, voltage 
variation being obtained by movement of the rotor. The stator 
winding itself may be used as the transformer, the armature being 
supplied from tappings on this, as shown in Fig. 366 (6). 

The phase of the currents supplied to the rotor can be altered 
by using an interconnected winding on the transformer (see Fig. 
171). Each phase winding contains a coil in series with it from 
another phase. In this way a great improvement in power factor 
is obtained. When the stator winding itself is used as the trans- 
former the connections shown in Fig. 366 (c) may be used. There 
is now a small delta in the middle of the voltage star and this alters 
slightly the phase of the voltage between line and the true star point. 

The stator winding sets up a rotating field, and at standstill 
2 L 
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this flux cuts the rotor conductors at synchronous speed, inducing 
in them a voltage proportional to the supply frequency, the magni- 
tude of the flux and the number of rotor turns. If the rotor be 
allowed to rotate in the same direction as the flux, the rate of 
cutting lines will be reduced and the rotor induced E.M.F. will 
fall. The frequency of this E.M.F. in the winding itself will also 
be lower, but as the brushes are stationary, the frequency external 
to the brushes will still be that of supply. The magnitude of the 
voltage across the brushes is a maximum at standstill, zero at 
syTichronous speed, and of opposite sign for speeds higher than that 
of synchronism. With reverse rotation the voltage is increased 
from standstill. 


The current-flowing in the armature is due to the resultant voltage 



Stator J^otor 
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Fio. 366. — Three-Phase Shunt Motor. 


acting. This has three com- 
ponents, viz. the voltage im- 
pressed on the armature by 
the transformer, that induced 
in the winding duo to its rota- 
tion in the flux, and the im- 
pedance drop. On Light load 
the current is small, so that 
the induced voltage is practi- 
cally equal to the impressed 
voltage. To effect this the 
motor must run at a certain 
speed. As the load increases 
the impedance drop increases, 
so that a vector difference 
appears between the values of 
the impressed and the induced 
E.M.F. 's. It follows, therefore, 
that the motor has a shunt 


characteristic, since the impedance of the armature circuit is low. 


Speed variation can be obtained by altering the transformer tappings, 
the number of speeds being equal to the number of tapping points. 

Neglecting the relatively small armature impedance, the im- 
pressed voltage is zero at synchronous speed. If the tapping points 
on the transformer are continued beyond the star point, reverse 
voltages are impressed on the armature and the direction of slip is 
reversed. In this way hypersynchronous speeds are obtained. 
This can also be applied to the tappings on the stator winding, 
when a separate rotor transformer is not used. 


The power required to run the motor at synchronous speed is 
transmitted to the rotor inductively from the stator across the air- 


gap. The transformer only deals with the slip power, so that it is 
relatively small. This slip power is reversible. Above synchronous 
speed, power is supplied through the transformer to the rotor, but 
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below synchronous speed, power is returned to the mains from the 
rotor. The efficiency is thus maintained at a relatively high figure. 

Sc hrage Mot or. — This motor, which is a variable speed one with 
shuiTt uTliiracteristics, has two sets of brushes on its commutator. 
These are moved in opposite directions, the rockers being geared 
together for this purpose. The front end of each stator phase wind- 
ing is connected to a brush in one set, whilst the rear end of the same 


phase winding is connected to the corresponding brush in the other 
set. The main primary winding is placed on the rotor in this 
motor and is fed through slip rings. In addition there is a special 
regulating winding on the rotor, this being connected to the various 
commutator bars. This winding is wound in the same slots as the 
main primary winding. Speed regulation is obtained by moving the 
brushes, each position, of which corresponds to a definite speed and 
^ definite commutator voltage (see Fig. 367). 

As with the three-phase shunt motor and the induction motor 


with a phase advancer, {sub- 
synchronous speeds are obtaTneii 
by impressing on the rotor an 
E.M.F. which has the same fre- 
quency but an opposite sense to 
the induced E.M.i\ In order to 
obtain hypersynchronous speeds, 
the impressed E.M.F. is reversed. 
This necessitates a reversal of 
the induced E.M.F., which is 



Ma/nPol‘or Commutator Stator 


SiipPinp yffnat/o^ 

Fig. 367. — Schrage Motor. 


brought about by making the conductors cut the flux in the 
opposite direction. In other words, the shp becomes negative. ^ 

Theory of Operation. — In order to study the operation of this 
motor, assume the primary winding to be stationary, together with 
the commutator, the brushes rotating together with the secondary 
winding, at the speed of the motor. The regulating winding is 
dispensed with for the moment, the commutator being connected 
to the main prima^ winding. The comiections now appear as 
shown in Fig. 368. ? The voltage bet^veen any two brushes such as 

and 6^, due to the primary winding, is proportional to the angular 
displacement between them. Ilf these brushes are made to rotate 
around the stationary comTffutator, the magnitude of the voltage 
will not bo altered, but the frequency will vary with the speed. 
With the brushes stationary, the frequency of the voltage between 
each pair is the full supply frequency, but this falls to zero when 
synchronous speed of the brushes is attained. For still higher speeds 
the frequency commences to rise again, being always the frequency 
of slip. The induced E.M.F. in the secondary winding also has a 
frequency equal to that of slip. 

Summarizing the above, the magnitude of the voltage between 
the pairs of brushes is proportional to the angular displacement, 
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the frequency to the speed of slip, whilst the actual phase depends 
up0n the position of the mean brush axis. 

;J[f ai and touch the same bars, then the motor is equivalent 
to an induction motor with a short-circuited secondary* (TSeparat- 
ing the brushes causes an EIM'.F. to be injecteS* into the rot^ circuit, 
so that the motor is now equivalent to an induction motor with a 
phase advancer. This produces a _droj> (or alternatively a rise) 
in speed of such a magnitude that the injected E.M.F., the induced 
E.M.F. and the impedance drop add up vectorially to zero. A 
different speed is thus obtained for each angle of brush separation. 
By interchanging the positions of and hy 7 )er 8 ynchronous speeds 
are obtained, through the reversal of the injected E.M.F. and the 
consequent reversal of the induced E.M.F. 



FlO, 308.— Windings In Simple Schnipc Motor. 

(By courtcjry of the British Thomson-Ilouston Co., Ltd.) 


The practical speed range is from about 50 per cent, above to 
about 50 per cent, below synchronism, thus giving a 3 : 1 ratio. 

( When load is applied, the rotor current rises and the imped- 
ance voltage drop is increased, so that the motor has a shunt 
characteristic. 

Actual Arrangement of Windings. — ^Thore is a practical objection 
to having rotating brushes, inasmuch as the control of the displace- 
ment is difficult. The primary is therefore wound on the rotor, 
being fed through slip rings. There is now a rotating commutator 
and stationary bnishes. Another practical objection is that for the 
ordinary voltages in use, the volts between adjacent commutator 
bars are too high with a single j)rimary rotor winding. In order to 
overcome this, a second rotor winding is used, wound in the same 
slots as the main primary winding, but with less turns, this second, 
or regulating winding, .as it is termed, being energized by trans- 
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former action from the main winding, "^he commutator and brush 
gear are thus operated at a lower voltage. The main primary 
winding is placed at the bottom of the slots, the regulating winding 
being placed at the top of the same slots. The brush gear is 
mounted on two yokes which are moved in opposite directions by 
gearing. The arrangement of the windings is shown in Fig. 3G9. 

Action of Regulating Winding. — ^The primary current sets up 
a rotating field with respect to the rotor, which rotates in the 
opposite direction like an inverted induction motor. E.M.F.'s are 
induced in the secondary winding on the stator at slip frequency, 
and in the regulating winding on the rotor at supply frequency. 
The latter are changed at the commutator also to slip frequency. 


Secondary Winding 



Dg Cq 


Fio. 300, — Vrmni?eraent of Windings in Schrage Motor. 

(By cuiirt<‘.sy of the British Thonison-Ilouston Co., Ltd.) 

The voltage between commutator segments is constant for all 
speeds, and so the motor is superior in this respect to the plain 
three-phase shunt motor where the vbltage between segments is a 
maximum at standstill and zero at synchronism. The commuta- 
tion of the Schrage motor is therefore better at starting, and it can 
bo designed witli a higher starting torque. A further advantage 
possessed by the Schrage motor is that a gradual speed change is 
obtained by change of brush position, instead of a change in definite 
steps by alteration of transformer tappings. 

Vector Diagram. — Assume the motor to be running at sub- 
synchronous speed with the brushes equally displaced on either side 
of the neutral axis, so that the phase of the regulating volts is 
exactly the same as that of the back induced E.M.F. in the appro- 
priate primary winding. In Fig. 370, let O represent the flux set 
up by the magnetizing current, /m, flowing in the primary winding. 
The secondary induced E.M.F., lags behind this flux by 90®. 
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The frequency of this voltage is really that of slip, but taking the 
actual rotation into account as well, it has the same effect as the 
supply frequency when considered with respect to a fixed point 
on the rotor, which carries the primary winding. (The same con- 
ditions arise in the vector diagram of the induction motor.) The 
E.M.F. induced in the regulating winding has the same phase as 
E2 and is represented by Er, The vector difference between E^ 
and Er is the resultant voltage producing current in the secondary 
circuit, and as this possesses reactance as well as resistance, the 
secondary current, 1 2, lags as shown in the vector' diagram. The 
voltage difference between E^ and Er is shown split up into its two 
components, 1 2^2 and 1 2^2^ phase and in quadrature with the 
current respectively. In order to balance the ampere- turns of the 
secondary current, an equivalent current, /'i,is taken from the supy)ly 
by the primary winding, and this, when combined with the magnetiz- 
ing current, /m, forms the total primary current, The flux 



Fia. 370.— Vector Diagram of Schrage Motor with Neutral Brush Axis. 

cl> also causes a back E.M.F. to be induced in the primary winding, 
and this necessitates the application of a voltage, E\y in order 
to neutralize it. To this voltage must bo added the resistance 
and reactance drop.s, IiRi and IiXi respectively, in order to obtain 
the resultant applied slip ring voltage, Ei, The power factor 
is given by cos <f>. 

When_the speed- is below that of synchronism, the current in 
the regiilating winding is flowing in opposition to the induced volt- 
age in it„80 that it is being supplied with power from the secondary 
winding. This power is transferred back to the main primary wind- 
ing by transformer action with the regulating winding, so that a 
reduction in speed is accompanied by a corresponding drop in 
power taken from the mains. This is not the case with the plain 
induction motor. 

At synchronous speed the regulating winding is cut out, since 
the several pairs of brushes touch the same commutator bars. Er 
now disappears in the vector diagram and, neglecting losses, no 
power is transferred either way by the reg ating winding. 

For hypersynchronous spe^s the b^ )8 are displaced in the 
reverse direction, thus reversing the se of the E.M.F. injected 
into the secondary winding. The resultant secondary E.M.F. is 
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now increased by the action of the regulating winding, and as a 
consequence more current flows. This current now has the same 
sense as the E.M.P. in the regulating winding, so that electrical 
power is being given out by it, this power being obtained by trans- 
former action from the main primary winding. In other words, 
extra power is drawn from the supply on account of the increased 
output at the higher speed. 

The regulating winding and the commutator only deal with the 
slip power, or the difference between the powers corresponding to 
synchronism and the actual speeds, and consequently are of rela- 
tively small magnitude. 

Power Factor Adjustment. — If all the brushes be moved bodily 
round the commutator, the phase oTthe regulating voltage is altered, 
and by this means it is possible to improve the power factor of the 
motor. If this be done the vector diagram takes the form shown in 
Fig. 371, where Eu is shown lagging behind The secondary 



Fia. 371. — Effect of Alteration of Brush Axis. 


impedance triangle is tilted round and the current, /g, is brought 
more nearly into phase with E^- This improvement is reflected 
in the primary circuit with a consequent rise in power factor. Whilst 
this is true for subsynch ronous speeds for which the vector diagram 
in Fig. 371 is drawn, the reverse is the case for hypersynchronous 
8i)eed8. Thi8 can be seen by reversing Er, when the vector com- 
pleting the voltage triangle is found to lag behind E^, thus causing 
the current to fall behind in phase instead of being advanced. Thus 
whilst the power factor is raised for subsynchronous speeds by this 
means, it is made worse at hypersynchronous speeds. In the former 
case the power factor is inherently rather low, whilst in the latter 
case it approaches unity, so that on the whole a certain amount of 
permanent brush displacement is desirable, particularly as this also 
improves the starting torque. , By operating the two sets of brushes 
through a differential gear, a gradual change of brush axis is obtained, 
so as to counteract the adverse effect at the higher speeds. 

Compensated Induction Motor. — If the brushes in a Schrage 
motor be advanced through 00'', a leading E.M.F. is impressed on 
the secondary stator windings from the regulating winding. This 
causes the phase of the secondary currents to be advanced, and 
this again is reflected by a .corresponding advance in phase on the 
part of the primary currents in the main rotor windings which are 
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fed from the supply by way of the slip rings. A rise in power 
factor is thus brought about. The motor is now worked with a 

fixed brush position, starting 
being effected by means of three 
variable starting resistances each 
connected between a secondary 
(stator) winding and the corre- 
sponding brush on the com- 
mutator. 

As an alternative, the stator 
windings may be connected in 
star, the three ends being taken 
to three sets of fixed brushes,’ 
the other three sots of brushes 
being now omitted. This motor, 
known as the No-Lag motor, is 
started by opening the star point 
of the stator windings and inserting an ordinary three-phase in- 
duction motor resistance starter, which is gradually cut out as the 
motor gains speed. A diagram of connections of this motor is 
shown in Fig. 372. 

Examples 



Fio. 372. — Thrcc-Pliase No-Lag Motor. 


(1) What steps are taken to prevent a three-phase scries motor 
from racing on light load ? 

(2) Draw a diagram of connections to show how speed variation 
can be obtained in a three-phase shunt motor. 

(3) Compare the Schrage motor with (a) a three-phase induction 
motor, with and without a phase advancer, and (b) a three-phase 
shunt motor. 

(4) Draw a diagram of connections of a three-phase Schrage 
motor, and show why an alteration of the distance between brush 
spindles produces a change in speed. 

(5) Draw a vector diagram of a Schrage motor with the phase 
of the regulating voltage displaced by 30° from the neutral position 
(a) for subsynchronous and (h) for hypersynchronous speed. 

(6) A plain three-phase series motor is to have a speed regulation 
of 3 : 1, this being obtained by means of an auto- transformer. Show 
that if the latter is connected between stator and rotor windings, it 
need only have one-third of the kVA rating which would be necessary 
if it were connected Ixjtween the stator windings and the supply. 

(7) A three-phase commutator motor has its stator winrlings 
connected in star across the bus-bars. The three sets of brushes 
on the commutator are connected to tappings on the secondary 
windings of a three-phase transformer, the primary windings of 
which are also connected to the bus-bars. Show that such a 
motor has a “ shunt '' characteristic. How is speed regulation 
obtained, and why ? 
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POWER FACTOR CONTROL 

Effect of Low Power Factor. — In view of the fact that the great 
majority of loads comjain more inductance than capacitance, the 
current in most transmission lines lags behind the voltage, giving rise 
to power factors of less than unity. This means that the line current 
for a given power transmitted is greater than it need be and causes 
two results. First, the losses in transmission are increased, or, 
conversely, the size of wire is increased, leading to the employment 
of larger quantities of copper, and, second, the voltage regulation 
is made poorer, due to the increased voltage drop in the line with the 
larger currents. To illustrate this fact, the case will be considered 
where a given amount of power is transmitted at a power factor of 
0-7, and comparison will bo made with what would be the case if 
the power factor were unity. The current is inversely proportional 

to the power factor and is — of its minimum value, or 43. per cent. 

greater than it need be. If the size of wire be kept constant through- 
out, the losses, being proportional to the square of the current, are 

, or approximately double their value in the ideal case. If 

the losses are kept the same, approximately double the amount of 
copper must be employed. The latter arrangement leaves the 
regulation unaltered, but the former results in an increased voltage 
drop. These figures, which are quite practical ones, will suffice 
to show the magnitude of the effect and the desirability for 
improving the power factor wherever possible. 

General Method of Improvement. — The power factor of a system 
can be improved in two main ways. The first is to use only that 
apparatus which works at approximately unity power factor, and 
some supply authorities make it a rule not to allow motors of more 
than a given output and working below a certain power factor to 
be connected to their mains. In general, however, this method is 
impracticable. The second method is to add to the existing load, 
apparatus which will take a leading current of such a magnitude as 
to neutralize the lagging current brought about by the general 
character of the load. This method is now widely adopted. 
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Magnitude of the Required Reactive Current.— For the purposes of 
investigation the load current, which is imagined to lag behind the 
line voltage, can be split up into an active component and a reactive 
component, the latter lagging by 90° behind the line voltage. In 

Fig. 373, I represents the load current 
lagging behind the line voltage E by an 
angle <j> such that cos is equal to the 
power factor. The active component of 
the current is equal to Ip = I cos <f> and 
the reactive component is equal to II 
fiq. 373.— Showing Effect of = / sin <^. In order to neutralize this 

reactive current, it is necessary to add 
a leading current, Ic, of the same magni- 
tude. The vector sum of I and Ic is then given by Ip, which is 
less than /. The current is thus brought into phase with the 
voltage, raising the power factor to unity, and its magnitude is 
decreased at the same time without any reduction in the amount of 
power transmitted. The magnitude of the required leading reactive 
current is, therefore, 

Ic = I sin (f> 

= / X V 1 — cos^ <l> 

= / X Vi — (power factor)*. 

The relation between the power factor and the value of Ic 
orpressed as a percentage of the Une current I is represented in 




Initial Tower Factor. 

Fio. 374. — Relation between Added Leading Current and Initial Power Factor. 


Fig. 374. The varying steepness of this curve shows that different 
amounts of leading current are required at different power factors 
in order to effect the same improvement. When in the neighbour- 
hood of unity power factor a greater amount of additional leading 
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current is required for a given improvement than is the case at low 
power factors. This really means that it is easier to raise the power 
factor when it is very low than when it is high. 

The above reasoning applies equally well to a polyphase system, 
provided that in Fig. 374 the added leading reactive current and the 
line current refer to the same circuit. 

kVA Diagram. — In a simple series circuit the voltage E may 
bo split up into an active component Ep and a reactive component El 
(or Ec)- On multiplying each side of this voltage triangle by the 
current I and dividing throughout by 1000, a kVA diagram is 
obtained as shown in Fig. 375. Vertical lines drawn above and below 
the horizontal represent lagging and leading reactive kVA respec- 
tively, the one neutralizing the other. This diagram may represent 
the total effect of all phases in a polyphase case, but a balanced 
circuit must then be assumed. 

Improvement by Condensers. — The first obvious way of providing 
a leading current in addition to the existing load current is to 
connect a number of condensers in parallel across the mains at the 





Fig. 375.— kVA Diagram. 


receiving end. The capacitance C in farads necessary to bring the 
power factor iq) to unity is easily calculated from a knowledge of the 
power transmitted, voltage, frequency and initial power factor. 
Considering first a single-phase case, where these quantities are 
represented by P, E, f and (p.f.) respectively, the magnitude of the 
required condenser current is 


Then 


and 


Zc = / X Vl - ip.f.f. 
2nfCE --= I X Vi - {pTf 
P 


X Vi — (p-f-)^ 


C = : 


E (P-f-) 

\ (P. f.)^ 
P 




1 


ipf-)^ 


2r.fE^ ^ {p.f f 


It is thus seen that a high frequency is desirable when condensers 
are used for improving the power factor, togetlier with as high a 
voltage as the condensers will stand. For very high voltages, the 
actual value of the voltage does not much matter, for the cost per 
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microfarad is approximately proportional to the (voltage)*. This is 
also true when L.T. condensers are arranged in series, for the 
resultant capacitance of a group is again inversely proportional to 
the square of the number connected in series. 

In a three-phase transmission, the power is given by 

P = VSEI X (p.f.), 

where E and I are the line voltage and line current respectively. 
The reactive component of the line current is equal to 


X Vi - (pj.? 


V3£ X (p.f.) 

_ p .. i~i r 

V3£ ^ 

Assuming the condensers to be connected in delta across the lines, 
the current per condenser circuit is ^nfCE. The condenser current 
per line is the vector sum of the currents of two condenser circuits, 
and is, therefore, V3 X 2nfCE. If the final power factor is to»be 

P I I 

unity, this must be equal to ^ ~ therefore, 

and C = 




(Pf-) 

I 1 

V {p.f.? 


1 . 


Since there are three condenser circuits, the total capacitance 
required is 

P l~~i T 

2^fE^^y{pf.? 

which is the same as in the single-phase case for the same lino 
voltage. 

If the condensers are connected in star instead of delta, the 

voltage across each condenser is reduced to = 0-677 times its 

former value. But the current j)er condenser circuit is now equal to 
E 

2nfC—.-y and this must neutralize a lagging reactive current of 
V3 

p j-r-z 

V (pf.? 


X 


^/iE \ (pf.? 


1 . 


The capacitance per condenser circuit is, therefore, 

P l~i- 
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and the total capacitance required is 

3P I~1 7 

2nfE^ ^ V (p./.)* ’ 

or three times as much as when the condensers were connected in 
delta. Provided the condensers will stand the voltage, therefore, 
Hhe delta connection is the preferable of the two. 

Condenser Installations. — Where the voltage is too low to be 
economical, the condensers are fed from the secondary side of a 
step-up auto-transformer. This increases the current per micro- 
farad, this current being further magnified on the supply side of the 
auto -transformer. Another method is to resonate the supply voltage 
up to the required value by means of series inductances. 

The condensers are- usually oil-immersed in the larger sizes and 
enclosed in tanks like transformers. The switches controlling them 
are fitted with discharge resistances like field-break switches on 
account of the sparking which would otherwise ensue on opening the 
circnit- 

Over-Voltages Caused by Condensers. — It was shown on p. 274 
that an alternator becomes self-exciting, even if the D.C. field cir- 
cuit be interrupted, provided a sufficiently large capacitance be 
connected to its terminals. It may, in fact, build up its voltage 
to a value exceeding the normal line voltage. In the same way an 
induction motor may be made self-exciting by the help of con- 
densers connected across its terminals. The leading current taken 
by the condensers may bo regarded as a lagging (magnetizing) 
current delivered by the condensers to the induction motor. The 
magnitude of this condenser current depends upon the capacitance 
of the condensers and, in fact, may bo given any value. On the 
other hand, an increase in the magnetizing current taken by the 
induction motor, at a fixed frequency, corresponds to an increase 
in terminal voltage. So long as the motor is connected to the line, 
no variation in its voltage is permitted, the line voltage being kept 
constant. If, however, the motor and its condenser installation be 
disconnected from the line, an appreciable rise in voltage may 
occur, if the capacitance is large enough. The relatively large 
condenser current supplies the induction motor stator winding with 
magnetizing current sufficient to cause the machine momentarily 
to excite, and set up a voltage across its terminals. This rise in 
voltage may, in extreme cases, bo as much as 30 per cent. 

The dimation of the over-voltage is very short, since the machine 
speed falls away rapidly, and whilst it may be of no consequence so 
far as the insulation is concerned, it may wear out any lamps still 
connected to the motor in a very short time indeed. 

It is thus seen that over- compensation of particular motors 
^with the intention of improving the power factor of neighbouring 
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machines is undesirable. Each motor should, preferably, be pro- 
vided with its own individual equipment. 

Synchronous Motor , as Synchronous Condenser. — Since a syn- 
chronous motor can be made to take a leading current by over- 
exciting it, such a motor might be employed to produce the required 
leading current for the purpose of improving the power factor. The 
magnitude of the current taken by a synchronous motor depends 
to an enormous extent upon the excitation, and full load current can 
easily be attained even when the motor is running light. The 
function of a synchronous motor used in this manner is to act as a 
variable rotary or synchronous condenser. The motor is not for 
the purpose of overcoming any load, although in practical cases it 
may be utilized for this purpose as well, but only in a subsidiary way. 
The primary object is to produce a leading current to neutralize the 
existing lag. 

Considering first an ideal motor with no losses, the current taken 
leads the voltage by 90° if it is over-excited, and the magnitude of 
this current depends upon the value of the excitation. The current 
can thus be adjusted to suit the load and the power factor by varying 
the excitation of the machine, this being much more convenient than 
varying the number of condensers, which would be necessary if 
they were employed. 

If the losses of the synchronous condenser are taken into con- 
sideration, it means that a certain active component must be added, 
vectorially, to the leading current already mentioned, the result 
being that the motor current leads the voltage by an angle which is 
less than 90°. The extra power taken from the mains is, of course, 
wasted. 

This method is equally applicable to the case of polyphase 
systems, being, in fact, cheaper in first cost, since pol 3 q>hase syn- 
chronous motors cost less per kVA than single-phase ones. Since 
the construction of these motors is the same as for alternators, it 
follows that they can be designed for any line voltages which are 
obtained directly from alternators. 

One of the disadvantages of this method of power factor control 
lies in the starting of the motor. Unless a self- synchronizing motor 
be adopted, some auxiliary means of running up the motor must be 
provided. 

Situation of Synchronous Condenser. — The correct situation for 
the synchronous condenser is at the receiving end of the line as close 
to the load as possible. If placed at the generator end of the line, 
it would improve the power factor of the generators and reduce their 
current, but it would not relieve the line at all, nor would it affect the 
voltage regulation of the line. When placed at the receiving end of 
the line, however, it not only improves the power factor of the 
generators and reduces their armature currents, but it reduces the 
main line current and improves the regulation. The ideal spot for the 
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condenser is alongside the actual load taking the lagging current, but 
this is impracticable in the great majority of cases. In the case of 
high voltage transmissions where the voltage is stepped down and 
distributed from a number of sub-stations, the synchronous condenser 
is placed in the sub -station. Its effects are thus felt throughout 
the whole of the high vojtage system, but the low voltage network is 
unaffected. 

Reactive Current Generator. — When a synchronous motor is em- 
ployed as a condenser, it may be regarded as a reactive current 
generator. Considered as a motor, it receives a small in-phase 
current which supplies the losses of the machine together with a 
reactive current leading the voltage by 90°. This leading motoring 
current may be regarded as a generator current by reversing its 
direction, so that the synchronous motor may be said to receive an 
in-phase motoring current to supply its losses and to generate a re- 
active current lagging by 90° behind the voltage. There is, of course, 
no power associated with this reactive current which supplies the 



purely inductive portion of the load. The main generators supplying 
the power may thus be regarded as working on a non-inductive load. 
There is a local circuit formed by the inductive portion of the load 
and the synchronous motor in which resonance is set up, this resonat- 
ing current being superimposed on to the main in-phase current 
flowing between the generators and the load. The general idea of the 
system applied to a three-phase case is shown in Fig. 376, where the 
generator is working at a power factor of unity and is delivering a 
current {Ip + //), the second term representing the active current 
supplied to the s3mchronous motor to overcome its losses. The 
latter is working at a very low power factor and receiving an 
active current //, whilst generating a purely lagging current /<. 
The load, the power factor of which is less than unity, is receiving 
a current It which is the vector sum of /p and A, the angle of lag 
being determined by the power factor. 

kVA Capacity of Synchronous Condenser. — Since a synchronous 
condenser is only required for the purpose of producing a purely 
reactive current, the only power which it receives is that necessary 
to overcome its losses. The machine also works on a very low power 
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factor, so that it is obviously unfair to rate it on a kilowatt basis. 
The proper unit for specifying the capacity ^ of the machine is the 
kilovolt-ampere. In a single-phase case, neglecting the losses, the 
reactive current is given by / X Vl — total kVA 

capacity of the S 3 mchronou 8 condenser is 

El X VI - (p./.)* X 10-». 

Expressed as a percentage of the kVA capacity of the alternators, 
this is 

Vi - (p./.)* X 100, 

and this expression applies equally to the case of a polyphase system. 

The size of the synchronous condenser is thus seen to be 
unaffected by the value of the current or the voltage, provided the 
power transmitted and the “power factor are constant. A high 
voltage is associated with a low current and vice reraa, but it is their 
product which determines the size of the machine, just as in the case 
of alternators. 

Effect of Motor Losses. — If the synchronous motor is running 
unloaded the only power which it takes is that required to overcome 

its losses. The angle of lead of the 
current is thus not quite 90®, but 
rather less. The heating of the 
machine is dependent upon the losses, 
and since it is to be heavily over- 
excited, special care must be taken 
in the design of the field system to 
prevent over-heating. The fact that 
the power factor is greater than zero 
affects the kVA capacity to a slight 
extent and also modifies the vector 
diagram, the general form of which 
is shown in Fig. 377, wliich is drawn for a single-phase case. 
The load current, //, is drawn lagging behind the line voltage, Ey 
by an angle <f)iy where cos <f)i is the power factor of the load. The 
synchronous condenser takes a current, Isx.i leading the line voltage 
by an angle, <f>s.c.f where cos <f>sx. is its power factor. The magnitude 
of Isx. is BO adjusted that the vector sum of Ii and Isx. gives a 
current in the mains, /p, in phase with the voltage. In order to 
bring this about, the leading reactive current of the synchronous 
condenser must be equal to the lagging reactive current of the load, 
so that 

lix. sin <f>s.c. = Ji sin <f>i 

, • - sin 6i 

and Ise, = h -r - 

^ The term “ capacity here has no reference whatever to the condenser 
effect, the unit of which is the farad. 



Fig. 377. — Powor Factor Control by 
Synchronous Motor. 
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The kVA capacity of the synchronous motor is thus 


EI,c. X 10-3 

= Eh 4^^ X 10-3 
Sin <f>s.c, 

= Ehyl^ 


— (p-Uf 




X 10-3. 


The power factor of the synchronous motor is usually somewhere 
about 0*1, so that the expression Vl — becomes equal to 

Vl — 0-1^ = 0*995. The effect of taking the losses into account is 
thus seen to increase the kVA capacity by only 0*5 per cent., and 
it can, therefore, bo negl acted in the majority of cases. 

As an actual example, the case will be taken where a load of 
1000 }cW is transmitted at a power factor of 0*7, the synchronous 
condenser running at a leading power factor of 0*05 so as to bring 
the resultant power factor up to unity. The total kVA, exclud- 
ing the condenser, is -qIj- = 1430, and the reactive kVA is 


\/l4303 - 1 0003 = 10 22. If the power factor is 0 05, then 
sin (l>s.c. ■= Vl — “ 0*05^ = 0*999, and the capacity of the synchronous 

condenser is = 1023 kVA, the power taken by it being 

1023 X 0*05 = 51 kW. The total power transmitted is now 
1051 kW instead of 1000 kW, an increase of 5*1 per cent., but the 
total current in the mains is reduced in the ratio of 1430 to 1051, 
and as the copper losses are proportional to the square of the 


current they are reduced to 



or 0*54 of their initial value. 


There is, therefore, a saving of 46 per cent, of the copper losses in 
the mains against an additional loss of 5*1 per cent, of the total 
useful load. The question as to whether there is a resultant saving 
or not depends upon the resistance of the mains and must be settled 
for each individual case. 

Partial Improvement of Power Factor. — Instead of raising the 
power factor from its initial value to unity, it might be raised to 
some such value as, say, 0*9 by the employment of a smaller syn- 
chronous condenser. A considerable improvement is stdl effected if 
this bo done, and it is found to be much more expensive to raise the 
power factor by a given amount when it is near unity than when it 
has a much lower value. It is thus possible to instal a synchronous 
condenser having a kVA capacity insufficient to raise the power 
factor to unity, but sufficient to raise it to some predetermined lower 
value. This machine will be considerably smaller than one designed 
to raise the power factor to unity and may be more economical to 
instal on account of the reduced capital outlay required. 

2 M 
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The kVA capacity of the synchronous condenser for a partial 
improvement can be calculated by determining the reactive com- 
ponent of the load before and after the synclironous condenser has 
been installed, remembering that in the latter case the kW losses 
of the synchronous condenser have to be added to the kW of the 
load to obtain the total kW on the system. 

The kVA of the synchronous condenser to raise the power 
factor of a system from 0*7 to different final power factors is given 
in the following table, the power factor of the synchronous con- 
denser itself being taken as 0*1 and the total load as 100 kW. 


Final power factor ... 

0-75 

0*80 

0-86 

0-90 

0-96 

1-00 

kVA of synchronous condenser 

13-4 

26- 1 

39-2 

62-5 

68-2 

102-2 

Additional kVA 

— 

12-7 

1.31 

13 3 

15-7 

340 

Reduction of line copper losses, 
per cent. 

13 

1 

1 23 

32 

40 

46 

61 


The above table also shows the reduction in the lino copper 
losses in the various cases. 

The example on page 529 will now be further considered, and the 
kVA capacity of a synchronous condenser to bring the resultant 
power factor up to 0-9 instead of unity will be calculated. The total 
kVA, excluding the condenser, is 1430, and the reactive kVA is 1022 
as before. The kVA of the load after the synchronous con- 
denser has been installed is = 1111, and the reactive kVA is 

VlllU — 1000^ == 484. The difference between the reactive kVA 
of the load before and after the synchronous condenser has been 
installed gives the required reactive kVA of the synchronous con- 
denser, and this is 1022 — 484 = 538. As before, sin = 0*999, 
so that the total kVA capacity of the synchronous condenser is 
538 

^ = 538 kVA. The power taken by it is 538 x 0 05 = 26*9 

kW. It will be noticed that this machine is only approximately 
half the size of the one necessary to raise the power factor to unity. 
The vector diagram is similar to that shown in Fig. 377, except that 
Ip now lags behind E by an angle of 26°, the cosine of wliich 
is 0*9. 

Most Economical Final Power Factor. — The question as to what is 
the most economical final power factor is a very important and 
practical one and is ultimately decided by consideraticfns of cost. 
When the power factor is raised it involves an extra exj)onditure on 
account of the synchronous condenser, but there is a reduction in 
the cost of the mains, or, alternatively, they are capable of trans- 
mitting a greater load. If the load is expanding it may be more 
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economical to instal a synchronous condenser in preference to laying 
down additional mains. 

Starting from the low power factor due to the load and gradually 
raising it, the saving in the mains at first far outweighs the extra 
cost of the synchronous condenser in the majority of cases, but as the 
power factor is raised still further its cost begins to approximate to 
the saving in the mains, and finally any additional saving in the 
mains is only obtained by a greater expenditure in increasing the 
size of the synchronous condenser. There is a point, therefore, 
beyond which it is not economical still further to improve the power 
factor, and this usually occurs at a power factor somewhere about 0*95. 

Synchronous Condenser with Mechanical Load. — A synchronous 
motor used in the above way can be utilized to develop mechanical 
power in the same way as an ordinary synchronous motor. All that 
is necessary is that the motor should be over-excited to a certain 
extent. The reactive component of the motor current tends to 
eliminate the lagging reactive current of the remainder of the load, 
whilst the active component of the motor current serves to develop 
the torque required for the load. Whilst the motor adds to the 
useful power load on the supply, it materially increases the total 
power factor. 

An example will be worked out wherein a 600 kVA synchronous 
motor developing 360 B.H.P. is installed to improve the power 
factor of a three-phase transmission line having a load of 1000 kVA 
at a power factor of 0-8, the line voltage being 6600. 

The line current is, excluding the synchronous motor, 


1000 X W 
V3 X 6^0 


= 87*5 amperes. 


and lags behind the phase volts by an angle of 31 ^, since cos 37° = 0*8 
[see Fig. 378 (a)]. Assuming an efficiency of 0*9 for the synchronous 

motor, its input is ~ 298-4 kW, and its power factor 

• 298-4 . rru ^ . 600 X 10^ . 

18 = 0-60. The motor current is -7^ = 52-5 amperes, 

600 V3 X 6600 ^ 


and leads the phase volts by an angle of 60°, since cos 60° = 0-50. 
The lagging reactive current of the load is 87-5 x sin 37° — 52-5 
amperes, and the leading reactive current of the synchronous motor 
is 62-5 X sin 60° = 45-5 amperes. The resultant reactive current 
(lagging) is 62-5 — 45-5 = 7-0 amperes. The resultant ao^ive com- 
ponent of the current is 87-5 x 0-8 + 52-5 x 0*5 = 96-25 amperes. 
The resultant line current is V96-25^ + 7^ = 96-5 amperes, and 


the final power factor is 


^-2 

96-5 


= 0-997, say, unity. 


It is thus seen 


_ 87*5 

that for an increase of X 100 = 10-3 per cent, in the 
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current the power transmitted has been increased by x 

oUU 

100 = 37*3 per cent., the efficiency of transmission being consider- 
ably improved. 

The case will now be considered where the synchronous motor 
is run unloaded, assuming it to run at a power factor of 0-1, 
thus taking 60 kW to drive it light. The motor current is 
600 X 10^ 

— — = 52*5 amperes, the same as before, but the reactive 

V3 X 6600 ^ 

component is now 52-5 x Vl — Od* = 62-2 amperes, and the 
active component 62-5 x 0*1 = 5*26 amperes. The resultant 


Js.C 



Fio. 878. — Synchronous Motor as Synchronous Condenser. 


reactive current (lagging) is 62*5 — 52*2 = 0-3 ampere, and the 
resultant active component is 87-5 X 0*8 + 6*25 = 75*25 amperes. 
The final line current is V'75-25^ + 0-3* = 75*3 amperes, the power 
factor being unity. The line current has thus b^n reduced by 
gY.g 75*3 

X 100 — 14 per cent, at the expense of an additional 


power loss of x 100 = 7*5 per cent, of the total power load. 
oUU 

The vector diagram for one phase, both loaded and unloaded, ic 
shown in Fig. 378 (a) and (6). 

Phase Adjuster. — The voltage at the far end of a transmission 
line can be maintained at a constant value by ensuring that the 
voltage drop in the line remains constant. This can be effected by 
controlling the phase of the current, which is done by varying the 
excitation of an unloaded over-excited synchronous motor, now 
called a phase adjuster. An increase in load causes an increased 
voltage drop in the line, and this is counterbalanced by an increase 
in the leading reactive kVA taken by the phase adjustor, obtained 
by increasing its excitation. The increase in the leading reactive 
kVA neutralizes a larger portion of the lagging reactive kVA in 
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the line, and so reduces the line current by raising the power factor. 
This, in turn, reduces the voltage drop, counterbalancing its natural 
increase due to incjrease of load. By suitable adjustment of the 
reactive kVA load on the phase adjuster, obtained by field control, 
the voltage at the receiving end of the line can be maintained at a 
constant value for all loads. 

Asynchronous Condenser. — The No-Lag machine (see page 620) 
can also be made to operate as an asynchronous condenser, at 
almost zero leading power factor. The leading kVA drawn from 
the line is adjusted by movement of the brushes. 

Phase Advancers. — A further type of machine has been developed 
with the object of improving the power factor of individual motors, 
but so far the method has only been applied practically to induction 
motors. These phase advancers, as they are called, are really A,C. 
exciters and fulfil the same function with induction motors as do 
D.C. exciters with synchronous motors. 

If a synchronous motor were run without its exciter it would 
take a very large lagging current from the A.C. supply. The 
magnetizing ampere-turns are now prov'ided from an A.C. source 
instead of by meaas of D.C. Ordinarily an induction motor is 
magnetized from the A.C. supply, and this brings about a drop in its 
power factor. If the magnetizing ampere- turns can be provided 
from some other source, the stator winding will be relieved of the 
magnetizing current, and the power factor can be raised to unity. 
The A.C. exciter, or phase advancer, is connected in the rotor circuit 
of the induction motor and provides the magnetizing ampere-turns 
at slip frequency. It may even be arranged to provide more than 
are required, the result being that the induction motor operates on 
a leading power factor just as does an over-excited synchronous 
motor. 

The provision of a given M.M.F. requires a fixed number of 
magnetizing afnpore- turns, irrespective of the frequency, . but the 
volt-amperes corresponding to this are directly proportional to the 
frequency, for the voltage required to overcome the inductive drop 
{2nfLI) is proportional to the frequency. This is even true in the 
case of the synchronous motor which is excited by moans of D.C., 
for the magnetizing volt-amperes of the field current are here equal 
to zero, the whole of the power being wasted in PE loss in the field 
circuit. 

In the case of the induction motor the rotor frequency is much 
less than that of the stator, so that it is obviously desirable to supply 
the magnetizing ampere-turns from the rotor at slip frequency, 
rather than from the stator at supply frequency. If this is done 
completely, then the stator will work on unity power factor. Over- 
exciting from the rotor produces a leading power factor in the 
stator of the induction motor. 

Leblanc Exciters. — If an armature with a commutator be 
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placed in a field system and excited with A.C., tha frequency the ^ 
currents obtained at the brushes is the same as that of the exciting 
field current. The field system must be laminated throughout the 
same as the armature in order to reduce the iron losses, and actually 
the field (stator) winding is wound in slots, in the same way as is 
done in the case of the cylindrical type rotor for a turbo-alternator. 

The phase of the E.M.F. induced in the armature is the same as 
that of the field current (neglecting losses), so that if an armature be 
excited from the current in a leading phase, and -then connected in 
series with the main rotor winding of the induction motor, the latter 
will have a leading E.M.F. injected into it. 

A number of exciters are coupled to the shaft of the main motor, 



Fiq. 379. — Leblanc Exciters for Two-Phase Rotor. 


one for each phase. These exciters are made like single-phase 
series motors provided with compensating windings. The action 
can be most easily followed in the case of a two-phase rotor (see 
Fig. 379). Wi and Tf g represent the two-phase windings of the 
rotor and and JPg the armatures of the two excitersT'^'Tho 
current from the phase Wi passes from the slip ring through the 
compensating winding Ci, through the armature* Ei, and then 
through the field Fg of the exciter in the second phase, and thence to 
the neutral point. The current from the phase IFg passes through 
the compensating winding Cg, through the armature E^, and then 
through the field of the exciter in the first phase and to the neutral 
point. The resistances and are those of the starter for the 
main motor, the exciters being short-circuited during starting up. 
When the motor is running, the armature E^ has generated in it an 
E.M.F. which is in phase with the current in the second phasb. If 
the polarity of the poles is suitably arranged this E.M.F. will lead the 
current in the first phase by 90®. In a similar manner, the armature 
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E 2 generates an E.M.F. in the second phase, again leading the 
current by 90°. The introduction of this leading E.M.F. advances 
the phase of the whole rotor current, which in turn advances the 
stator current, so that, if desired, the induction motor can be made 
to take a leading current from the supply. 

In the case of a three-phase rotor three exciters are required, and 
this constitutes the main drawback to the method. In^dJiis case 
each exciter receives its magnetizing current from the next phase, as 
shown in Fig. 3S0, which shows the connections of the main field 
and armature windings. 

In its practical form, sometimes called the Scherbins phase 
advancer, the three exciters are combined into one machine which 
consists of an ordinary D.C. armature and commutator, witb three 



Fig. 380. — Leblanc Exciters for Three-Phase Eotor. 


sets of brushes spaced 120° apart in a bipolar case, and with three 
seta of brushes per pair of poles in a multipolar case. These 
brushes are connected to the main induction motor slip rings, so 
that the three-phase rotor currents flow through the phase advancer 
armature and set up a rotating field which rotates* res'pect to 
the 'phase advancer armature at a speed corresponding to the slip 
frequency of the rotor currents. Thjs rotating flux cuts the arma- 
ture conductors and does away with the necessity for any stator 
windings on the phase advancer. The armature is rotated, either 
by a direct drive from the main induction motor or by means of a 
separate auxiliary motor, in the same direction as this rotating 
field. If driven^at a slower speed than the rotating field, a back 
E.M.F. is induced in the phase advancer armature, lagging by 90° 
behind the current, but if the actual speed of rotation is faster 
than that of the rotating field, then the relative direction of cutting 
of flux by the armature conductors is reversed, and the phase of 
the induced E.M.F. is also reversed. The induced E.M.F. now 
leads the current by 90°, since the magnetic axis of the armature 
is at right angles to a section of the armature winding when the 
latter has zero current passing through it. The armature thus 
behaves as if it were a condenser, and its effect is to inject into 
the main rotor circuit an E.M.F. which leads the current by 90°. 
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The main rotor current is thus advanced in phase, and this is 
reflected by a corresponding advance in phase on the part of the 
induction motor stator current (see the vector diagram of the 
transformer), thus bringing about a rise in power factor. 

The stator has no windings on it, and its function is merely to 
provide a low reluctance path for the magnetic flux. If a winding 
with closed slots is employed, the stator iron may be made to 
rotate with the rotor. In other words, the rotor slots become tunnels 
situated in a ring the diameter of which is midway between the 
inner and outer diameters of the stampings. The stator is now 
dispensed with entirely, the rotor being driven from a shaft extension 
of the main motor. 

In certain cases the stator stampings are retained, and the phase 
advancer may be driven by means of a separate motor. 

Walker Phase Advancer. — In the Leblanc phase advancer the 
voltage injected into the induction motor rotor leads the inducing 

current by 90®, and this is not 
always desirable, inasmuch as it 
may introduce a component which 
is in opposition to the slip E.M.F. 
of the induction motor. For this 
reason a smaller angle of lead of 
the injected E.M.F. is often re- 
quired. This is brought about in 
the Walker phase advancer, which 
re-introduces the stator winding in 
order to effect this. 

Fio. 381— Walker Phase Advancer. Consider the threo-phase bipolar 

machine shown in Fig. 381. At 
the instant when the current entering by the top brush is a 
maximum, the current leaving each of the pther two brushes is at 
half its maximum value. ^ The. current in the bottom section of 
the winding is zero and that in each of the other two sections is 
half its maximum value. The magnetic axis of the armature is 
vertical at this instant. These throe currents are now passed 
through a three-phase stator winding, the magnetic axis of which 
may be anything depending upon the relative positions of the stator 
coils and the brushes on the commutator. 

If the stator magnetic axis be vertical at the same instant as 
that of the rotor, then the conductors in the bottom section of the 
winding in Fig. 381 would be cutting the stator flux at the maximum 
rate and would have their maximum E.M.F. induced in them at this 
instant. But this is the instant when the current flowing through 
this section is zero, so that the induced voltage is in quadrature 
with the current. Whether the volts lead or lag depends upon the 
direction of rotation. 

If now the resultant magnetic axis be displaced by 60® in the 
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correct direction, the current in the bottom section will lead by only 
30° instead of by the original 90°. The three free ends of the stator 
windings are now connected to the induction motor slip rings as 
before. 

This phase advancer, which is series-connected, is connected as 
shown in Fig. 382. On light loads the main rotor current is low, 
so that the exciting ampere-turns are greatly ' reduced, wdth the 
result that there is very little flux and very little injected E.M.F. 
On light loads, therefore, the improvement in power factor is much 
less than in the neighbourhood of full load. 

Scherbius Phase Advancer. — ^This phase advancer, which is pro- 
vided with shunt excitation, does not suffer from the disadvantage 
of low injected E.M.F. at light loads, the phase . advancing effect 
being independent of load. The connections are shown in Fig. 383. 



To induction 
motor slip 
rings 

Fio. 382. — Series Phase 
Advancer (Walker). 



To induction 
motor slip 
rings 

riQ. 383. — Shunt Phase 
Advancer (Scherbius). 


The flux set up by the stator windings of the phase advancer is 
now proportional to the E.M.F. applied to the terminals, t.e. to the 
slip E.M.F. of the main induction motor, and inversely proportional 
to the frequency. As the slip increases, so does the slip E.M.F., 
but the slip frequency increases in the same proportion, so that the 
flux remains constant. The phase advancer E.M.F., which is 
injected into the rotor circuit, is therefore constant and independent 
of the slip, and so is independent of the load. By altering the 
position of the brushes, the phase of the injected E.M.F. can be 
controlled, so that this can be given any desired angle with respect 
to the current. 

During the starting period, the phase advancer is cut out of 
circuit, and the induction motor slip rings are connected to an 
ordinajry rotor starter by means of a three-pole change-over switch. 
A t 3 rpical diagram of connections is illustrated in Fig. 384 which 
shows the phase advancer driven by an auxiliary induction motor. 
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When the motor reaches full speed, the change-over switch is 
thrown over into the other position. The field regulator in the stator 
circuit now enables the power factor to be adjusted as desired. 

An alternative method of starting employs only a simple three - 
pole switch in the rotor circuit in addition to the rotor starter. 
The slip rings of the induction motor are now permanently con- 
nected to the starter terminals, and the motor is brought up to 
speed by gradually cutting out the starter resistance. The rotor 
switch is then closed, this connecting the phase advancer in parallel 
with the starter. The starter handle is then moved back again, 
thus gradually inserting the phase advancer in the rotor circuit. 



The starter is finally open-circuited. A disadvantage of this 
method lies in the fact that the starter resistance remains alive 
during the whole running period. 

Compound Wound Phase Advancer, — By the use of both series 
and shunt stator windings, a compound characteristic can be 
obtained. By over- or under-compounding, the phase advancer 
kVA can be made to increase or decrease with the load. 

Frequency Converter as Phase Advancer. — a phase advancer 
armature be provided with three slip rings (in addition to the 
commutator) instead of a stator winding, these slip rings being 
connected to the main supply, the slip ring currents set up a 
rotating field which rotates at (supply) s3mchronous speed relative 
to the armature conductors. This frequency is converted at the 
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commutator into (stator frequency — frequency of speed) = slip 
frequency (see page 482). Whatever the speed of the main motor, 
this frequency is always exactly that of slip. The magnitude of 
the converted E.M.F. depends upon the slip ring voltage of the 
phase advancer, and since this is constant, the injected E.M.F. 
into the induction motor rotor windings is also constant in mag- 
nitude. The phase of the injected E.M.F. can be varied at will by 
altering the brush position. This frequency converter is therefore 
seen to have the same general characteristics as a shunt phase 
advancer of the Scherbins type. 

Vector Diagram. — In Fig. 385 (a) let 8a represent the induced 
slip E.M.F. in the case where the E.M.F. of the phase advancer 
leads the current by 90^. This applies to the -Leblanc type. 
The phase advancer E.M.F. is and the resultant E.M.F. 
acting on the rotor circuit after the phase advancer is installed 
is Ea. Neglecting all external resistances and reactances, the 
whole of this E.M.F. is available for producing the rotor current 
la leading the slip E.M.F. by an angle i/r. Without the phase 
advancer, and for the same torque developed by the induction motor, 
the rotor current is Ib, this being equal to the active component 

of la- The slip E.M.F. necessary to produce JUis where ^ 

^ Ea la 

The rotor current has been advanced by an angle 0 and the lag 
of the stator current has been reduced by the same angle, which 
is not quite the same as raising the power factor by cos ijj. 

The case of the Walker phase 
advancer in which the E.M.F. leads 
the current by 30° is shown in Fig. Ea 

385 (b). All the other quantities in ‘ 

this vector diagram have the same 

significance as before, only Ev, leads j \ i \‘ » 

the current by 30°, whereas in the ; 

Leblanc case El led by 90°. It j A, 

will be noticed that 8a is now less j O 

‘than 8b instead of greater. In order i 

to make the two diagrams compar- 

able the same currents have been ^ (d) (d) 

chosen- in both cases, necessitating Leblanc Walker 

the same slip E.M.F.’s with the Fiq. SSS.-Vector Diagram of Phase 
phase advancer disconnected. 

Effect on Slip. — The slip of the main induction motor is affected 
by the introduction of the phase advancer. In the Leblanc case 

the slip E.M.F. has to be increased in the ratio and this brings 

about a similar increase in the slip. Therefore 

Slip after advancer is connected _ _ I 

„ before „ „ „ 8b cos* 6 


Walker 


Fig. 885.— Vector Diagram of Phase 
Advancer. 
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In the Walker case, where the angle of lead is 30®, the slip is 
reduced, and from the geometry of the figure it is found that now 

& 1 
^6 


2 cos 0 cos (60° — 0) 

1 

cos^ tp + sin 2iff 


The power necessary to increase the speed of the main motor 
comes from the phase advancer,-the current of which now has an 
active component instead of being wholly reactive as in the Leblanc 
case. In fact the power factor of the phetse advancer is cos 30° = 
0 * 866 . 

The ideal power factor for the phase advancer to work on is 
cos (90° — 0), for this gives the minimum value for the injected 
E.M.F. and the smallest size of phase advancer. 

kVA Capacity of Phase Advancer. — The output of the Leblanc 
phase advancer per phase ia EJa volt-amperes, and 

El = Sa sin ip 
sin tp 


S, 


COS^ Ip 


Also la = — - 7 - 

COS Ip 

Therefore 


VSEJa = VSStli X —34- 

COS^ Ip 


But V^Sblb is the copper loss in the main motor and is equal to 
motor input x fractional slip without phase advancer (see page 340). 
The kVA capacity of the phase advancer is therefore equal to 

kW input of main motor x normal fractional slip x — • 

cos^ ip 

The size of the phase advancer goes up rapidly as ip is increased, 
as is shown in the following table, so that with this type it is 
inadvisable to attempt to set up too large an angle of lead. 


'p 

0° 


o 

O 

09 

o 

o 

40° 

50° 

o 

o 

(Leblanc) 

0 

0*13 

0-41 

0*77 

1*43 

2-88 

6*93 

tan tjt 

cos 0 sin (30*^ -f- 0) 
(Walker) 

0 

0*28 

0-51 

0*77 
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The output of the Walker phase advancer is V^E^Ia volt- 
amperes and, from Fig. 385 (6), 

Ew = Sb X 

h 


tan 
sin (30° 


+ «A)' 


As before 
so that 


/a- 


cos ifj* 


'S/^Eufla — ^/^Sbh X 


tan iff 


cos tjj sin (30° + ijj) 

The kVA capacity of the phase advancer is now equal to 

kW input of main motor x normal fractional slip x — - — 

tan iff 


The values of 


cos iff sin (30°+^) 
are also shown in the above table. 


cos iff sin (30° + iff) 

For values of iff less than 30° the Leblanc advancer is the smaller, 
but for the larger angles the advantage lies with the Walker or with a 
Scherbins (shunt) machine. 

The main advantage possessed by the phase advancers described 
above over the over-excited synchronous motor is that they are 
machines of relatively small output. The reason for this is that the 
phase advancer stands in the same relation to an induction motor 
as an exciter does to a synchronous motor. An exciter of com- 
paratively small capacity can over-excite a synchronous motor so as 
to make it supply a reactive load fifty times as great, measured in 
kVA, as the rating of the exciter. A phase advancer of only 
30 kVA capacity is capable of effecting a total change of 1000 
reactive kVA in the main circuit, since it only deals with the rotor 
circuit of the induction motor, and the kVA in the rotor circuit is 
small compared wdth that drawn by the stator circuit from the 
supply. 

Exaiviples 


(1) A synchronous motor having an efficiency of 86 per cent, 
delivers a load of 120 B.H.P. Its power factor is 0-6 (leading), and 
it runs in parallel with a group of motors taking a total of 300 kW 
at 0*75 power factor (lagging). What is the resultant power factor 
of the whole system ? 

(2) A 10 B.H.P., 220 volt, three-phase, 50 cycle induction motor 
has a full load efficiency of 85 per cent, and power factor of 0*82. 
The power factor is to be raised to unity by static condensers 
connected in delta across the silpply mains. Calculate the total 
capacitance required. 

(3) A sub-station takes a load of 10,000 kVA at 0*75 power 
factor. It is desired to raise this to 0*9 by the aid of a synchronous 
condenser the losses of which are 7 per cent, of its kVA output. 
Determine the capacity of this set. 
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(4) A 500 B.H.P. induction motor runs normally with a 2 per 
cent, slip and an efficiency of 93 per cent., and is to be fitted with a 
phase advancer either of the Leblanc or of the Walker type. 
Determine the kVA capacity of this in order to make the rotor 
current lead by 40®. Also determine the new values of the slip. 

(5) A three-phase induction motor takes a line current of 20 
amperes at 415 volts, the power factor being 0*8. An over-excited 
synchronous motor is to be run light at 0*2 leading power factor, 
in parallel with the induction motor. What must be the capacity 
of the synchronous motor in order to bring the final total power 
factor up to 0-95 lagging ? 

(6) A 200 H.P., three-phase induction motor has a full load 
efficiency and power factor of 91 per cent, and 0*9 respectively. 
It is proposed to connect a synchronous motor to the same mains. 
This is to be over-excited so as to bring up the resultant power 
factor to unity. The s 5 mchronous motor is also to deliver a useful 
load, its power input to be 50 kW in these circumstances. The line 
voltage is 500 volts, and the resistance per phase and synchronous 
reactance per phase of the synchronous motor are 0*05 and 0*2 ohm 
respectively. What is its induced back E.M.F. per phase ? 

(7) What is the object in using an auto-transformer in con- 
junction with a bank of static condensers used for power factor 
improvement ? 

(8) Describe the construction of a phase advancer with no 
stator windings. Show that such a machine generates an E.M.F. in 
quadrature with the current, when driven above its own syn- 
chronous speed. 

(9) Derive, from first principles, a formula to give the relative 
slips of an induction motor with and without a phase advancer of 
the type which generates an E.M.F. leading the current by 90®. 

K the addition of the phase advancer makes the rotor current 
of the induction motor lead by 30®, calculate the slip, if the slip is 
3 per cent, with the phase advancer removed from the circuit. 
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PROTECTION OF A.C. SYSTEMS 

Classification of Protective Devices. — The importance of auto- 
matic protective devices has grown with the size of generating 
plants, and their systematic employment is now almost a necessity. 
Their functions are twofold, viz. (1) to protect the plant from 
damage in the event of a fault occurring, and (2) the localization 
of the fault and the preservation of the continuity of supply. 

Protective devices may be classified under the following 
headings : — 

(1) Devices which operate when the current or voltage exceeds 
or falls below certain predetermined limits, t.g. overload, minimum 
load, over-voltage and no-voltage relays. 

(2) Devices which operate when the current or power flows in 
the reverse direction to that which is normal, e,g. reverse current 
and reverse power relays. 

(3) Devices which operate when the current flows through 
abnormal paths, e.gf. core balance and leakage relays. 

(4) Devices which operate when the relative values of the 
current in different parts of the circuit become abnormal, e.g, the 
Merz-Price and Merz-Hunter split-conductor systems. 

Oil Circuit Breakers. — High voltage A.C. circuits are broken by 
oil circuit breakers. They possess the great advantage of breaking 
the circuit near to the zero point on the current wave. When the 
switch is opening the arc goes out as the current falls to zero and 
the voltage has to rise to a certain value before the oil between 
the contacts is punctured. 

In small and medium sizes all the poles are located in one oil 
tank, but in the larger sizes each pole is mounted in a separate 
tank. As the time of operating is usually not less than about 
one-tenth or one-twentieth second, it is seen that a number of 
complete cycles elapse before the circuit is broken, during which 
period the switch is subjected to large stresses, and it must be 
made strong enough mechanically to resist these. 

Automatic breakers are opened by trip coils energized by means 
of relays. The tripping mechanism consists of a system of toggles 
and triggers so constructed that only a slight pressure is needed 
to open the breaker. 
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Relays. — ^Relays used for the purpose of operating circuit 
breakers have their connections divided into three circuits. The 
first is the primary circuit (usually E.H.T.) which is to be protected, 
connected in series with which is the primary of a current trans- 
former. This primary winding very often consists of a single turn, 
or even of a main conductor merely linked through an iron core. 
The secondary circuit consists of the secondary winding on the 
current transformer and the relay operating winding. The third 
or tripping circuit may be either D.C. or A.C. (although it is usually 
D.C.), and consists of a source of supply, the trip coil on the circuit 
breaker and the relay contacts which are closed by a plunger 
operated by the secondary winding as explained above. 



Generator 

Fio. 386. — Eelay Connections. 


A typical set of connections for a three phase-circuit is shown 
in Fig. 386, which refers to a plain overload relay. It should be 
observed that only two of the three lines are directly protected, 
for if an excessive current flows in the other line it must return by 
one of the two protected lines, thus causing the relay to operate. 

Time Setting. — Certain breakers are designed to operate practi- 
cally instantaneously, but for a number of purposes this is undesir- 
able. In the event of a momentary fault or a temporary overload 
the circuit should not be disturbed, so a time-lag is introduced 
into the relay. In these cases the time required to cause the relay 
to operate becomes shorter the greater the overload, and the time- 
lag varies almost inversely as the current. An increase in the 
current beyond a certain point, however, should not affect the 
time of operation. 
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A development consists in having a time-limit fuse shunted 
across the trip coil of the breaker, the trip coil being connected 
directly across the operating current transformer. Practically the 
whole of the current from the transformer normally passes through 
the fuse on account of the relatively high impedance of the trip 
coil. When the fuse blows, the current is diverted through the 
trip coil and immediately trips the switch. The time-lag is brought 
about by the fuse. 

Overload Relays. — ^The usual typo of overload relay operates on 



the induction principle, a typical example being shown in Fig. 387. 
It consists essentially of a metallic disc (1) which is free to rotate 
between the poles of two electromagnets (2) and (3). The spindle 
of this disc carries a self -aligning moving contact (10) which bridges 
two fixed contacts (11) when the disc is rotated through an angle 
that is adjustable between 0° and 300°. The disc is normally held 
in the “ off ” position by a flat spiral spring, h pin (5) engaging 
with an adjustable stop (6). The time-setting of the relay is 
altered by means of the bevel gear (14), this being performed by 
turning the knob (9), a pointer indicating the position on the 
scale (13). An adjustable time-lag is thus obtained. A permanent 
magnet (12) provides the necessary damping. 

The upper electromagnet (2) has a primary and secondary 
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winding. The former is connected to the secondary of a current 
transformer in the line to be protected, this winding being tapped 
at intervals for adjustment of the current setting, by means of the 
pin (7) engaging in the plug bridge (8). The secondary winding is 
connected to the winding on the lower electromagnet, and the 
resultant flux produces the operating torque in conjunction with 
the eddy currents induced in the disc. 

Reverse Power Relays. — ^The wattmeter principle is frequently 
adopted for reverse power relays, since the deflection of a watt- 
meter pointer reverses when the direction of transference of power 
is reversed. In the relay the pointer is replaced by a disc which 
rotates, thereby raising or lowering the trip coil switch contact. 
A diagram of connections of such a relay is given in Fig. 388. The 


^ , 



Flo. 388. — Connections of Compensated Iteverse Current Relay. 


relay, i?, has a series and shunt coil fed from a current transformer, 
C.T., and a voltage transformer, F.T., respectively. When the 
relay contacts are closed the battery, sends a current through 
the trip coil, T,C., so as to operate the circuit breaker and thus 
isolate the generator. 

If a serious fall in line voltage should take place when a fault 
occurs, the current through the voltage coil, F.6^., will fall appre- 
ciably and the relay may fail to operate. Compensation for this is 
obtained in the following way. An auxiliary compensating trans- 
former, C, has one winding connected across the secondary of the 
current transformer, G.T., and its other winding across the secondary 
of the voltage transformer, F.T. (These connections are shown 
dotted in Fig. 388.) Normally the turns of these two windings 
are so proportioned that only a small current of predetermined 
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value flows through the winding in the circuit of the current trans- 
former, C,T, This current is diverted from the current coil, (7.(7., 
the current through which is reduced accordingly. If, now, a fall 
in line voltage should occur, the voltage operating the voltage 
transformer, F.T., is reduced, and the voltage across the second 
winding of the compensating transformer is also reduced. The 
current through the compensating transformer is therefore reduced, 
and since the total current delivered by the current transformer, 
(7.T., is unchanged, it follows that a larger current is actually 
passed through the current coil, (7.(7., of the relay. The increase in 
the current through the current coil, (7.(7., is designed to compensate 
for the reduction in current through the voltage coil, F.(7. Such 
a compensated relay is now a reverse current, rather than a reverse 
power, relay. 

Parallel Feeders and Ring Mains. — The feeders which serve to 
distribute energy to a number of points may be connected in several 
ways. The simplest way is to connect the point to the source of 
supply through a single independent feeder. (Really such a feeder 
would consist of a number of lines corresponding to the number of 
phases, but it is convenient for the present purposes to consider it 
as a single feeder.) The next way is to employ duplicate feeders 
in parallel, this permitting the employment of certain types of 
protection. When duplicate feeders are applied to overhead lines, 
the two conductors at the same potential may be carried on the 
same insulator, being only lightly insulated from each other, or 
the poles may be provided with six insulators mounted on three 
cross-arms. The upper and lower insulators on one side, together 
with the middle insulator on the other side, form a delta arrange- 
ment, this being duplicated by the other three lines. 

The supply to two neighbouring points may be duplicated by 
the aid of an interconnector between them. The direction of 
energy-flow in this interconnector depends upon the distribution 
of the load. Trunk mains linking up two generating stations are 
really interconnectors. 

The ring main is another method of connection, the various 
distribution points being connected to one another and to the 
source of supply at each end, so that each line forms a closed ring. 
This system is really a combination of feeders and interconnectors, 
the latter forming the connections between any two of the dis- 
tribution points. 

Core Balance Leakage Protection. — ^To protect a feeder or a 
generator against leakage to earth a core balance leakage relay is 
employed. A three-phase generator with an earthed neutral is 
connected to a feeder, the three cores of which are surrounded by 
the iron circuit of a current transformer. This has a single secondary 
winding which is connected to the relay (see Fig. 389). If there is 
no earth fault on the system, the sum of the three main currents is 
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zero and there is no resultant flux in the core of the current trans- 
former, no matter how much the load may be out of balance. The 
sum of the three main currents, however, is no longer zero if an 
earth fault appears on any phase, in which case a current is induced 
in the transformer secondary, causing the relay to operate. Some- 
times core balancing is obtained by the use of three separate current 
transformers, the three secondaries being connected in parallel. 
This arrangement enables the same transformers to be employed 
as are used to operate the overload relays and the instruments. 

If the earth lead from the generator is also passed through the 
core balancing transformer, then the relay is unaffected by a feeder 
fault, but is still affected by a fault on the generator or on the 
machine side of the transformer. 


Generalcv' 



Instead of passing the earth lead through the current trans- 
former, the six ends of the alternator armature winding may bo 
brought out. The two ends of each phase are then passed through 
a current transformer, three of which are now required. A star 
point is formed from three ends, this being earthed, whilst the other 
three form the main leads. The three secondaries are connected 
in star and are taken to the relay, which also has three windings 
connected in star. This forms a very efficient protection for the 
generator. 

An earthed neutral system can also be protected from leakage 
faults by means of a current transformer linking with the earth 
lead, the secondary of which is connected to the relay. 

Combined Core Balance and Overload Protection. — The core 
balance protection outlined above suffers from the disadvantage 
that if the fault either starts as, or immediately develops into, a 
short-circuit between phases, there is no out-of- balance current and 
the relay will not operate. This disadvantage is overcome in the 
following method of combined core balance and overload protection. 
Two overload relays and one leakage relay are connected as shown 
in Eig. 390. These two overload relays are sufficient to protect 
all three phases (see page 644), whilst the leakage relay shown in the 
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diagram receives the resultant current from all three transformers, 
this being zero unless there is a leakage fault on the system. 

The two overload relays are each shunted with fuses. This 
imparts a certain amount of time-lag to the relay, but if the fuse 



blows, the full current is diverted through the relay which imme- 
diately operates. 

Merz-Price Gear. — The Merz-Price protective gear has for its 
object the isolation of a faulty feeder when a breakdown occurs, 
the relays not operating in the case of a surge or a temporary over- 
load. The feeder to be protected has a small current transformer 


Current 



Current 



Fio. 391. —Arrangement of Merz-Price Gear. One phase only sho^vll, 


placed in series with it at each end, the two secondaries being 
joined in series with one another, but in opposition, and in series 
with two relays, as shown in Fig. 391. This diagram really refers 
to one phase of a three-phase system, but in its simplest form 
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the two star points would be joined by another pilot wire. This 
necessitates a small auxiliary cable joining the two relays, which 
are situated at opposite ends of the feeder. Since the two current 
transformers are similar and in opposition, they balance one another 
for all loads, and the relays do not open the circuit breakers even 
on an overload. But if a fault develops on the feeder, the current 
flowing out at the far end is no longer equal to the current flowing 
in at the near end, and the two secondaries no longer balance each 
other. The resulting current in the relay circuit now operates the 
circuit breaker and isolates the faulty feeder. In the case of a 
feeder linking up two sub-stations, the current may flow either way 
in normal circumstances, and thus a reverse current relay would 
not be admissible, whilst this apparatus would protect the circuit. 

In the case of a three-phase system, each feeder has its own pair 
of current transformers and relays, these being connected by a 
three-core pilot cable. The other ends of the current transformers 
are connected in star, the neutral point being earthed at one end 
only so as to prevent any current flowing between the star points, 
as this might operate the relays. 

Beard-Hunter Shielded Pilot Gable. — The ordinary Merz -Price 
protective gear sometimes operates wrongly in the case of long 
feeders, as a heavy momentary overload might set up a capacitance 
current in the pilot wire of sufficient magnitude to operate the relays. 
This difficulty is overcome by surrounding e^ch core of the pilot 
wire with a metal sheath in which is an open circuit (see Fig. 391). 
The current transformers are directly connected to the pilot wire 
on the one side and to the relays on the other, and the sheath is 
connected at each end to the relay side of the current transformer. 
Any induced capacitance current now flows from the core to the 
sheath and is entirely diverted from the relay. The open circuit 
in the sheath, however, does not prevent the operation of the gear 
in the event of a fault. 

Merz-Price Generator Protection. — The Merz-Price voltage 
balance system is largely used for the protection of cables and can 
also be used for the protection of generators. For the latter 
purpose, however, the circulating current system is better suited. 
In this system the current transformers are connected in such a 
manner that their secondary currents are circulated in the pilot 
wires as shown in Fig. 392, The relays are connected across 
equipotential points in the pilot wires connecting each pair of 
current transformers. There are an infinite number of these, but 
unless the pilots are very long, their impedances are negligibly 
small compared with the internal impedances of the current trans- 
formers, and consequently the equipotential points need not bo 
carefully chosen. The same current transformers can be used to 
actuate the working coils of instruments, the latter being con- 
nected in series with the pilot wires, but in this case it must be 
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remembered that since an instrument so connected represents an 
additional impedance, this must be balanced by a corresponding 
impedance in the other phases. 

As long as the generator winding is sound, each current trans- 
former circulates the same secondary current and the equipotential 
points are maintained. Consequently no current flows in the relay 
coil. If an earth occurs in the generator winding, however, the 
secondary currents differ, the equipotential conditions are upset, 
and a current flows in the relay winding which actuates the oil 
switch mechanism. The generator can also be protected against 


Current 

Trans/brmers 



overloads by the addition of fuses in the pilot wires. Since the 
latter carry currents proportional to those in the generator windings, 
the fuses melt when a predetermined current passes through the 
generator windings and after the lapse of a suitable time interval. 

This system can also be applied to transformer protection, 
although complications arise due to the magnetizing currents and, 
where present, the phase difference on the two sides, as in delta-star 
transformers. 

Merz-Hunter Split Conductor System. — This is another system 
for automatically protecting feeders from the effects of faults. 
Each phase of the feeder is divided into two equal conductors, 
known as splits, each of which is supposed to carry half the current. 
The connections are shown in Fig. 393, the three phases being split 
at the oil switch. The two split conductors forming one phase are 
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then taken to a current transformer, C.T., having two primaries 
linked with the core so as to be in opposition. As long as there are 
equal currents in the two conductors, the two primary windings 
balance each other and no current flows through the secondary 
winding of the transformer. The relay, i?, therefore, is unaffected. 
Should any leakage occur on one of the splits, however, the currents 
are no longer equal and the secondary winding operates the relay. 
As the equipment shown in Fig. 393 is provided at each end of the 
feeder, the latter is isolated from the remainder of the system. 



The splits are carried into the oil switch contacts for the following 
reason. Suppose this were not done and that a fault develops 
very near to the far end of the cable. The impedance of the 
differential current transformer at this end may be insufficient to 
unbalance seriously the total current carried by each split conductor, 
but the oil switch at this end would operate because the current in 
the faulty split would reverse. The fault current would then be 
divided practically equally between the two splits, since they are 
assumed to be solidly connected at the oil switch. As a conse- 
quence the oil switch remote from the fault would not operate. 
This does not occur if the splits are disconnected in the oil switch 
itself, since the fault current is confined to the faulty split after 
the opening of the near oil switch. The opening of the remote oil 
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switch then follows. In any case the split oil switches conduce to 
the more sensitive operation of the gear even if the impedance of 
the differential current transformers is sufficient to unbalance the 
currents in the two splits. 

A three-phase feeder is often made with the splits arranged 
concentrically (they are really ovals), the three pairs then being 
placed as in a three-core cable. In another design the three-phase 
feeder is made with six equal cores and the two splits forming each 
phase are situated at opposite ends of a diameter. This avoids the 
possible danger that a fault on one split might spread to the other 
split of the same phase, and thus bring about failure owing to 
equal faults being developed on both splits. If the fault does spread 
it affects the other phases, thus bringing the other relays into action. 
A further advantage of the diametrical arrangement is that it tends 
to reduce any inequality in the currents in the two splits due to 
any difference in their impedance. Precise equality of impedance 
cannot altogether be secured, and if the difference is not kept small 
the relays may operate on a momentary overload, even on a healthy 
feeder. 

This system possesses the advantage that cables of standard 
design can be used and that no pilot wires are required. 

Impedance Protection, — The theory of the impedance t3rpe relay 
depends upon the fact that, since the impedance of a given feeder 
or section of line has a constant value, the relation between the 
fault current on a dead earth and the voltage existing between any 
two points on the faulty line or lines is known. The impedance 
between the relay and the fault depends upon the electrical distance 
between them, and is measured by the ratio of the voltage at the 
relay to the fault current flowing. 

In its simplest form, the impedance relay has an operating 
force proportional to the fault current and a restraining force pro- 
portional to the line voltage at the relay. The relay operates 
whenever the ratio of this voltage to the fault current falls below 
a certain value, i.e. whenever a fault occurs within a given pre- 
determined distance from the relay. Such a relay is, therefore, 
suitable for discriminative protection, since it operates on the 
occurrence of a fault within the section for which the relay is set, 
and is inoperative with faults occurring outside this section. It is, 
however, essential to have a controlled time-lag, so that the relay 
nearest to the fault operates first, thus localizing the disturbance. 
If this relay fails to clear the fault, the next nearest relay then 
operates, and so on. The time-lag is made proportional to the 
distance from the fault by designing the relay so that it has a 
time-lag characteristic that varies directly as the line voltage at 
the relay, and inversely as the fault current passing. 

When a short-circuit occurs, there is a steady fall of voltage 
along the line between the source of supply and the fault. This 
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voltage gradient can be utilized to grade the time-lags of the relays 
controlling a number of switches along the line. The relays auto- 
matically adjust their time of operation to their distance from the 
fault. The time taken to clear a fault is thus very low, and in 
this respect is superior to the system employing plain current 
overload relays. In the latter case, the time taken to clear a fault 



no. 394. — Impedance-Time Belay. (B.T.H.) 


varies with its position, being a maximum at the power station. 
Again, if graded overload relays are used with a large number of 
switching points, the maximum time-lag tends to become larger 
than desirable. 

Impedance-time Relay. — The impedance-time relay consists of 
two distinct parts, viz. a current driven induction type operating 
element, and a voltage-operated restraining element. The arrange- 
ment is shown in Fig. 394. The induction type element consists of 
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\UQUlO 

DIRECTOR 


^FLtXIBLt 

CABLE 


a non-magnetic metallic disc (1), which can rotate between two 
electromagnets (shown in left-hand portion of diagram). The upper 
electromagnet (2) has two separate windings, the primary being 
connected to the secondary of a current transformer in the line to 
be protected. This primary winding is > 

provided with a number of tappings, so blemeSt^ 
that the current setting may be varied, 

these tappings being connected to a 1 1 ooktact 

number of plugs (3). The secondary ^ 11 ^ fuwule 

winding on the upper electromagnet t ^ ^ : 

energizes the coil on the lower electro- iNSULATiNcj 'ji ^uquio 

magnet (4). The resultant magnetic director 

flux due to these two electro-magnets 

reacts with the eddy currents induced 

in the disc awid sets up a torque tending S ^ 

to rotate the disc against the braking 

effect of a permanent magnet. The 

speed of the disc is therefore proportional g 

to the driving torque (see page 158). ^^ab^*"* 

The spindle of the disc is geared to 
a countershaft (see right-hand portion 
of diagram), and to this is attached the 
inner end of a spiral spring. The outer glass ^ 
end of this spring is attached to a bent 
lever controlling the position of another 
separate but co-axial shaft. Carried by 
this second shaft is a flat armature of 
soft iron normally held against the face 
of the restraining magnet, the latter 
being shown at the top of both portions 
of the diagram. This magnet is ener- 
gized by the voltage coil. 

The function of the spring is to pro- lower 

vide the time discrimination which is ; contact 

one of the most important features of • ; fwrule 

the relay. The pull of the spring acts | > 

in opposition to the holding-on force 

provided by the voltage element, and 395.-Carbon Tetrachloride Fuse 
the latter varies with the voltage gra- 
dient due to the fault current. The relay contacts (5) are shown 
at the top, and when these are closed, the trip coil of the oil 
switch is operated. 

E.H.T. Fuses. — The great difficulty with E.H.T. fuses lies in 
effectually extinguishing the arc which is formed when they operate. 
For this purpose very long fuses are employed, often encased in 
porcelain tubes which sometimes reach a length of several feet. 
These porcelain tubes are apt to become broken by the violence 


lower 

CONTACT 

FERRULE 
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of the explosion on a sudden short-circuit, and to reduce the 
chance of this they are sometimes lined with plaster of Paris, 
which serves as a buffer. 

The carbon tetrachloride fuse is very effective, the general con- 
struction being shown in Fig. 395. The fuse wire, under the constant 
tension of a spring, is mounted inside a sealed glass tube filled 
with carbon tetrachloride, the object of which is to extinguish 
the arc formed when the fuse blows. 

The use of E.H.T. fuses is now practically confined to voltage 
circuits. 

Protection of Current Transformers. — To protect current trans- 
formers against the effects of over-voltage due to a surge or other 
cause, they are sometimes shunted by a non-inductive resistance. 
Owing to the reactance of the transformer windings, a sudden rush 
of current passes very largely through the resistance and leaves 
the current transformer unharmed. 

Instruments. — For voltmeters in use on E.H.T. circuits the usual 
practice is to operate them through voltage transformers [see 
Fig. 178 (a)], the scales of the instruments being marked so as to 
indicate the line voltage. Each voltmeter must be caUbrated in 
conjunction with its own particular voltage transformer. 

In a similar way, ammeters are run from the secondaries of 
current transformers [see Fig. 178 (6)], so that the instru- 
ments themselves are not in electrical contact with the E.H.T. 
system. 

In the case of wattmeters and watt-hour meters, the voltage 
coils are treated like voltmeters, being run through voltage trans- 
formers, and the current coils are treated like ammeters, being run 
through current transformers. 

Earthing. — The advisability of earthing A.C. systems has given 
rise to much discussion. In the case of single-phase railway systems 
an earthed return is used, the line wire being insulated. In poly- 
phase transmission schemes it is the neutral point which is earthed 
except in those cases where the whole system is left insulated. With 
perfectly balanced loads the neutral point automatically assumes the 
earth potential, but these conditions are by no means always ful- 
filled. The potential of the neutral point then tends to assume a 
value other than that of the earth, and this is prevented by putting 
the two points in electrical contact. This tends to maintain 
equahty in the capacitance currents to earth in the different 
phases and prevents the consequent unbalancing of the voltages. 
It also tends to maintain equality in the maximum stress in 
the insulation to earth, the magnitude of which would be in- 
creased if the potential of the neutral point were allowed to 
alter. 

On the other hand, a single earth fault on the system is sufficient 
to cause an interruption of the supply, which is not the case if the 
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whole system is insulated throughout in normal circumstances. In 
order to limit the short-circuit current resulting from such a fault, 
it is usual to insert a resistance or a choking coil in the earth 
connection from the neutral point. 

The earthing resistance may be connected in several ways. 
The simplest way is to connect the neutral points of all the generators 
to a common bar which is connected to earth through a common 
resistance. ’ The disadvantage of this method is that there is no 
check on the triple harmonic current which may flow between the 
various generators. This can be overcome % providing each 
generator with its own earthing resistance. The disadvantage of 
this method is that the value of the resistance to earth depends 
ux>on the number of generators which are running. Both the 
above disadvantages can be overcome to a large extent by a com- 
bination of the two methods. The neutral point of each generator 
is connected to a common bar through individual resistaiices, this 
bar being earthed through a common resistance. A further method 
is to use one earthing resistance only, this being connected to 
one of the running generators. This method involves the risk 
of the operator forgetting to transfer the resistance to another 
generator when one is shut down, thus leaving the system 
insulated. 

Petersen Coil. — The Petersen coil, or arc suppression coil, con- 
sists of a specially designed reactor which is connected between 
the neutral point on the secondary side of a high voltage transformer 
feeding a transmission line, and earth, its object being to suppress 
any arc which may result from an earth fault developing on any one 
of the three line conductors. Each of these line conductors has a 
capacitance to earth distributed along its length, this being assumed 
to be the same for all three phases, and the normal conditions can 
be represented by Fig. 39G (a). The vector sum of the three 
capacitive currents, /<., is equal to zero, and no current normally 
flows through the Petersen coil. 

Now consider the effects of an earth fault at A • • • B, as shown 
at Fig. 396 (6). If the Petersen coil were removed, leaving the star 
point isolated, one of the three hypothetical condensers is short- 
circuited, and the voltage across each of the other two has been 
increased V3 times, being now line voltage. Each of the corre- 
sponding capacitive currents is therefore increased \/3 times, and 
since these are now 60° out of phase, their resultant is three times 
the original condenser current per line in healthy conditions. This 
current to earth, which leads the voltage in the faulty phase by 90°, 
returns to the system by way of the fault. If the Petersen coil be 
now added, it will take a current lagging by 90° on the voltage of 
the faulty phase. The value of the inductance of the Petersen coil 
is now adjusted so that the current flowing through it to earth, /j, 
is equal to 3/c, and since it is in exact phase opposition, the resultant 
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of /i and 37c is zero, so that no current now flows through the 
fault, and no arcing occurs. 

The effect of the Petersen coil is to alter the potentials of the 
three lines with respect to earth, without altering the potential 
differences between them. The potential of the faulty lino becomes 
that of earth, the potential of the star point acquiring a voltage to 
earth equal to the phase voltage. The potential to earth of each of 
the two healthy lines becomes V3 times the normal value. 

Surges. — Transmission lines are sometimes subjected to tran- 
sient rises of pressure called surges. These may be brought about 




Fia. 390 (a) and (6). — Action of Petersen Coll. 


by short-circuits, by sudden changes in the current or voltage on 
the line or by breaking the circuit, and are due to the sudden 
dissipation of the energy stored in the magnetic and electrostatic 
fields around the conductor. In the event of a short-circuit the 
line may be considered for the moment as consisting of a condenser 
in series with an inductance, the short-circuit being equivalent to 
closing the switch. Up to this point the condenser is charged, but 
no current flows. When the short-circuit occurs the condenser 
begins to discharge, causing a current to flow through the induct- 
ance, and this continues until the condenser is completely dis- 
charged. The energy stored up in the condenser, \CE^ (see page 51 ), 
is now converted into an electromagnetic form and is equal to 
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\LP, but owing to the inductance of the line the current, /, cannot 
stop immediately, with the result that the condenser becomes 
charged up again, but this time in the reverse direction. The action 
is then repeated until all the energy concerned is frittered away 
in heating the circuit. 

If, now, the short-circuit happens to occur at the moment when 
the current is at or near to its maximum value, the quantity, 
\LP, will be relatively large. This energy is transformed into an 
electrostatic form, and since C is fixed, the magnitude of the 

voltage to which the line is charged momentarily may be con- 
siderable. From this it follows that surges of a dangerous nature 
are more likely to occur on low voltage lines with heavy currents 
than on high voltage lines with relatively small currents. 

The voltage and frequency set up by a surge depend upon the 
current flowing at the instant of interruption and upon the length 
of line connected. 

Underground systems are not subjected to surges to the same 
extent as overhead lines on account of the fact that the capacitance 
of an underground line is usually greater than that of an overhead 
one, and hence E is less for a given value of ^CE'^, 

Line Disturbances. — In the case of overhead lines it is necessary 
to provide for a discharge to earth of potentials higher than that 
for which the line is intended, since the insulation of the various 
apparatus connected is insufficient. Disturbances may occur due 
to lightning, static charges or surges. 

In the case of lightning the line may be either struck directly 
or it may be affected by a discharge near the line. A lightning 
discharge takes place extremely rapidly, and consists of a pulse, 
or pulses, with a very high rate of growth (steep wave front), and 
it may affect the line by inductive action. Owing to their fre- 
quency, induced E.M.F.’s due to this cause are very dangerous 
if allowed to act upon machinery, since ordinary inductances act 
practically as insulators, and the induced discharge frequently 
finds it easier to puncture the insulation than to overcome the 
impedance of the various windings. 

Cases of a line being struck directly are fortunately very rare, 
since there is no adequate protection known. Cases of inductive 
effects due to discharges near the line are, however, frequent, but 
the ill effects of these can be warded off. 

Static charges may accumulate on a line owing to the friction of 
snow or dust against the conductor and due to inductive effects 
from charged clouds. The same result can be set up by a sudden 
cooling of the atmosphere such as may occur at nightfall. Static 
charges usually accumulate slowly and are easier to deal with than 
lightning discharges on this account. 

A third form of line disturbance is that brought about by 
surges (see page 568). 
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Lightning Arresters. — Protection against the above sources of 
trouble is afforded by the use of lightning arresters, the function 
of which is to provide an easy path to earth for high potentials and 
for high frequency currents without providing such a path for the 
ordinary working current. 

Horn Arrester. — The simplest ty|)e of lightning arrester is the 
horn arrester, which consists of two metal rods bent into the form 
of horns and mounted in the same vertical plane on porcelain 
insulators so that the horns are close together at the base, the air- 
gap between them gradually increasing until the top is reached. 
One of these horns is connected to the line and the other one through 
a resistance to earth. The minimum air-gap is set so that a dis- 
charge does not take place at the ordinary working pressure, but 
at a predetermined excess voltage an arc is set up. This arc travels 
up the horns both on account of thermal and electromagnetic 
action, until finally it becomes so long that it breaks, thus auto- 
matically insulating the circuit again. Should the excess voltage 
on the line not be relieved, a second arc follows the first, and so 
on, until the line voltage becomes normal. 

Lead Oxide Arrester. — In this arrester use is made of the change 
in resistivity which occurs in the case of certain inorganic salts on 
heating. The salt used is lead peroxide (PbOg), which at ordinary 
temperatures has a resistivity of one ohm per inch cube. At 
150® C. this peroxide is converted into red lead (Pb 304 ), which has 
a resistivity of 24 X 10® ohms per inch cube. This property is 
made use of in the arrester, the practical form of which is shown in 
Fig. 397. Each cell consists of two iron electrodes of circular cross 

section, varnished on one side 
in such a manner that the 
varnish films break down when 
a voltage of approximately 
400 volts is applied across 
the electrodes. The cells are 
stacked in columns, the num- 
ber of cells depending upon 
the voltage setting required. 
When an over-voltage occurs on the line the varnish film breaks 
down at one or more points in each cell, and a discharge takes 
place through the lead peroxide, which, owing to the heating, is 
converted into red lead, after which the discharge ceases. 

In time the whole surface of the electrodes becomes covered 
with small plugs of red lead, which gradually increases the total 
resistance of the arrester, which has then to bo re-conditioned. The 
dimensions are, however, so chosen that this takes some years with 
normal use. 

In another type of construction a column of lead peroxide 
pellets is used, in series with a spark gap. When an arc occurs 
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Fio. 397 — Lead Oxide Arrester. 
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across this gap, due to an over-voltage, additional voltage is applied 
to the pellet column and a current flows to earth. After the surge 
has been dissipated, the voltage falls to normal. The resistance of 
the pellet column now increases until only a few milliamperes flow, 
this current being finally interrupted by the series spark gap. 

Thyrite Arrester. — ^Thyrite consists of a particular kind of clay 
mixed with carborundum and fired over a definite temperature 
cycle. The variation in temperature throughout this cycle is 
extremely important, a very small deviation resulting in the loss of 
its special properties. This material possesses the remarkable pro- 
perty of being practically an insulator at one voltage and an excel- 
lent conductor at a higher voltage. Its electrical resistance appears 
to depend solely upon the voltage, the current increasing 12-6 times 
every time the voltage is doubled. Th3n*ite obeys this characteristic 
law apparently indefinitely and independently of the rate of appli- 
cation of the voltage, there being no time-lag. 

The standard unit is rated for 11*5 kilovolts, and consists of 
eleven Thyrite discs in series, with a suitable arrangement of gaps, 
all assembled in a porcelain container. For higher voltages a 
number of such units are arranged in series. 

Line Choking Coils. — Choking coils of a particular design and 
carrying the full line current are employed at the generator end 
of a transmission line for the purpose of protecting the apparatus 
behind it from the effects of a hghtning discharge. A common 
design for such a choking coil consists of a simple helix of stout 
wire mounted in air upon two porcelain standards. At the normal 
frequencies of supply these are practically non-inductive and cause 
only a negligible voltage drop, but with the extremely high frequen- 
cies obtain^ in the case of a lightning discharge they produce a 
very strong choking effect, so that practically none of the induced 
current flows through them, but is dissipated by the lightning 
arresters instead. 

Overhead Earthed Wire. — If one or more earthed conductors 
are run near to and parallel with the transmission line conductors, 
their efifect is to reduce the line potential due to static charges and 
discharges. The capacitance between line and earth is increased 
by this expedient, whilst that between a charged cloud and the 
line remams unaltered. The static potential of the line is thus 
reduced, the overhead earthed wire acting as a valuable adjunct to 
the lightning arrester. 


Examples 

(1) What is meant by “ reverse current ” and “ reverse power ? 
Describe a relay which will operate under these conditions. 

(2) Why is plain overload protection insufficient in the case of 
large generators ? 
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(3) Draw a skeleton diagram of connections showing how to 
protect a generator against overload, leakage and internal short- 
circuit. 

(4) Describe two methods of feeder protection, one employing 
pilot wires and one with no pilots. 

(5) Describe one form of lightning arrester, and explain the 
method of its operation. 
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SYMBOLIC NOTATION 

Symbolic Representation of Vectors. — Vector quantities can be 
expressed in algebraic form if the horizontal and vertical components 
of the vector are known. As the vector rotates these two alter in 
their relative value, according to the sine law, each becoming 
positive and negative alternately. In Fig. 398 let OA — a represent 
to scale some quantity which, at the moment under consideration, 
has a positive value, since OA is drawn to the right from O, The 
same magnitude with a negative sign is represented by 0A\ or 
OA' = — a. To indicate that a is now negative, OA' (the length 
of which determines the arithmetic magnitude) is drawn to the lefti 
By measuring off the same length in a vertical direction, other 
conditions may be implied. For example, in the ordinary vector 
diagram OB (which has the same length as OA) represents the same 
quantity, but advanced in phase by 90°. If OB is again advanced 
in phase by 90° it becomes equal to OA', and if yet another 90° be 
added to its phase, then OB' is obtained. 

The j Operator. — To represent the fact that OA' is negative in 
direction, the minus sign is prefixed to the quantity, thus OA' = — a. 
In the same way let the symbol j be prefixed to the quantity to 
represent that it is drawn in the direction OB, or that it has been 
advanced in phase by 90°, Then OB = ja. Again advancing the 
phase by 90°, OA' is obtained, and this may be written OA' = 
j-OB = j(ju) = j^a. The symbol j is not a mere multiplier, but is 
called an operator, indicating that the quantity following must be 
treated in a certain way (i.e. rotated through 90° in an anti-clockwise 
direction). The symbol indicates that this must be done twice. 
This is the same as rotating the vector through 180°, or, in other 
words, reversing it. This again is equivalent to multiplying it by 
— 1, so that j2 = — 1 and j = V — F This is an imaginary 
quantity, since it cannot bo evaluated algebraically, but nevertheless 
it is represented graphically in the diagram by OB — ja. In the 
same way OB' , drawn vertically downwards, is equal to — ja, since it 
is obtained by adding 90° in phase to OA' , or by multiplying 
OA' = ~ a by j. Multiplying by ~ j is equivalent to retarding the 
quantity in phase by 90°. Division by j gives the same result, since 
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All horizontal components are called real quantities and all 
vertical ones imaginaries. (Any line, however, may be considered 
as the horizontal base.) Generally a vector has both horizontal and 
vertical components, but it is a simple matter to resolve such a vector 
into its quadrature components as shown in Fig. 399, when OP may 
be written 

OP = a + jb. 

This indicates that the point P must be moved from 0 by a units 
in the horizontal direction to the right and by b units vertically 
upwards. The actual numerical value of OP is equal to 
and the inclination of the vector to the horizontal is given by 

tan ^ == -• A vector in the second quadrant is illustrated by 



FlO. 398, — Real and Imaginary 
Quantities, 



Fio. 399, — Real and fmaglnary 
Components of Vectors, 


OP' = ~ a' + jb\ Let OP' be obtained by rotating OP through 
90® in an anti-clockwise direction. Then OP' — j OP and 

— a' + jb' = j(a + jb) 

= ja + 

= — 6 + ja. 

From this it is seen that a' — b and b' — a. Similarly a vector in 
the third quadrant is expressed by OP" = — a" — jb" (the real 
component being negative and the imaginary one also negative or 
drawn downwards). A vector in the fourth quadrant is expressed 
hy OP'" ^ a'" -jb"'. 


Again, let 
Then 
and 

Therefore 


r = + 6^ numerically. 

a = r cos 0, 
b = r sin 0. 

OP = a + 

= r(cos 0 4" i sin 0). 


Complex Quantities. — A quantity expressed in the a -f jb fonr 
is called a complex quantity, the a term being real and the jb term 
imaginary. 
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Addition of Complex Quantities. — ^This is performed by simply 
adding their real and imaginary parts respectively. Suppose 
OA = a + and OB = c + jd represent two vectors. Their sum 
is then given by 

OA + OB^{a + c)+j(h + d). 

The magnitude of the resultant is equal to 

\/(a + cj^ + (5 + 

and the slope is given by 

tan 0 = - 

Subtraction of Complex Quantities. — ^The difference between two 
complex quantities is given by 

OA - OB = (a - c) + j{b - d), 

the magnitude of the resultant is 

V(a - c)2 + (6 ~ d)^ 


and the slope is given by 


tan 0 = 



Multiplication by a Complex Quantity. — The multiplication of a 
vector by a complex quantity, a + jb, results in the original vector 
being lengthened in proportion to the factor + b^ (known as 

the tensor), and in being advanced in phase by an angle 0 — tan“^ - 

a 

(this rotating factor being known as the versor). 

Division by a Complex Quantity. — Dividing a vector by a com- 
plex quantity reduces its length in the ratio and retards 

it in phase by an angle 0 == tan"^ -• 

Polar Representation. — Instead pf specifying a quantity in terms 
of rectangular co-ordinates, t.e. in terms of a and b, it is sometimes 
preferable to express it in terms of polar co-ordinates, i.e. in terms 

of r and 0, where r — + b^ and tan 0 = -. It is then written 

CL 

in the form r/0. For example, if a = 1 and 6 = \/3, then r = 

Vl* + (\/3)^ = 2, and 0 = tan'^ -y = 60°, and it would be 
written 2 /60°. 
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Symbolic Expression iov Impedance. — If I be the R.M.S. value 
of the current, then the applied voltage (R.M.S. value) is given by 

E = IZ, and the voltage leads the current by an angle (f> — tan"^ 

The voltage vector consists of two quadrature components IR and 
IX, so that the voltage may be expressed (see Fig. 400) by 

E = IZ = 1R+ jlX, 

(The symbols with the dots underneath indicate that the quantities 
are expressed in symboUc form.) From this it follows that 

Z = R + jX = Z(cos -i~j sin </>), 


The actual numerical value is Z = \/ R^ -j- X^. The latter 
value gives no information respecting the relative magnitudes of 

the two components, whereas the 
symbolic expression does give full 
information. 

Impedances in series may not 
be added together numerically in 
order to obtain their resultant, if 



Fig. 400. — Impedance Diagram. 


expressed in the ordinary way, but this is quite permissible when 
expressed in symbolic fashion. Thus 


Z — Zi + Zj + ... — (Ri + +•••)+ i + -^2 + . . .). 

When capacitive reactance occurs, it must be regarded for the 
present purposes as negative in sign. 

The phase of the current in Fig. 400 may have been such that 
the vector representing it must be drawn at some angle to the 
horizontal. In that case the current may be represented by 


i^r+jr\ 

The voltage is then represented by 

E^iz = {r +jr){R-\-jX) 

= FR + jH"X + jrx + jr'R 
= FR - F'X + 3[FX + F^R). 

Alternately, the current could be represented by 


/ = /(cos 0 + sin 0). 

The voltage is then given by 

E = IZ = /Z(cos 0 + ji* sin 6)(co8 (f> + j sin <f)) 

= /Z[(co8 0 cos — sin 0 sin ^) + j(co8 0 sin (f> + sin 0 cos (^)] 
= /Z[cos (0 + ^) + j{sin (0 + ^)}]. 

This shows clearly the lead of <f> degrees resulting from the multipli- 
cation by Z. 
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Example of Series Circuits. — Assuming the data shown in Fig. 
401, it is required to determine and E 2 in phase and magnitude. 


-AAA-W- 

Xi-3 


E2 


R2d X2~2 

-/04 Vo/tS 


FIQ. 401. — Example ol Series Circuits. 


Pliase angle 


^ = (4 + 8)+j(3 + 2) = 12+j5. 
104 


1 = 


12+j5 


?.-'?. = u'“^5X(4+J3) 

104(4 +j3)(12-i5) ^ 
(12+i5)(12-j5) 

_ 104(48 + i36 - j20 + 16) 
“ 144 + 26 

= 38-7 + ;9-85 




== V38-7* + 9-85* = 40 volts. 
14.25”. 

104(8 +j2)(12-i5) 

~ 169 


l3 


(96 + j24 — j40 + 10) 


Phase angle 


= ° 3 ( 106 -il 6 ) 
= 65-2 — j9-85 


E 2 = V'65-2* + 9'85* = 66 volto. 
. _i — 9‘85 „ po 


These results should be compared with those obtained by ordinary 
vector diagram. 

1 When a complex number occurs in the denominator it is usually simpler 
to rationalize it. 



668 


ALTERNATING CURRENTS 


OH. 


Derivation of Admittance, Conductance and Susceptance. — In a 

series circuit 


But 
so that 


E E 

^ - Z~R+jX 


= E X 


B-jX 
R’^ + X* 


= <] 


R 


+ X» 
= E[0-jB]. 
I =EY, 

Y = b-jB. 

R 


-3 


R^ + X*j 


G = 


= conductance in mhos, 


R» + Z* 

B = = susceptance 


Y = VO^ + B* = admittance 


Parallel Circuits. — Let two parallel circuits possess admittances 
Yi — Oi — jBi and F, = O, — jB^ respectively. Then /j = EY ^ 
and 7, = EY^. Also 7 = /j + 


= |?(Fi+ F,) 

= E{(G^ + 0^) -j(B, + B,)] 


== E 
I =^E 


R, 


-I — 'S — j ( -■?! 1 ^ 

^ TJj* + Z,V ^ KRj^^ + Zi» ^ iZ,* + ZjV 


LVTZia + Zi* ' 7Jj* + Z,* 


•J( _Y 

Z \i?i* + Zi* ^ + Z*V ^ Ui* + Zi* ^ + ZjV 


The resultant current is thus obtained very simply. It should bo 
noted that the minus sign now prefixes the imaginary part of the 
expression. 

Example of Series-Parallel Circuit. — Consider the same circuit as 
formed the example on page 35 (see Fig. 26). The admittance of 
the two parallel branches is 

90 

“ 20'— » - > 20Mr» - <’■<"“ - > 

respectively. The combined admittance of these two is 

Fa = Fi + F, 

= 00164 + 0 0014 —j (0 0230 + 00166) 

= 0-0168 - 0-0396. 
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But since ^ and B = R , 


Therefore 


and 


Ra = 

Xa = 


0-0168 


0-01682 + 0-03962 
0-0396 


y2 ^'^d A — 


= 9-1 ohms 
= 21-4 ohms. 


0-01682 + 0-03962 

The total impedance 

Z = 60 + 9-1 +i (15 + 21-4) 

= 69-1 + j 36-4 

and Z = \/69-12 + 36-42 = 78-1 ohms. 

36-4 

The phase angle is obtained from tan“^^ 7 ^ as before. 

69-1 


Exponential Treatment. — It is shown in mathematical text-books 
that 

cos 0 = J(e’® + t~^^) 
and j sin 0 = 

Therefore cos 0 + j sin 0 = 

and cos 0 — j sin 0 = e~^^. 

Referring to Fig. 399, OP = a + ^’6 

= f (cos 0 + j sin 0) 

= rc^'^ 

The addition of two vectors, a + and c + jd, is now seen to be 

The product of two vectors is most conveniently expressed in this 
form, viz. 

Product = rir 2 e'^'e'^ = 


Examples 

(1) A current represented by 7 = 25— j 10 flows through a 
circuit the resistance and reactance of which are 8 and 12 ohms 
respectively. Determine the components of the applied voltage. 

(2) A circuit consisting of = 4 and Aj = 3 is in parallel with 
another consisting of R^ = S and == 2, the applied pressure 
being 100 volts. Determine, by symbolic notation, the current in 
each branch, the total current and the phase angles of the two branch 
currents with respect to the resultant current. 

(3) A voltage represented by ^ == 50 + j 75 acts on a circuit 
consisting of 10 ohms resistance in series with 6 ohms capacitive 
reactance. Determine the current. 

(4) A single-phase transmission line has an inductive reactance 
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of 7*6 ohms and a resistance of 25 ohms. It supplies current to a 
condenser the capacitive reactance of which is 100 ohms. The 
generator voltage is 20,000 volts. What is the terminal voltage 
at the condenser, and what is the phase difference between the 
voltage at the generator end and that across the condenser ? 

(6) Two parallel circuits have conductances of 0-1 and 0*08 
mho respectively, and susceptanees of 0*03 and 0-16 mho respec- 
tively. Determine, by symbolic notation, the total current when 
an E.M.F. of 100 volts is applied, the resultant power factor, and 
the phase angle between the currents in the two parallel circuits. 

(6) Two impedances 4 + j5 and 8 -f- ;10 are connected in 
parallel across 200-volt, 60-cycle mains. Find (a) the admit- 
tance, conductance and susceptance of each branch, and of the 
entire circuit ; (6) the total current and its power factor. 

What value of capacitance must be connected in parallel with 
this combination to raise the resultant power factor to unity ? 



CHAPTER XXXVI 
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Occurrence of Transients. — Transients occur in all cases where 
a change in the quantity of stored energy takes place. This does 
not include the cases where energy is stored periodically in electro- 
magnetic and electrostatic fields under the action of a permanent 
alternating current. 

Transients are non- recurrent in their nature and represent the 
growth or the dying away of the quantity concerned, and in certain 
abnormal circumstances their destructive effects are of very serious 
moment. In the simplest cases they obey the exponential law, just 
as the permanent alternating currents obey the sine law. 

Simplest Type of Transient. — This occurs when the effect is pro- 
portional to the cause. Assume that a current / in a circuit is 
allowed to die down to zero. The current-time curve obeys a 
particular law. After the lapse of a time t the current has died down 
to i. The initial rate of decay, or the initial slope of the curve, is 

, which is a constant. The slope of the curve at time ^ is -j,, 
ati at 

the magnitude of which depends upon the value chosen for t. If, 
now, the whole series of operations had commenced at the time t, the 

di 

initial rate of decay would be l^ke initial magnitude of the 

current now being i. Since proportionality is assumed between 
the cause and the effect, then 

dl • di , , » , 
dt]^^dt • 
di __ i 

where T is a constant. 


Therefore 


dl 

dti 


i. 


T 


Then 

Integrating, we get 


di _ 1 , 

J 


log. » 
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where ^ is a constant. This is the natural law of decay. After the 
lapse of a time t = T, the value of i becomes = A X so that 
the constant T is equal to the time taken for the current to fall to 
- = 0-368 of its original value, since e is approximately 2*718. 

Short-Circuit of Resistance and Inductance carrying a Steady 
Current. — The current gradually dies down to zero, having the value 
i corresponding to a time t measured from the instant of short-circuit. 


Then 


Integrating, we get 


I L 

log. + K 


i ^ Az 


— 


m 

‘ L 

Rt 

" 


since A^h, the initial value of the current, when t = 0. Com- 

L 


paring this with the general formula above, it is seen that T = 


R 


T being measured in seconds and L and R in henries and ohms 
respectively. 

Application of Steady Voltage to a Circuit. — Suppose that a 
steady direct voltage E is applied to a circuit consisting of a resistance 
of R ohms and an inductance of L henries in series. The current 

E 

rises to a final value equal to but this does not occur instantly. 

On the contrary, it takes a quite definite time to accomplish. This 
time is usually a small fraction of a second. 

The applied E.M.F. has to overcome the resistance and also the 
back E.M.F. set up due to the fact that the current is changing in 
an inductive circuit. The applied E.M.F. can be expressed as 


E-- 


+ 4 ’ 


where i is the instantaneous value of the current. 
Therefore Ldi = (E — Ri)di 

L 


and 


. di = dt. 


E -- Ri 
Integrating both sides we get 

— ^ log. {E — Ri)^ I -{■ K 

where K is the constant of integration. 
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When ^ = 0, i = 0, and — E = K, 


Therefore 


li 


{loge E — log*(-£7 — Ri)} ~ t 


E 


E 


Rt 

" X 

m 


= £ X 

E - Ri 


E' 


_ Rt 

Ri = Ez !■ 


Ri = E{\ —zL) 
E -® 



Fio. 402.— Current at Starting and Stopping. 


The shape of the curves showing the relation between current 
and time when tlie current is being built up and when it is dying 
down is shown in Fig. 402. These two curves are similar if one 
of them is turned upside down. 

As an example, consider a circuit having a resistance of 10 ohms 
and an inductance of 1 henry. If the applied voltage is 100, the 
expression for the current becomes 


. 100 
10 (1 




At the end of 0*1 second after the E.M.F. has been applied the value 
of the current becomes 

t = 10(1 - 2*718 -1) 

= 6*32 amperes. 
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At the end of 1 second the value of the current becomes 


10(1 -2-718“ 10) 
= 9-999 amperes. 


Time Constant. — The time constant, T, of a circuit is the time 
taken for the current to reach its final value, assuming the initial 
rate of increase to be maintained. This constant is equal to the 

ratio and the larger this ratio is, the greater is the time taken 

by the current in rising to its final value. Theoretically it takes 

E 

an infinite time to rise to the value given by the ratio but as far 


as practical measurements are concerned the final value is attained 
very soon. For instance, in the example quoted above, the current 
has risen to within 0-01 per cent, of its final value at the end of 
1 second. 

The rate of increase of the current is 


di It - 
dl~ R l"" 



When ^ = 0, c ^ = 1, and 

di __ E 
dt L* 


If this rate of increase wore maintained, the final current, I = 
would be reached in T seconds (by definition), so that 


and 



E 

R 


An alternative definition of time constant is the time taken for 

the current to rise to - of its full value, 
e 

Stopping a Direct Current. — The usual way of stopping a current 
is by the opening of a switch. What exactly goes on in the circuit 
during this operation is rather complicated, but looking at the 
problem from the simplest point of view, it may be considered that 
an enormous resistance is very rapidly introduced into the circuit, 
this resistance being the air gap between the fixed and the moving 
contacts of the opening switch. The result of this is to bring the 
current rapidly to zero, although the presence of inductance in the 



XXXVI 


TRANSIENTS 


576 


circuit retards the fall of the current to some extent. This effect is 
seen when the field winding of a generator or motor is suddenly open- 
circuited. The spark which ensues is much more vicious than would 
bo the case if there were no inductance in the circuit. It must be 
remembered that inductance can be present in a direct current 
circuit, just as in an alternating one, since inductance is due to the 
linkage of magnetic lines of force with ampere-turns. The effects 
of inductance, however, are only noticeable when the current is 
varying. Another way of looking at this question of the broken 
field winding is to consider the large E.M.F. which is suddenly intro- 
duced into the circuit at the moment of opening the switch, this 
E.M.F. being due to the rapid change of linkages in the circuit. 
This large E.M.F. will cause a spark to persist across the retreating 
switch contacts for a longer time than would be the case if only the 
normal E.M.F. of the circuit were acting. 

Starting and Stopping a Current — Graphicai Construction. — The 

time constant, T = may be defined as the time taken for the 

current to reach its final value, provided the initial rate of increase 
were maintained. This initial rate of growth is obtained from the 
equation 

E = Ri L X Rate of change of current, 


so that, since the initial value of i is zero, 


E IE 

initial rate of change of current = ^ m ~ 

X/ 1 li 


I 

T’ 


Shortly afterwards, when the current has reached a momentary 
value of i, the rate of change of current is given by 


E -- iR _ I — i 

Lr~ ” 

E 

Finally, when i becomes equal to / = ^, the rate of increase dies 


down to zero and steady conditions are set up. 

In order to obtain the graph of the curve, a horizontal line is 
drawn through the point representing the final value of the current 
(see Fig. 403). A length is now marked off along this line equal to 
T seconds and the point obtained is joined to the origin. The slope 

of this line is ~ amperes per second. When the current has reached 


a value of i amperes at point a horizontal line is drawn through 
P and a length PQ also equal to T marked off along it, a vertical 
being drawn through Q to cut the maximum line at R. The height 
QR is equal to I — i. The line joining P and R will now give a 


further portion of the curve, since its slope is 


I-i 


T 


amperes per 
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second. Other triangles P'Q'R\ etc., can be constructed 

until the full curve is drawn in. In practice the points P, P', etc. 
should be taken fairly close together. 

The graph representing the stopping of a current can be obtained 
in the same manner, the slopes, of course, being now negative. 

Application of Steady Voltage to a Resistance and Condenser 
in Series. — At any instant the total applied voltage E is divided 
between the two, the voltage across the resistance being Ri and that 


R R P" 



across the condenser being e = E — Ri, The current taken by the 

condenser is so that 
at 

^de E — e 

R- 

de dt 
W^e ^ RG^ 

Integrating, we get 

— log, {E - e) = + K. 

Therefore E — e — t *) = W 

e = E - At' 


But c = 0 when < = 0 ; therefore A = E. 
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Finally, c = ^(1 — c”^). 

The time constant is now equal to T = RC, 

Short-Circuit of a Condenser through a Resistance. — The instan- 
taneous value of the current is now given by 



de _ dt 

e RO^ 

Integrating, we get 

^ 4- X ^ 

e = e liC^ = Ae RO, 

When t = 0, e = Eq] therefore A = E^, so that 

_ t 

e = Eqz 


Change of Current in a Circuit. — When the conditions of an 
electric circuit are changed so as to require a change in the stored 



energy, a transient occurs. For example, in a theoretically non- 
inductive circuit, a change of resistance would result in the current 
attaining its final value instantaneously. When inductance is 
present, however, as it always must be to a greater or less extent, 
a transient occurs and the current takes an appreciable time to come 
to its ultimate value. This is due to the electromagnetic field 
associated with the inductance. During the transition period the 
current may be considered as consisting of two components, viz. a 
permanent and a transient current. The former may be either direct 
or alternating. For example, the current shown in Fig. 404 (a) may 
be considered as the resultant of the steady permanent current 
shown in Fig. 404 (6) and the transient current shown in Fig. 404 (c), 
which obeys a simple exponential law. 

^ The minus sign is here inserted since the condenser is discharging. 
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Change in Value of Alternating Current. — When an A.C. changes 
in value, its graph during the transition period can be obtained by 
drawing the final permanent current and, at the instant when the 
circuit conditions change, noting the difference between the 
instantaneous values of the original and the final permanent 
currents. The initial magnitude of the transient is equal to this 
difference (see Fig. 405), its rate of decay depending upon the time 
constant of the circuit. The resultant current is now obtained by 
adding together the permanent and transient components as shown 
by the dotted curve. The magnitude of the transient depends upon 
the point in the wave at which the change occurs. It is a maximum 
when the change occurs at the maximum point of the wave. When 
the change occurs at the zero point of the wave there is no transient 
at all and the change takes place smoothly. 



Fio. 405. — A.C. Transient. 


Starting Transient In Balanced Three-Phase System.— When a 
three-phase current is switched on, the three currents must each start 
from zero, although it is impossible that the permanent components 
of these three currents can each be equal to zero in view of their 
phase difference. In general let the initial instantaneous values of 
the permanent (alternating) components of the three-phase currents 
^ ip 3 respectively, these being all different. The 

corresponding transient currents are it^ and 1^3 respectively, and 
since the sum of the permanent and transient components must be 
zero at this instant, it follows that ip^ == — and 

tp 3 = — hz- The resultant currents are therefore all different, 
containing transients of different magnitudes but with the same 
time constant, since balance is assumed. Again, since ipi + ip^ + 
ip 3 = 0 , therefore ii^ + = 0 also, for the sum of the 

resultant currents must be zero at any instant. 

If the circuit is switched in at an instant corresponding to the 
zero point on one current wave, then the transient in this phase is 


absent, those in the other two phases each being 
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maximum possible value. If, on the other hand, the current is 
switched on at the maximum point of the permanent current w^ve 
for one phase, the transient in this phase is a maximum, those in the 
other two phases each being half the maximum possible. Fig. 406 
shows an example of the starting transients in a balanced three - 



Fig. 406. — Starting Transients In Balanced Three-Phase Circuit. 


phase case, the point of commencement corresponding to 10° after 
the zero point on the permanent component of one of the phase 
currents. 

Starting Transient of Rotating Field. — Consider the currents in 
a three-phase case to be resolved into their permanent and transient 
components. The former give rise to a synchronously rotating 



FlQ. 407. — Rotating M.M.F. Locus. 


M.M.F., but the latter being unidirectional must set up a M.M.F. 
along a fixed axis. At the commencement the resultant M.M.F. is 
zero, since the resultant cimrents must all start from zero. The 
resultant M.M.F. due to the transients must therefore be equal and 
opposite to the resultant M.M.F. due to the permanent components. 
As the flux rotates, the M.M.F. due to the permanent components 
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remains constant in magnitude, but the M.M.F. due to the transients 
does not rotate, merely acting in a single direction along a fixed axis 
and gradually dying away. In order to determine the resultant 
M.M.F. curve, imagine the permanent M.M.F. to remain fixed in 
space, the transient M.M.F. rotating with respect to it at syn- 
chronous speed. The permanent M.M.F. can now be represented by 
a fixed line OA of constant length (see Fig. 407), whilst the transient 
M.M.F. is represented by a line such as A B rotating around A at 
synchronous speed, the length AB dying away according to an 
exponential law. At any instant of time corresponding to an 
advance of 6° from the commencement, the resultant M.M.F. is 
given by OB, the vector sum of OA and AB. The spiral curve 
represents the locus of the resultant M.M.F., one revolution corre- 
sponding to one cycle. It is seen that the resultant M.M.F. is 
alternately stronger and weaker than that due to the permanent com- 



ponents alone. When the length of the line OB is plotted against 
0, the resultant M.M.F. curve takes on the shape shown in Fig. 408. 

Starting Transient in Air-cored Inductance. — The current must 
start from zero, and, assuming no losses, this corresponds to the 
maximum point on the E.M.F. wave. If switched in at any other 
point than this there is a starting transient engendered. The worst 
conditions are obtained when the circuit is switched in at the zero 
point of the E.M.F. wave. Neglecting resistance, the applied 

di 

E.M.F. must be equal to and if the voltage acts in the positive 

di 

direction for the first half-cycle, then must be positive for half a 

cycle, instead of for 90°, as it is from this point when permanent 
conditions are attained. The current, therefore, rises to double 
its normal value in the first half-wave, this being known as the 
doubling effect. Further, since 

where N is the number of turns, then the applied E.M.F. 
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and 


c = N X 10-*^ 
dt 

10 ® 

iO = 


- fiAi 


10 * 


Integrating both sides we get 


Inst. = ^ COS + A. 

But Oinst. = 0 when < = 0, so that K = 
and (1 — cos cot). 

When co^ = 180®, = 2 x or double its normal value. 

The current is proportional to the flux, since there is no iron present, 
so that the current also rises to double its normal value and is 



unidirectional in character. The sine wave representing the 
permanent current is displaced so as to be completely on one side of 
the zero line. If the circuit is completed at some intermediate 
point on the E.M.F. wave, then the current wave is displaced about 
its axis to a lesser degree. 

Effect of Losses. — The general effect of the I^E losses is to make 
the current wave gradually symmetrical. As the current rises to 
its maximum value, the IR drop increases and prevents the current 
from rising to as large a value as it would do otherwise (see Fig. 409). 
The second current wave, therefore, commences from a point 
slightly below the zero line, with the result that the second peak is 
again smaller. This action continues until the current wave is 
symmetrically placed about the zero line, the time taken depending 
upon the value of the time constant. 

Effect of Iron Core. — When iron is present and saturation occurs. 
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the distortion of the current wave at starting is much more marked. 
Theoretically the flux may rise to double its permanent maximum 
value, but as this often takes the iron beyond the knee of the 
magnetization curvd, it follows that the magnetizing current is 
increased to a very much greater extent. The effect is again 
accentuated if the iron core happened to be magnetized initially in 
the reverse direction. In fact, the current rush at starting may 
reach, say, twenty or thirty times its final value. This current rush 
consists of very large positive half-waves, followed by very small 
negative half-waves, each succeeding wave approaching more nearly 
to the normal, until finally the two half-waves become equal (see 
Fig. 410). 

Transformers are subject to these current rushes on switching in, 
the disturbance lasting on occasion for as long as two minutes, 
These current rushes are not accompanied by any voltage rises, but 
they may occasion large mechanical stresses between adjacent coils, 
which ought to be avoided. 



Fio. 410. — Starting Transient in Iron-cored Inductance. 


Collapse of Magnetic Field. — Let a steady pressure, Eq, be applied 
to a coil possessing a resistance of R ohms and an inductance of L 

E 

henries. A steady permanent current /q = -^ is set up. This 
produces a flux Oq = x 10®. If now the coil be suddenly 


short-circuited, the field gradually collapses, the current dying 
down with it. Neither disappears instantaneously. As soon as 
the field commences to decrease, it induces an E.M.F. in the coil 
which, since it is short-circuited, sets up a current tending to prevent 
the collapse. These conditions are represented in Fig. 411. The 
induced E.M.F. is given by 



10®. 


Therefore Jedt = JV x 10"®/d(I) 

= X 10-® X (bo = L7o. 


But Jedt is the area of the E.M.F. curve from the instant of short- 
circuit. If the fiux had continued to die away at its initial rate, the 
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induced E.M.F. would have been constant and equal to Eq for a 
time T equal to the time constant of the circuit. The area of this 

E L 

curve (shown dotted) is EqT = = LIq. In other words, the 

Jti 

dotted rectangle has the same area as the exponential curve. 

Strictly speaking the transient takes an infinite time to die 
down to zero, but the time of its duration is usually defined as T 
seconds, this being the time taken to dissipate the energy, assuming 
the initial rate of decrease to be maintained. 




If the coil be short-circuited through a resistance, R\ then the 
time constant is reduced to T' = The same amount of 

li II 

energy (\LP) has now to be dissipated in a shorter time, so that the 
initial value of the induced E.M.F. must bo increased as shown in 
Fig. 411. Before the current has had time to change, the induced 
voltage to produce this current must be increased in the ratio 

R 
R 

^ times its former value. 

M Jtt 

If the added resistance be infinite, t.e. if the coil be open-circuited, 
then theoretically an infinite voltage lasts for an infinitesimal time, 
T being zero. Actually, however, the circuit cannot be broken 


The duration of the transient, however, is now only 
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instantaneously on account of the spark at the switch contacts. 
Generally, the more slowly the field is killed, the less is the strain on 
the insulation due to the induced E.M.F. 

Sudden Short-Circuit on Alternator. — When an alternator is 
running under normal conditions the strength of the field is several 
times as great as when it is running under a steady short-circuit with 
the same excitation, this being due to the direct weakening action of 
the armature reaction. When a short-circuit takes place suddenly, 
therefore, the field has to decrease in magnitude to a very considerable 
extent. This weakening of the field does not occur instantaneously, 
but takes a certain time to accomplish, because every change in the 
flux causes a change in the number of lines of force linked with the 
field coils. As soon as the lines of force begin to die down, therefore, 
a voltage is induced in the field coils, giving rise to a current opposing 
the fall of the flux. Eddy currents are also induced in the iron itself, 
particularly in any solid portions, and this also helps to retard the 
fall of the flux, which thus takes a definite time to accomplish. On 
suddenly short-circuiting the armature, a large current flows before 
the armature reaction has had time to make its effects felt, and the 
first few current waves after the short-circuit indicate an abnormally 
high current. Whilst this is taking place, large mechanical forces 
are set up which may tear the end connections from their fastenings ; 
hence the necessity fbr adequate clamping arrangements. 

The current rush decreases fairly slowly and lasts for many 
cycles. A current rush also occurs in the field circuit. These 
transients can be predicted fairly accurately. Both armature 
reactance and reaction enter into the problem. Let the syn- 
chronous reactance, which is the combined effect of the two, be 
represented by and the true leakage reactance by Xi. The 
latter consumes a voltage Xil which appears simultaneously with 
the current. On the other hand, the armature reaction takes an 
appreciable time in order to make its full effects operative, since it 
involves the killing of the field to a large extent. 

Immediately after the short-circuit occurs, the armature current 


is equal to h = 


Eo 

X,’ 


where Eq is the induced E.M.F. before the short 


circuit. Ultimately the current dies down to a steady value of 
E Ii Xg 

It = — . Therefore y- = The magnitude of the momentary 

Xg Ig Xi 


short-circuit current is thus affected considerably by the ratio of 
reaction to reactance. A high reaction and low reactance means a 
large momentary short-circuit current, and vice versa. Let the 
original value of the flux be Oi, this dying down ultimately to 

Then <I>i/<I>o = ~ ^ ^ ~ + (»” — 1) 

The transient component of the flux, or the portion which has to die 
away, is (m — ^ usually a slow transient with a time 
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constant of a minute or more, and gives rise to a current transient 
in the field circuit. 


Examples 

(1) A steady voltage of 100 volts is applied to a coil the resistance 
and inductance of which are 5 ohms and 2 henries respectively. 
Determine the magnitude of the current 0*4 second after the 
application of the voltage. 

(2) By moans of a graphical construction, draw the graph of the 
voltage across the condenser at starting of a 100 microfarad con- 
denser in series with a 10,000 ohm resistance when connected to a 
100 volt supply. 

(3) The time constant of the stator windings of a three-phase 
50 cycle induction motor is 0*1 second. Draw the starting transient 
of the rotating field in polar and rectangular form for the first five 
cycles. 

(4) Prove that in an air-cored inductance supplied with A.C. the 
initial value of the current may rise to a value equal to double the 
permanent value. How does the presence of iron affect this ? 

(5) Write an account of what takes place in an alternator when 
it is suddenly short-circuited. 

(6) Describe, with the aid of diagrams, what occurs when the 
supply is disconnected from an electromagnet. Assume a non- 
inductive resistance to be connected across the coil terminals, prior 
to the disconnection from the source of supply. Discuss the effect 
of the magnitude of this resistance upon the duration of the transient. 



CHAPTER XXXVn 


OSCILLATORY CIRCtHT 

Oscillatory Circuits. — An oscillatory circuit is fundamentally the 
same as an alternating current circuit, but operates, of course, at a 
much higher frequency. The current may be undamped or damped. 
In the former case the amplitude remains constant, but in the latter 
case it gradually decreases until the current dies away. The 
current also may be modulated by the superimposition of another 
high frequency alternating current, so that the resultant amplitude 
rises and falls in various ways. A damped oscillating current follows 
the same general laws as a transient alternating current, discussed 
in Chap. XXXVI. 

Discharge of Condenser through Inductance. — When a condenser 
is discharged into a circuit consisting of an inductance and a relatively 
high resistance, the current is unidirectional, gradually dying away 
to zero. If the resistance is relatively small, the current becomes 
oscillatory in character, flowing each way in turn, and gradually 
dying away. If there is no resistance at all in the circuit, no losses 
occurring, then the current would flow indefinitely without diminution 
in magnitude, and would be sinusoidal in wave form. The energy 
stored in the electrostatic field is transferred to the electromagnetic 
field due to the current, and then back and forth, the current 
maintaining an undiminished amplitude if there are no losses. 
The presence of losses causes this energy to be gradually frittered 
away as heat, and in consequence the amplitude of the current 
steadily decreases. 

The above action is analogous to that which occurs when a 
weight is attached to a distended helical spring. The combination 
continues to oscillate until all the available energy has been expended 
as heat due to friction. The spring corresponds to the condenser, 
the weight to the inductance, and the friction to the resistance. If 
the friction is large, the energy is rapidly dissipated, and the com- 
bination quickly comes to rest. In such a case there may be no 
oscillation at all, but merely a unidirectional movement until equili- 
brium is again set up. If friction is entirely absent, the combination 
goes on oscillating indefinitely with undiminished amplitude. 

Law of the Discharge. — When a condenser is discharged, free 
oscillations being set up, all the energy stored in the condenser, 

686 
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\CE^y is dissipated in the circuit during the oscillations. The 
condenser p.d. becomes less and less with each successive oscillation. 
If the only source of E.M.F. is that due to the charge in the condenser, 
then the algebraic sum of the various p.d.’s must be zero, or 

where i is the instantaneous value of the current and q is the 
instantaneous value of the charge in the condenser. 

Differentiating, and substituting i for 

dH R di . i _ 


The same expression holds good for an ordinary A.C. circuit, 
except that in the latter case, the expression must be equated to E 
instead of to zero. 

The solution of the above differential equation may take three 

R’i 

different forms, depending upon whether is greater than, equal 
to, or less than 

2^2 I 

Case 1, ^'2 is greater than 


where E is the initial voltage of the condenser, a = 


LC' 


and t is the time in seconds. 


The discharge current rises to a maximum and falls to zero 
again, without any oscillatory discharge, as shown in Fig. 412 (a). 


Case IL 


R^ _ 1 

LC' 




The discharge current is now represented by the graph in 
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Fig. 412 (6). The current is critically damped so that an oscillatory 
discharge is just prevented. 


R* 1 

Case III. jp is less than 


(a) i 


^>JL 

4L2 LC 


(b) I 
c 


b!= JL 

4L* LC 



Fio, 412, — Discharge of Condenser through an Inductance. 

/~5* T 

In this case, p = ^ becomes the square root of a 

negative quantity, which is imaginary. 

p - - V<- 

. / 1 ^ . 

“ H LC 4L* 

where cj = a/^ ~ j — — 1. 
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Substituting in the general formula for the current, 


. _ E 
jwL^ 
E 


wL 

A. 

cdL 


"' C 2^ ) 

— e->‘\ 

V 2j ) 


2j 

sin o)t. 


The current in this case is oscillatory, the theoretical maximum 
E 

value being and the frequency being /= — . The term 

wJb Ztz 

R 

shows the diminishing amplitude of the current, and a = ^ is called 

the damping factor of the circuit. The discharge current now takes 
the form shown in Fig. 412 (c). 

Frequency of Oscillation. — The frequency of the current in an 
oscillatory circuit is determined by the inductance and the capacit- 
ance, if the resistance is small. If resistance is entirely absent, the 
frequency of oscillation is the same as the resonating frequency with 
forced alternating currents. The damping, i.e. the decrease in 
amplitude, is determined by the relative values of resistance, in- 
ductance and capacitance. 

From above, 


and 


/ 


_i /JL_ 

~ 2jtV AC 


4A*’ 




In high frequency circuits, is usually very small, so that in 
such cases, j 

which is the same as for a resonant circuit. 

The frequency of the oscillatory discharge is called the natural 
frequency of the circuit, this being practically the same as the 
resonant frequency when the resistance is small. 

If i? is small, cj ~ 2nf — maximum value of the 

current, one-quarter of a cycle after the commencement, is 

E 


Im — — 


ioL 

E 


■ sin ojt 


— ^ X y/ LG X 6“®^ sin iot 


E 


4 


since and sin cjt can both be taken as unity. 
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The same result can be obtained by equating ^CE* and 
when, neglecting losses, 

\CE^ = 


and 


as before. 


Damping and Decrement. — In the expression for a damped A.C., 
it is seen that the amplitude gradually dies away according to the 
R 

factor where ct — The natural or Napierian logarithm of 

the ratio of the maximum amplitude of an oscillation to the maximum 
amplitude in the same direction of the oscillation immediately 
succeeding it, is called the logarithmic decrement, sometimes con- 
tracted to log, dec. or decrement simply. It can be determined from 
a knowledge of successive amplitudes in the following manner. Let 
/j, and /j represent the first three successive amplitudes in the 
same direction, and let Iq be the constant amplitude assuming no 
damping at aU. The maximum amplitude of the first cycle occurs 

T 

one-quarter of a cycle from the commencement, when t = T 
being the periodic time and equal to j, so that 


= /oe 


£ I. 

’2Z.* 4. 


The maximum amplitude of the second cycle occurs one cycle 
later when 


Similarly, 

Therefore, 

and also 


2L- 4. 

R 9r 

/3 = /^,e”^‘'4. 

R T 

lx _ / o ®'^ 2//4 

h 




ll _ -^0^ 




R bT 
■2t* 4 

R f>T 

= eaX. 


-Ji 

ht 2/^ ’ 4 

RT 


The actual decrement is equal to e2/^,and the Napierian logarithm 
RT R 

of the ratio is ^ The logarithmic decrement, 8, is there- 

R 

fore equal to In those cases where the natural frequency can 

be expressed by 

1 /T' 



xxxvn 


OSCILLATORY CIRCUIT 


691 


the logarithmic decrement is given by 


The general form of the curve of the discharge current is shown 
in Fig. 413, where etc. The log. dec. is now 

^2 01 / hijf 

given by 


^ . AB . CD 


The persistency of the wave is the ratio of the amplitude of any 
half-cycle to that of its immediate predecessor in the same direction, 



and is expressed conveniently as a percentage. Defined in this 
way, 

CD 

Persistency = X 100 per cent. 

In high frequency circuits the logarithmic decrement may vary 
from 0 02 to 0*2, the latter value being foimd in oscillatory circuits 
which include a spark gap. The logarithmic decrement is an 
important factor in determining the sharpness of the resonance 
curve, and hence the selectivity, of a receiving circuit. 

Number of Oscillations in a Train. — A train of oscillations consists 
of a number of individual oscillations, commencing with a maximum 
amplitude and gradually dying away until they disappear. Such a 
train of oscillations can be obtained by discharging a condenser 
through a suitable circuit. The number of component oscillations 

is theoretically infinite, since e only becomes zero when t is infinite. 
In practice, however, it is usual to assume that a train of oscillations 
has ended when the amplitude has fallen to one per cent of the 
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initial value. Defined in this way, the number of oscillations in a 
train can be calculated as follows. 

Let 1 1 be the initial amphtude and In the amplitude after an 


interval of time, t, when 


h 

In 


100. 


By definition, 


Therefore 
so that 
and 


Y = etc. = 

e<5<n-l) ^ 100 


In “■ V/ J 


^n - 1 ) 


n = 


log« 100 

4*6 


4-6 


approx. 


As an example, if the log. dec. = 0-046, the number of oscillations 
4*6 

in the train is . - x ,;; = 100. 

0*046 

Frequency and Wave Length. — When high frequency alternating 
currents are made to flow in an aerial circuit, a high frequency 
disturbance is produced in the ether, and electromagnetic waves are 
propagated. If the high frequency oscillations are damped, a train 
of damped waves is sent out. These waves all travel at the same 
rate, viz., 3 X 10 ® metres per second, and the wave length, X, of a 
wave in any medium is equal to its speed, v, divided by its frequency, 
/, or 

X = v/f. 


3 X 10 ® 

In the present case, the wave length in metres is — ^ , and if the 

resistance is small, the frequency is given by } J so that 

Jtt V juO 


X = ^ = 3 X io« X 


2k\/ LC metres 


= 1885 X 10®\/L(7 metres. 


where L and C are in henries and farads respectively, or 
X = 1 885 Vic metres, 

where L and C are in microhenries and microfarads respectively. 

The wave-length is proportional to V LC\ and for a given wave 
length there is an infinite number of values that can be adopted for 
L and C ; it is their product that is fixed in value. This product, 
LC, is known as the oscillation constant, or LC value, of the circuit. 
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Effective Value of Damped Current. — When a succession of trains 
of oscillations takes place, the energy associated with each train 
is practically all dissipated before the commencement of the next 
one. Each train has a very short duration, and the number of 
trains per second is comparatively large. The effective or R.M.S. 
value of the current is the value indicated by a hot wire or thermo- 
couple ammeter, and it may be determined in the following way. 

Let n be the number of trains of oscillations per second, Iq the 
initial amplitude of the current at the commencement of a train, 
and W the energy dissipated per train. The latter is also the same 
as the energy associated with the magnetic field at the commence- 
ment of each train. Then, if / is the R.M.S. value of the current 
and R is the total resistance of the circuit, 


or 

and also 
Therefore, 


and 


Substituting 


PR - 
W = 
W = 

n 


Wn 

PR 

n 


72 _ 

2R 


nLJl 
2R ’ 


1=^4 _ 

I . = 


nL E^C 
2R ^ L 




Alternatively, putting ^ ^ and ^ 


InlJ r~ j. In 

^ \ ~ 2 ~ ^ ^ V i/s* 


'4/S 


Coupled Circuits. — When two circuits are placed so that there 
is mutual inductance between them, they are said to be coupled. 
Two coils, each possessing a definite amount of self -inductance, may 
be more or less closely interlinked, the value of the mutual in- 
ductance, M, depending upon the closeness of this interlinking. 
They are said to be loosely or tightly coupled. Fig. 414 shows two 
circuits, loosely coupled at (a), the coupling gradually increasing until 
they are tightly coupled at (d). 

The voltage induced in the second coil is = — M X rate of 
change of current in the first coil, and the voltage induced in the first 
coil is El M X rate of change of current in the second coil, 
where M is the mutual inductance in henries. 

2 Q 
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Coupling Factor. — The self-inductance of a coil varies as the 
square of the number of its turns, and the mutual inductance of two 
coils varies as the product of the numbers of turns in the two coils, 
therefore 

oc (L^L^) 

and M = ky/ L^L^y 


(a) 






Fig. 414. — Loosely and Tightly Coupled Circuits. 


where fc is a constant called the coupling factor. If the coupling is 
infinitely tight, k = I, and if it is infinitely loose, k = 0, 

Double Frequency Effect. — When two coupled circuits are set in 
oscillation, and are allowed to react freely upon each other, oscill- 
ations of two frequencies are set up, the effect being more marked 
the tighter the coupling. 



FlQ. 415. — Two Coupled Circuits. 


Suppose the two circuits shown in Fig. 415 are tuned to the same 
LC value. Let the primary circuit be set in oscillation by some 
means, the whole combination being allowed to oscillate freely. It 
might be imagined that each circuit will oscillate at a frequency 
given by 


1 


1 . 



xxxvn 


OSCILLATORY CIRCUIT 


695 


but this is not the case. Oscillations of two different frequencies 
are set up, one higher and the other lower than is given by the above 
formula. Let the LC value of either circuit when coupled to the 

other one be represented by LG == — , co being equal to 27r/, where 

/ is the oscillating frequency. It will be shown that / has two 
distinct values. 

The voltage induced in the secondary by the primary = £'2 = 

The voltage induced in the primary by the secondary — E^ — 
(x}Ml2- 

These two voltages are equal (see page 24), or = E 2 - Neg- 
lecting the resistances of both circuits. 




cuM/, 


Therefore 


wM 

cjMIi _ ~ 


ojL^ — 


= {<oL, - 


Dividing both sides by we get 


^ = A _ -i_ Yi _ 


Substituting LC for -j, and LjC, for LgCg, we get 


V LfiJV 

= f 1 - -^y 

V L^cj 
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and 


M 


= ±(. 


I^\ 

fit) 


Vl\l^ V L 

^ II ^ t A U 

L[cr ^ ' 

where k is the coupling factor. 

It is therefore evident that LC has two values, viz., (1 + k) 
and LyC^(\ — k), and the circuits oscillate at the two frequencies, 

/■- ‘ 


and 


/" = 


27t\/A,Ci(l + k) 
1 


Vl + A: 
/ 


2jc\/A,Ci(1 - k) V\ — k 


When the coupling is infinitely loose, i.e, there is no mutual 
inductance at all, the two coils are independent, A; = 0, and the two 
frequencies become equal. The tighter the coupling, the larger 
does k become, and the further apart are the two frequencies. 

Resultant Current in Coupled Circuit. — Each of the coupled 
circuits discussed above has a current flowing in it which is really 
the sum of two alternating currents of slightly different frequency. 
Let these frequencies be represented by 

/ /" f 


/' = 


Vl + i 


and /" == 




and let co' = 2tzJ' and co'' = 2uf'\ 

The first current can be represented by 

= r sin wt 

and the second by 

•// r// f/A 

% — 1 sm w t. 


These two currents produce beats in the circuit, aiding one 
another at certain times, and neutralizing each other at other 
times when they are in opposition. It can therefore be assumed 
that r = /" = /, so that 


t = i' -f- i" = / (sin o}'t + sin a>"0 

= / X 2 sm cos 


= 2/ sin cd cos 

The current can therefore be represented as a sine wave, the 
maximum amplitude of which gradually changes between positive 
and negative limits according to a cosine law. Such a curve is 
shown in Fig. 416, the envelope (shown dotted) appearing as a 
cosine curve. A similar curve to this is obtained when considering 
the synchronizing current of two alternators, the beats appearing 
in visual form in the synchronizing lamps. 

Transfer of Energy in Coupled Circuits.— The energy, represented 
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by ^LP, first appears in the primary, and is transferred to the 
secondary. The secondary current grows and the primary current 
dies down. After a short interval of time, the whole of the energy 




Fiq. 416.— Resultant Current in Coupled Circuit. 

appears in the secondary coil, neglecting losses, the primary current 
having died away. This energy is now re -transferred back again 
to the primary, the secondary current d3dng down and the primary 
current rising. This transfer of energy goes on, back and forth, 

^ Primary Oscillations 
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effect encountered with a relatively tight coupling. The beat 
frequency is fairly rapid, since there is an appreciable difference 
between the two frequencies /' and /". The rate at which energy 
is transferred from one coil to the other depends upon the beat 
frequency, i.e. upon the cosine term in the above formula. 

With a loose coupling the two frequencies are closer together, 
and the beat frequency (the difference between/' and/") is lower. 
The maximum amplitude of the current is less, but the rate of 
transfer of energy from one coil to the other and back, is slower. 
Oscillations in two loosely coupled circuits are shown in Fig. 418 
which should be compared with Fig. 417. 



Acceptor and Rejector Circuits. — For the purpose of selecting a 
particular high frequency oscillation which it is desired to receive, 
others of different frequency being allowed to escape, the principle 
of resonance is used. There are two methods employed, correspond- 
ing to voltage resonance and to current resonance. 

In the first method an inductance is connected in series with 
a variable condenser (see Fig. 419), the latter enabling the circuit 
to be tuned to the desired frequency. Such a circuit is called an 
acceptor circuit since the desired current is magnified, whilst the im- 
pedance of the circuit is high to currents of all other frequencies, 
which are consequently reduced to negligible proportions. 

In the second method, a variable condenser is connected in 
parallel with an inductance (see Fig. 420), the circuit being tuned 
for current resonance. It now acts practically as an insulator for 
this desired frequency, and sets up a measurable p.d. across the 
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combination which can be utilized for operating another circuit. 
Such a circuit is called a rejector circuit. All imwanted currents of 
other frequencies escape by way of the variable condenser. 

A small amount of resistance must necessarily be present in 
both acceptor and rejector circuits, but the smaller this resistance 
the greater are the effects of resonance. The relations between 
current and frequency are shown in Fig. 421. As the resonant 
frequency is approached, the current becomes relatively very large 



Fio. 419.— Acceptor Circuit. Fio. 420.— Kejector Circuit. 


in an acceptor circuit and very small in a rejector circuit. In fact, 
if resistance and all other losses could be entirely eliminated, a 
rejector circuit would act as a perfect insulator. In an actual case, 
the lower the resistance, the 


sharper are the curves, and the 
circuits are said to bo sharply 
tuned. They are very selec- 
tive, i.e. frequencies differing 
slightly from the resonant 
frequency give rise to only 
very small currents in an 
acceptor circuit, whilst appre- 
ciable currents are permitted 
to flow in a rejector circuit. 
When the resistance is rela- 
tively low, the voltages across 
the component inductance 



Frequency 

Fio. 421 — Effect of Frequency in Acceptor and 
Rejector Circuits. 


and capacitance in the 


acceptor circuit are very much larger than the total voltage 
applied to the combination, whilst in the rejector circuit, the currents 
in each of the two parallel branches of the circuit are greatly in 
excess of the total current drawn from the supply. 

High Frequency Resistance. — ^The increase in the effective 


resistance of a conductor due to skin effect has already been 
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explained. The skin effect is enormous at very high frequencies, 
and this is of importance since it is desirable to keep the losses 
down to a minimum. In a cylindrical conductor, the current tends 
to flow only in the outer surface layers, whilst in a flat conductor 
the current is concentrated on the outer edges. In fact, surface 
becomes more important than cross sectional area. For this reason, 
hollow copper tubes are sometimes used as conductors in high 
frequency circuits. 

Production of Damped Currents by Spark Discharge. — When a 
charged condenser is discharged through an inductance, a train of 
damped oscillations is produced, if the circuit conditions are suit- 
able. In order to produce a succession of such trains, the con- 
denser must be re-charged at the end of each train. Mechanical 
methods of switching are not satisfactory, but a spark gap can be 
arranged to act as an automatic switch. The circuit is shown in 
Fig. 422. A low tension, low frequency, alternating E.M.F. is 
applied to the primary of a transformer. (Alternatively, a D.C. 
source may be used with an interrupter and an induction coil.) 




Fio. 422.— Production of High Frequency Currents by Spark Discharge. 

The secondary of the transformer delivers a H.T. voltage, but still 
at low frequency, to the condenser, which becomes charged as the 
voltage rises. When the voltage reaches a suflBciently high value, 
the spark gap breaks down and the condenser gives rise to an 
oscillatory discharge through the spark gap and the inductance in 
series. It is enabled to do this because the air between the spark 
gap electrodes becomes conducting as soon as a spark occurs. 
When the condenser becomes discharged, the spark ceases and the 
air becomes an insulator once again. This oscillatory discharge is 
damped as already explained, a train of oscillations being set up 
for each spark. 

There are really three circuits in Fig. 422, the source of supply 
and the primary of the transformer forming the first which is L.T., 
L.F. The second circuit consists of the transformer secondary and 
the condenser which is H.T., L.F. The third or oscillatory circuit 
consists of the condenser, the spark gap and the inductance and h 
H.T , H.F. 

High Frequency Transformers. — When transformers are used in 
high frequency oscillatory circuits, they are made with an air core, 
since the use of iron is inadmissible on account of the prohibitive 
iron losses which would take place. 
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Quenched Spark Gap. — If the inductance in Fig. 422 be used as the 
primary of a further high frequency transformer, then the double 
frequency effect explained on page 594 is encountered. Energy 
is transferred back and forth from primary to secondary and back, 
but this is prevented if the primary circuit is broken after the first 
train of oscillations. This is accomplished by using what is called 
a quenched spark gap, which consists of a number of small gaps in 
series, large cooling fins being provided between each gap. The 
high frequency currents in primary and secondary now take the 
form shown in Fig. 423. During the time occupied by the train of 
oscillations in the primary, the secondary current is building up, 
but after the spark is extinguished and the primary circuit opened, 
the secondary current dies away according to the exponential law 
for a freely oscillating cii cuit. 



Fio. 423. — Currents with Quenched Spark Gap. 


Production of Undamped High Frequency Currents. — ^There are 
three principal methods available for the production of undamped 
high frequency currents, viz., the high frequency alternator, the 
arc, and the three-electrode thermionic valve, but of these three 
the last-named is the one generally used. 

Detection of High Frequency Currents. — These currents are always 
very small, and the only suitable instrument for their detection is 
the telephone. In view of the frequency, however, neither the 
telephone diaphragm nor the human ear will respond, and it becomes 
necessary to modulate the amplitude at audio-frequency and then 
to rectify the currents into unidirectional pulsating currents. These 
currents can now be made to vibrate the telephone diaphragm at 
the modulated frequency. 
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(b) l\ f\ ^ /1a^ /1a 

Rectified Current 



Telephone Current 
Fio. 424. — Detection of Damped Current. 

" WWWWVWW' 

Current 


" WWWWVAA 

Local H.R, Current of Different Frequency 



Resultant Oscillation 

(d, A A- aAA 

Rectified Current 


(e) 



Telephone Current 
Fio. 425. — Detection of Undamped Current. 
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Rectification. — There are various ways of rectifpng high fi:equency 
currents, but the method employing the three electrode thermionic 
valve is the one generally used in high frequency work. The 
theory and description of the thermionic valve, however, lie outside 
the scope of this work. 

Detection of Damped Currents. — The general method adopted for 
the detection of damped high frequency currents is represented in 
Fig. 424. The trains of damped high frequency currents are shown 
at (a), the corresponding rectified currents being shown at (6). 
The telephone averages these rectified currents, the telephone 
current being shown at (c). The latter is a pulsating current of 
a much lower frequency, capable of being heard in the telephone. 

Detection of Undamped Currents. — The manner of detecting 
undamped high frequency currents is represented in Fig. 425. The 
current to be detected is shown at (a), and superimposed on this is 
another current of slightly different frequency, usually obtained 
from a local source. The resultant oscillations are shown at (c), 
beats being obtained the frequency of which depends upon the 
difference of frequency of the two high frequency currents. After 
rectification, the current becomes of the type shown at (d), whilst 
the final telephone current is shown at (e). 

Examples 

(1) Assuming the equation for a damped alternating current, 
obtain an expression for the logarithmic decrement of an oscillatory 
circuit. 

(2) A circuit tuned for a wave length of 300 metres has an 
inductance of 150 microhenries and an effective resistance of 10 
ohms. Calculate the logarithmic decrement. 

(3) Discuss the effect produced by a tight coupling with damped 
oscillations, and explain how a quenched spark gap minimizes this 
effect. 

(4) What is (a) an acceptor and (6) a rejector circuit, and how 
do they operate ? 

(5) Explain how oscillations of two frequencies are set up in 
two tuned coupled circuits. 



SOLUTIONS TO NUMERICAL EXAMPLES 


I. 

II. 

III. 


IV. 


V. 


VI, 


VII. 


vni. 


IX. 


X. 


(1) 34, 71, — 64 units. 

(2) 1 volt, 

(1) 81-6. 

(2) M6. 

(3) R.M.S. value = 72*7 amperes. 
Average value = 69*2 amperes. 

(1) 43-7 volts. 

(2) second. 

^ 300 

(3) (a) 27210 amperes per second. 

(6) -31420 ,. 

(c) 0. 

(4) 61*2 volts. 

(6) 67®, 38®. 


( 1 ) 

( 2 ) 

( 3 ) 

( 4 ) 

( 6 ) 


17*3 amperes. 

175 ohms. 

Y = 0128, O = 0124, B = 0 032. 
4 ohms. 

BX 

ViJ, + X,' 


(1) 20 watts, 0'031 p.f. 

(2) 660 watts, 0*6 p.f. 

(3) 14*9 amperes, 0-74 p.f. 

(4) 0*,104 joule. 


(1) 0*882 ampere, 93*6 volts, 7940 micro-coulombs. 

(2) (a) 5*004 ohms, 19*99 amperes, 318 volts, 

(b) 7*60 ohms, 13*33 amperes, 177 volts, 

(3) 6*76/iF. 

(4) 36 joules. 


(1) 76-6 volts. 

(2) 181 volts. 

(3) 7*7 ohms. 

(1) 244 watts. 

(2) 0*2 X 10® lines, 0*00947 henry. 

(3) 1354 watts, 1440 watts. 

(4) 205 watts. 

(1) 72*4 volts. 

(2) 3*19 sin (coi — 90®) — 0*266 sin (3 to/ - 90®). 
3*14 sin (wt -f 90®) — 2*36 sin (3 col + 90®), 

(3) 31*7 ohms, 29*1 ohms. 

(8) 268 ohms. 

(9) 3*73 amperes. 

(10) 10, 30 and 90 per cent. 


(2) 48*2 amperes. . 

(3) 60 ohms, 8 amperes. 

(4) 4400 watts. 0*44 power factor. 

(5) 182, 342, 368 volU. 107 volts. 

604 
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XI. (3) 1*88 times. 

Xn. (4) 0*76. 

XIV. (1) 11550 volts, 11*45 amperes, 0*70 p.f., 86*5 per cent, efficiency, 
15*5 per cent, regulation. 

(2) 0*2 X 10* lines. 

(3) 1486 and 50 turns. 

(6) 83 and 72 turns. 277 amperes. 

(7) 30 and 20 amperes in 40 and 60 per cent, turns respectively. 

( 8 ) 22-8 : 1 . 

XV. (2) 2*1 per cent, 

(3) 1*05 per cent., 2*62 per cent. 

(4) 97*78 per cent, efficiency, 94*8 per cent, full load. 

(5) 98*16 per cent, efficiency. Iron loss = 3*5 kW. Copper 

loss = 4 kW. 

(6) 4*2 per cent. 

XVI. (3) About 80 kVA. 

(4) 88 and 78 cma. 

(7) 158 £md 32 turns; 0*26 sq. cm. and 1*25 sq. cms. 

(8) Depth of stampings; 7*5 cms., 12*5 cms., 16*0 cms. 

(9) 438 and 28 turns. 

Width of yoke stampings, 30 and 18 cms. 

(10) Width of core stampings. 18 and 11 cms. 

„ „ yoke „ 28 and 13*75 cms. 

XVII. (3) 0*956. 5*8% less due to lower brecwlth factor. 

(6) 15*1 X 10* lines. 

(7) 95*6 X 10® lines. 

XVIII. (3) 10*5% on unity power factor. 

24*2% on 0*8 „ 

(4) 22%. 

XIX. (1) D = 200 cms., L =s 30 cms. 

(3) 72 slots, 5 conductors per slot. 

(7) D = 175; L = 220; slots = 72 (or 75); conductors = 72, 

(8) 144 slots and 16 conds. per slot, or 
192 slots and 12 conds. per slot. 

XX. (2) 71 Ibs.-ft. 

(3) 1*8 times full load current. 

0*79 times full load torque. 

(6) 1000, 600 and 375 r.p.m. 

(7) 30 cycles per second. Speed is zero. 

(8) 1600 r.p.m., 30 B.H.P. 

1000 r.p.m., 20 B.H.P. 

600 r.p.m., 20 B.H.P. 

30 cycles. 

(10) Transformer steps down in ratio V2 ; 1. 

XXI. (l)75r.p.m. 

(2) 725 r.p.m. 

(3) 0*89 p.f., 0*88 p.f. 

(5) 0*91 p.f., 106 B.H.P., 622 Ibs.-ft. 

XXII. (1) 27 B.H.P., 60 slots, 12 conductors per slot. 

(3) 0*87 p.f. 

(4) 0*84 p.f. 

XXIII. (1) 460 volts. 

(4) 0*88 p.f. leading. 

(5) About 300 amperes, 27 kW. 

XXIV. (1) 11*5 amperes. 

(2) 27800 Ibs.-feet. 

(4) 258*8 kVA at 0*966 p.f. for each machine. 

( 6 ) 10 °. 
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XXV. (1)19-4;1. 

(4) Unity power factor. 

XXVI. (1) 600 r.p.m. 30 cycles per second. 

(3) 428*6 r.p.m. ; 28*6 cycles; 300 kW, 

XXVIII. (1) 12 and 34 poles; 300 r.p.m. 

(2) 4*5° and 4*7°. 

(3) 750 r.p.m. ; 6*pole motor and 8-pole generator. 

(4) 12 poles. 

XXIX. (2) 168 volts and 73 volts. 

XXXIII. (1) 0*95 p.f. 

(2) 405 ;xF. 

(3) 2900 kVA. 

(4) 11*5 kVA and 3*41 per cent, slip for the Leblanc type. 

9-3 kVA and 1*39 per cent, slip for the Walker type. 

(5) 4*7 kVA. 

(6) 304 volts. 

(9) 4 per cent. 

XXXV. (1) 320 + j 220. 

(2) Ii = 16 - j 12, I, = 11*77 - j 2*94, J = 27*77 - j 14*94, 
>1 = 8•6^ <t>t^ - 14*3°. 

(3) I = 0*37 + j 7*72. 

(4) 20900 volts, 15^ 

(5) 25*5 amperes; 0*707 power factor ; 45^ 14' phase angle, 

(6) Yj = 0*1488, Y, = 0 068, Y = 0*234. 

= 0*0976, Ga = 0*0488, G = 0 1464. 

= 0*122, B, = 0*0610, B = 0*183. 

I = 46*9 A; p.f. = 0*625 (lagging). 

Capacitance = 582 /xF. 

XXXVI. (1) 12*6 amperes. 

XXXVn. (2) 0*033. 
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LIST OF SYMBOLS 

The following list of rules and symbols is in accordance with the 
recommendations issued by the International Electrotechnical Commission, 
and is adhered to in the present book. 

Rules for Quantities 

(o) Instantaneous values of electrical quantities which vary with time are 
represented by small letters. 

(6) R.M.S. values of electrical quantities are represented by capital letters. 

(c) Maximum values of periodic electrical and magnetic quantities are 
represented by capital letters followed by the subscript “ m.” 

(d) Angles and ratios are represented by small Greek letters. 


Table of Symbols 
N ame of Quantity. 

1. Length 

2. Mass 

3. Time ... 

4. Ajigles ... 

6. Acceleration of Gravity 

C. Work 

7. Energy 

8. Power 

9. Efficiency 

10. Number of Turns in Unit of Time .. 

11. Temperature Centigrade 

12. Temperature Absolute 

13. Period 

14. 27r/T 

16. Frequency 

16. Phase Displacement 

17. Electromotive Force ... ... 

18. Current 

19. Resistance 

20. Resistivity 

21. Conductance ... 

22. Quantity of Electricity 

23. Flux Density, Electrostatic ... 

24. Capacitance 


Symbol. 

/ 

m 

t 

a, P, y . . . 

9 

A 

IV 
P 

V 
n 
t 

T 

T 

<a 

f 

E 

/ 

R 

P 

Q 

Q 

D 

O 
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Name of Quantity. Symbol. 

25. Dielectric Constant ... ... ... ... ... « 

26. Self -Inductance L 

27. Mutual Inductance ... ... ... ... ... M 

28. Reactcmce ... ... ... ... ... ... X. 

29. Impedance ... ... ... ... ... ... Z 

30. Reluctance iS» 

31. Magnetic Flux 4* 

32. Flux Density* Magnetic ... ... ... ... B 

33. Magnetic Field ... ... ... ... ... // 

34. Intensity of Magnetization ... ... ... ... J 

35. Permeability ... ... ... ... ... ... /i 

36. Susceptibility ... ... ... ... ... ... k 

37. Difference of Potential, Electric V 

38. Magnetomotive Force ... ... ... ... t 


t Letter symbol to be proposed by the National Committees. 
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TRIGONOMETRICAL RATIOS 


Angle. 

Sine. 

Cosine. 

Tangent. ' 

Angle. 

Sine. 

Cosine. 

Tangent. 

Deg. 

lladlans. 

Deg. 

Radians. 

0 

0 

0 

1 

0 

46 

0-8029 

0-7193 

0-6947 

1-0355 

1 

0*0175 

0*0175 

0-9998 

0-0175 

47 

0*8203 

0-7314 

0-6820 

1-0724 

2 

0*0349 

0-0349 

0-9994 

0*0349 

48 

0*8378 

0-7431 

0-6691 

M106 

3 

0-0.’)24 

0-0523 

0-99S6 

0*0524 

49 

0-8552 

0-7547 

0-6501 

1-1504 

4 

0*0698 

0*0698 

0-9976 

0*0699 

50 

0-8727 

0-7060 

0-6428 

1-1918 

6 

0*0873 

0-0872 

0-9962 

0-0875 

51 

0-8901 

0-7771 

0-6293 

1-2349 

6 

0*1047 

0-1045 

0*9945 

0-1051 

52 

0-9076 

0*7880 

0-6157 

1-2799 

7 

0*1222 

0-1219 

0-9925 

0-1228 

53 

0-9250 

0-7986 

0-6018 

1-3270 

8 

O' 1306 

0-1392 

0-9903 

0*1405 

54 

0-9425 

0-8090 

0-5878 

1-3764 

9 

0'1571 

0-1504 

0-9877 

01584 

55 

0-9599 

0-8192 

0-5736 

1-4281 

10 

0-1745 

0-1730 

0-9848 

0*1763 

56 

0-9774 

0-8290 

0-5592 

1*4820 

11 

0*1920 

0-1908 

0-9816 

0-1944 

57 

0-9948 

, 0-8387 

0-5446 

1-5399 

12 

0*2094 

0-2079 

0-9781 

0-2126 

58 

1-0123 

0*8480 

0*5299 

1*6003 

13 

0*2209 

0-2250 

0-9744 

0-2309 

59 

1-0297 

0-8572 

0-5150 

1-6043 

14 

0*2443 

0-2419 

0-0703 

0-2403 

60 

1*0472 

0-8060 

0-5000 

1-7321 

15 

0-2618 

0-2588 

0*9659 

0*2079 

01 

1 1*0647 

0*8746 

0*4848 

1-8040 

16 

0*2793 

0-2756 

0*9613 

0-2867 

62 

1*0821 

0*8829 

0-4695 

1*8807 

17 

0-2907 

0-2924 

0-9563 

0*3057 

63 

1-0996 

0-8910 

0-4540 

1-9626 

18 

0*3142 

0-3090 

0'9511 

0-3249 

64 

M170 

0-8988 

, 0*4384 

2*0503 

19 

0-3316 

0-3256 

0-9455 

0*3443 

65 

1-1345 

0-9063 

0*4226 

2-1445 

20 

0-3491 

0-3420 

0*9397 

0-3640 

66 

1-1519 

0*9135 

0*4067 

2*2460 

21 

0*3005 

0-3584 

0-9336 

0-3839 

67 

1-1094 

0-9205 

0*3907 

2-3559 

22 

0*3840 

0-3746 

0-9272 ! 

0-4040 

68 

1*1808 

0-9272 

0-3746 

2*4751 

23 

0*4014 

0-3907 

0-9205 

0-4245 

69 

1-2043 

0-9336 

0-3584 

2-6051 

24 

0*4189 

0-4007 

0*9135 

0-4452 

70 

1-2217 

0-9397 

0-3420 

2-7475 

25 

0*4363 

0-4226 

0-9003 

0-4003 

71 

1-2392 

0*9455 

0-3256 

2*9042 

26 

0-4538 

0-43S4 

0-8988 

0-4877 

72 

1-2566 

0-9511 

0*3090 

3-0777 

27 

0*4712 1 

0-4540 

0-8910 

0-5095 

73 

1-2741 

0-9563 ! 

0-2924 

3-2709 

28 

0-4887 

0-4695 

0-8829 

0-5317 

1 74 

1-2915 

0*9613 

0-2750 

3*4874 

29 

0-5001 

0-4848 

0-8740 

0-5543 

75 

1-3090 

0*9659 

0-2588 

3-7321 

30 

0-5236 

0-5000 

0-8000 

0-5774 

76 

1-3205 

0*9703 

0*2419 

4-0108 

31 

0-5411 

0-5150 1 

0-8572 

0-6009 

77 

1-3439 

0-9744 

0-2250 

4*3315 

32 

0-5585 

0-5299 

0-8480 

0-6249 

78 

1-3014 

0-9781 

0-2079 

4*7046 

33 

0-5760 

0-5446 

0-8387 

0-6494 

79 

1-3788 

0-9810 

0-1908 

5-1446 

34 

0-5934 

0-5592 

0-8290 

0-6745 j 

80 

1*3963 

0-9848 

0-1730 

5*6713 

35 

0-6109 

0-5730 

0-8192 

0-7002 

81 

1-4137 

0-9877 

0*1564 

6*3138 

36 

0*0283 

0-5878 

0-8090 

0-7265 

82 

1*4312 

0*9903 

0*1392 

7*1154 

37 

0*0458 

0-6018 

0-7986 

0-7536 I 

83 

1-4486 

0-9925 

0-1219 

8*1443 

38 

0-0032 

0-0157 

0-7880 

0-7813 

84 

1-4001 

0-9945 

0-1045 

9-5144 

39 

0-6807 

0-0293 

0-7771 

0-8098 

85 

1-4835 

0*9962 

0*0872 

11*4301 

40 

0-0981 

0-6428 

0-7600 

0-8391 

86 

1-5010 

0-9976 

0-0698 

14-3007 

41 

0-7156 

0-6501 

0-7547 

0-8693 

87 

1-5184 

0-9986 

0-0523 

19-0811 

42 

0-7330 

0-0091 

0-7431 

0-9004 

88 

1-5359 

0*9994 

0*0349 

28.6303 

43 

0-7505 

0-6820 

0-7314 

0-9325 

89 

1-5533 

0-9998 

0*0175 

57-29 

44 

45 

0-7679 

0-7854 

0-6947 

0-7071 

0-7193 

0-7071 

0- 9657 

1- 0000 1 

1 

90 

1-5708 

1-0000 

0 

oc 
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Abraham electrostatic volt -meter, 149 
Acceptor circuit, 598 
Admittance, 34, 568 
Ageing, 78 

Air gap, alternator, 315 

induction motor, 374, 383 
All-day efficiency of transformer, 224 
Alternating magnetic field, 3, 142 
Alternators — 

Air gap, 314 
Amortisseurs, 273 
Ampere-tum diagrams, 287 
Armature ampere-turns, 290 
Armature reactance, 288 
Armature reaction, 281, 291 
Armature windings, 260, 311 
Behn-Eschenburg’s method of pre- 
determining regulation, 289 
Breadth factor, 266 
Chord windings, 265 
Concentric coil windings, 261 
Cyclical variation, 420 
Cyclical variation in exciting cur- 
rent, 294 

Cylindrical typo rotor, 256 
Damping grids, 273 
Design, 305, 317 
Diamond coil windings, 2<>3 
Double layer windings, 263 
E.M.F. formula, 269 
Earthing, 299, 556 
Efficiencies, 316 
Efficiency test, 300 
End connections, clamps for, 272 
Exciters, 274 
Field winding, 316 
Flux densities, 307 
Forced oscillations, 120 
Free oscillations, 420 
Hopkinson test, 301 
Btydrogon cooling, 258 
Inductor type, 248 
Involute windings, 266 
Load characteristic, 277 
Load sharing, 418 
Magnetization curve, 277, 317 
Output coefficients, 305 
Parallel running, 415 
Polo shoo, sliapo of, 254 
Potior’s regulation diagram, 293 
Reaction, armature, 281, 291 
Regulation, 278, 289 
Retardation test, 301 

2 R 2 ( ALTERS ATINQ CURRENTS) 


Alternators {continued ) — 

Reversed poles test, 303 
Rotating field and rotating arma- 
ture, 247 
Rotors, 253, 256 
Short-circuit characteristic, 279 
Sine wave, method of obtaining, 27 1 
Slip rings, 256 
Slots, 250, 310, 312 
Speed, 246 

Stator construction, 248 
Sudden short-circuit of, 584 
Synchronizing, 295, 415 
Synclu-onous impedance, 288 
Temperature rise, 314 
Turbo-, 248, 256, 309 
Ventilating ducts, 251, 310 
Ventilation, 258 
Voltage regulators, 275 
Windings, armature, 2()0, 311 
Zero power factor characteristic, 292 
Ammeters, 144 
Amortisseurs, 273 

Amporo-turn diagrams, alternator, 287 
Synchronous motor, 400 
Anode current voltmeter, 150 
Apparent efficiency, 359 
Arc, current and P.D. waves, 102 
Arc rectifier, mercury, 460 
Armature — 

Ampere- turns, alternator, 290 
Current in rotary converter, 439 
E.M.F.’s in repulsion motor, 500 
E.^I.F.’s in series motor, 485 
Reaction, alternator, 281, 291 
Reaction, rotary converter, 447 
Reaction, synchronous motor, 407 
Windings, alternator, 260, 311 
Windings, rotary converter, 431 
Asynchronous conilenser, 533 
Atkinson repulsion motor, 501 
Auto -trails former, 202 

Starter for induction motor, 335 
Average value, 7, 12 

Back-to-back regulation test of a 
transformer, 215 

Beard-Hunter shielded pilot cable, 550 
Belm-Eschenburg’s method of pre- 
determining regulation, 289 
Bias control of mercury arc rectifier, 47 4 
Booster regulation of rotary con- 
verter, 450 
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INDEX 


Boosting transformer, 209 
Breadth factor, 200, 313 
Breathers, transformer, 195 
Buchholz relay, 195 
Bushings, transformer, 197 

Capacitance, 47 
aistributed, 03 
Capacitive reactance, 53 

reactance, effect of harmonics on, 
97 

Capacitor motor, 347 
Carbon tetrachloride fuse, 555 
Cascade arrangement of induction 
motors, 351 

Cascade arr£ingement of transformers, 
206 

Cathode ray oscillograph, 165 
Choking coil, 15, 22, 84, 501 
Chord windings, alternator, 205 
Circle diagram, 65 

for induction motor, 302, 388 
for series motor, 490 
Circuit breakers, oil, 543 
Clock diagram, 30 

Commutation of repulsion motor, 504 
of series motor, 490 
Compensated induction motor, 519 
Repulsion motor, 505 
Series motor, 495 
Shunt induction motor, 509 
Complex quantities, 504 
Complex wave, R.M.S. value of, 91 
Compound -wound phase advancer, 
538 

Compound-woimd rotary converters, 
447 

Concentric coil windings, alternator, 
261 

Condenser, 47, 63, 523 
Conductance, 34, 508 
Conservators, transformer, 195 
Cooling, iirtificial, of transformers, 
194 

Copper losses of transformer, 237 
Oxide rectifier, 475 
Space factor in transformers, 233 
Core-balance leakage protection, 547 
Core losses of transformer, 230 
Tyne transformer, 187, 189, 231 
Coupled circuits, 593 
Coupling factor, 59 1 
Crawling speed of induction motor, 338 
Cross flux, 485 

Current densities in transformers, 232 
Limiting reactors, 421 
Rushes when switching in trans- 
former, 582 

Transformers, 206, 556 
Wave form, effect of hysteresis on, 
93 

Wave form, effect of magnetic 
saturation on, 92 


Cyclical variation in alternators, 
420 

in exciting current in alternators, 
294 

Cylindrical type rotor, 256 

Damped currents, 593 
Damping, 590 

Damping coil in series motor, 495 
Damping grids, 273 
Decrement, 590 
Delta {A) connection, 115 
of transformer, 198 
Deri motor, 504 
Design of alternator, 305, 317 
of induction motor, 377, 388 
of transformer, 230, 240 
Diametric connections of six-phase 
rotary convertor, 430 
Diamond coil windings, alternator, 
263 

Dielectric constant, 47 
Dispei-sion coofTicient, 305, 373, 374, 
387 

Distributed capacitance, 63 
Double frequency effect, 594 
Double layer windings, alternator, 
263 

Double-star connections of six -phase 
rotary convertor, 435 
Doubly-fed motor, 507 
Drysdale potentiometer, 172 
Drysdalo wattmeter, 155 
Duddell moving coil osc’illograph, 163 
Thermo -gal vanoi no tor, 1 0( ) 
Dynamometer ammeters and volt- 
meters, 144 
Wattmeters, 152 

E.M.F., alternator, 269 
Earthed wire, overhead, 561 
Earthing of alternators, 299, 556 
E<idy currents, 78, 81 
Efficiencies of alternators, 310 
of induction motors, 377, 388 
of series motors, 493 
of transformers, 235 
Efficiency test of alternator, 300 
of transformer, 221 
Electrostatic voltmeters, 148 
Wattmeters, 154 

End connections, alternator, clamps 
for, 272 

End turns, electrical stresses on, in 
transfonners, 194 

Energy stored in charged condenser, 
51 

in magnetic medium, 44 
Epstein’s iron testing apparatus, 81 
Equivalent circuit of induction 
motor, 340 

Equivalent resistance and reactance 
of transformer, 217 
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Equivalent sine wave, 103 
Equivalent transformer circuits, 180 
Exciters for alternators, 274 
Leblanc, 533 

Exciting current of repulsion motor, 
505 

Farad, 47 

Field winding in alternators, 316 
Fifth harmonic in three-phase 
system, 128 
Five limb cores, 189 
Flux densities in alternators, 307 
in intliHition motors, 380 
in transformers, 233 
Flux distribution with three-pliase 
winding, 140 

with two-phase winding 139 
Flux wave with concentrated winding, 
136 

with distributed winding, 137 
Form factor, 13 
Foucault currents, 78 
Frer|uency, 4, 2Ui, 592 
Chang(*rs, induction, 481 
synchronous, 478 
Meters, 169 
Fundamental, 87 

Gall potentiometer, 173 
Galvanometers, 100 
Grill control of mercurv arc rectifier, 
471 

Grid current voltmeter, 150 

Harmonic analysis, 104 
Harmonics, 87 
Even, 88 
Odd, 89 

Reactance, effect on, 95 
H eat run of induction motor, 359 
Heat test of transformer, 226 
Henry, 15 

High frequency resistance, 599 
Ho electrostatic oscillograph, 161 
Hopkinson test on alternators, 301 
Horn arrester, 560 
Hot cathode rectifier, 474 
Hot-wire ammeters and volt meters, 147 
Hunt induction motor, 352 
Hunting of rotary converters, 446 
of . synchronous motors, 408 
Hydrogen cooling, 258 
Hysteresis, 75, 81, 93 
Hysterelic constant, 76 

Imaginary cpiantitios, 564 
Impedance, 21, 566 ^ 

Diagram, 32 
Protection, 553 
Impodanco-timo relay, 554 
Inductance, 15, 23 

steirting transient in, 580 


Induction ammeters and voltmeters, 
145 

Frequency changers, 478 
Generator, 353 
Motor meters, 157 
Induction motors — 

Air gap, 374, 383 
Auto-transformer starter, 335 
Breadth factor, 343 
Cascade arrangement, 351 
Circle diagram, 362, 388 
Cogging, 342 
Crawling speed, 338 
Design, 377, 388 

Dispersion coefficient, 365, 373, 
375, 387 
Efficiencies, 377 
Equivalent circuit, 340 
Flux densities, 381 
Heat run, 359 
Hunt type, 352 
Leakage factor, 366 
Load test, 357 
Magnetic leakage, 341 
No-load current, 355, 361, 386 
Output coefficient, 377 
Overload capacity, 367 
Performance curves, 358 
Pole changing, 348 
Power factor, 355, 359, 367, 377 
Rotors, 327 
Single-phase, 341 
Slip, 324, 330, 359, 371 
Speed regulation, 332 
Sqiiirrel-cago rotors, 328, 384, 

393 

Star-delta connections, 337 
Starting resistance, 334 
Starting, single-phase, 347 
Starting torque, 333 
Stator construction, 326 
Stator winding, 327 
Tooth locking, 342 
Torque, 329, 345, 376 
Ventilating ducts, 379 
Wound rotors, 327 
Induction regulator, 425 

control of rotary converters, 
451 

Wattmeters, 152 
Inductor alternator, 248 
Integrating wattmeters, 157 
Interconnected power systems, 424 
Interconnected windings, 199 
Interphaso transformer, 467 
Interpoles for series motors, 497 
Inversion, 71 

Inverted rotary conv’erters, 446 
Involute windings, alternator, 266 
Iron-cored choking coils, 22 
Loss, measurement of, 80 
Loss of transformer, effect of wave 
form, 214 
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j operator, 663 
Joubert’s contact, 107 

kVA diagram, 523 

Kapp’s regulation diagram of trans- 
former, 220 

Lag, 18 

Latour-Winter-Eichberg motor, 506 
Lead, 18 

Lead oxide .arrester, 560 
Leakage factor, 366 
Leblanc exciters, 533 
Lightning arresters, 660 
Linages, 1 

Load angle, synchronous motor, 405 
Characteristic of alternator, 277 
Sharing of alternators, 418 
Sharing of transformers, 228 
Teat of induction motor, 357 
Logarithmic decrement, 590 

Magnetic field, collapse of, 582 
Magnetic leakage — 

in induction motors, 341 
in transformers, 179, 191 
Magnetic saturation, effect on current 
of, 92 

Magnetization curve of alternator, 
277, 317 

Maximum value, 6, 12 
Mechanical stresses on transformer 
windings, 192 
Mercury arc rectifier, 460 
seal, 463 

Merz-Hunter split conductor system, 
551 

Merz-Price gear, 549 
Merz-Prico generator protection, 550 
Mesh connection, 115 
of transformer, 198 
Motor converters — 

Power converted mechanically, £ind 
electrically, 456 
Starting, 457 

S)mchronou8 booster for, 459 
ITiree-wire, 458 
Motor meters, 157 

Moving iron ammeters and volt- 
meters, 144 
Mutual inductance, 23 
No-lag motor, 520 

No-lo^ current of induction motor, 
355, 364, 386 
of transformer, 211, 238 
Non-sinusoidal wave form, 4, 87 

Oil, transformer, 196 
Oscillating neutral, 129 
Oscillatory circuit, 686 
Oscillographs, 162 
Output coefficients, alternator, 305 
Induction motor, 377 


Overhead earthed wire, 561 
Overload capacity of induction 
motors, 367 

of rotary converters, 447 
of synchronous motors, 408 

Parallel feeders, 647 
Parallel running of alternators, 415 
of rotary convertors, 446 
of transformers, 201 
Performance curves of induction 
motor, 358 
Periodic time, 4 

Pessimistic method of predetermin- 
ing regulation, 290 
Peterson coil, 557 
Phase adjuster, 532 
Phase advancers, 533 
Phase control of mercury arc rectifier, 
472 

Phase-shifting transformers, 208 
Phase-swinging, 408, 446 
Pole-changing induction motors, 348 
Polo shoe, shape of, ultornator, 254 
Polj'phaso supply meters, 159 
Transformers, 185, 189, 198 
Potentiometer A.C., 172 
Potier’s regulation diagram, 293 
Power converted mechanically and 
electrically, in motor con- 
vertor, 456 
Power curves, 38 
Power factor, 38 
Control, 521 

Control by synchronous motor, 626 
Indicators, 169 

Induction motors, 355, 369, 367, 
377 

Measurement of, from wattmeter 
readings, 120, 357 
Rotary convertors, 447 
Series motors, 493 
Synchronous motors, 406 
Power in reactive circuit, 37 
in three-phase system, 116 
Power resulting from complex wave, 
100 

Preventive coil, 491 
Protective devices, 543 

Quadrature transformer, 208 
Quenched spark gap, 600 

Ratio of transformation in rotary 
convertors, 428 
Reactance, 18 
Capacitive, 53 

tlffect of harmonics on, 96, 97 
Regulation of rotary converters, 
449 

Reactive current ammeters, 168 
Reactive current generator, 627 
Reactive kVA-hour meters, 169 
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Reactive volt-amperes, 122 
Reactors, Current-limiting, 421 
Rectifier, Copper oxide, 475 
mercury arc, 460 
Regulation, alternators, 278, 289 
Rotary converters, 449 
Transformers, 214, 219, 239 
Rejector circuit, 598 
Relays, 544 
Overload, 545 
Reverse current, 546 
Reverse power, 546 
Repulsion motors — 

Armature E.M.F.’s, 500 
Atkinson, 501 
Coimnutation, 504 
Compensated, 505 
Exciting current, 505 
Short-circuit current, 505 
Starting, 503 
Torque, 501 
Vector diagram, 502 
Repulsion start, 507 
Resonance, 56 

with harmonics, 62, 98 
Retardation test of altiu-uator, 301 
Reversed poles test of alternator, 
303 

Ring mains, 547 
R.M.S. value, 8, 10 
of complex wave, 91 
Rotary converters — 

Armature current, 439 
Armature reaction, 447 
Armature winding, 434 
Booster regulation, 450 
Compound wound, 447 
Hunting, 446 

Induction regulator control, 451 
Inverted running, 446 
Overload capacity, 447 
Parallel running, 446 
Power factor, 447 
Reactance regulation, 449 
Six-phase, 435 
Speed, 434 

Spoetl- limiting device, 446 
Starting, 4 14 
Three-wire, 437 
Rotating field, 132 

and rotating armature altcrna 
tors, 247 

starting transient in, 579 
Rotating hysteresis, 77 
Rotors, alternator, 253, 256 
Induction motor, 327 
Squirrel cage, 328, 384, 393 

Scherbins phtise advancer, 537 

Schrage motor, 515 

Scott system of transformation, 201 

Self inductance, 24 

Self induction, coefficient of, 15 


Self-synchronizing synchronous 
motors, 412 
Series motors — 

Armature E.M.F.’s, 485 
Circle diagram, 490 
Commutation, 496 
Compensated, 495 
Damping coil, 495 
Interpoles, 497 
Power factor, 493 
Speed, 488 
Starting, 494 
Three-phase, 511 
Torque, 488 
Transformer for, 496 
Vector diagram, 489 
Series phase advancer, 537 
Series-repulsion motor, 507 
Shell-type transformer, 188, 190, 

231 

ShieldcMl pole, 146 

Short-circuit characteristic of alter- 
nator, 279 

Current of repulsion motor, 505 
Ratio of alternator, 280 
Sudden, of alternator, 284 
Test of transformer, 218 
Shunt motor, three-phase, 513 
Shunt-induction motor, 508 
Shunt-phase advancer, 537 
Single-phase induction motor, 344 
Six-phase currents, 130 
Rotary converter, 435 
Skin effect, 26 

Slip in induction motors, 324, 340, 
359, 371,539 
Measurement of, 359 
Rings, alternator, 256 
Slots, 250, 310, 312, 380, 382 
Spark duschorge, 600 
Specific inductive capacity, 47 
Speed of alternators, 246 
of rotary converter, 434 
of series motor, 4SS 
of synchronous motor, 396 
Speed regulation of induction motor, 
332 

Split phase, 347 

Squirrel-cage rotors, 328, 384, 393 

Stalloy, 78 

Star connection, 114 

of transformers, 198 
Star-delta controller, 338 
Star point, 114 

Starting of motor converter, 457 
of repulsion motors, 503 
of rotary converters, 444 ^ 

of series motors, 494 
of singlo-phaso induction motors, 
347 

of synchronous motors, 410 
Starting resistance for induction 
motor, 334 
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Starting torque of induction motor, 
333 

Static balancers, 438 
Stator construction, alternators, 248 
induction motors, 320 
Stator winding, induction motors, 327 
Steinmetz index, 82 
Steinmetz’s law, 76 
Stresses on transformer windings, 192, 
194 

Stroboscope, 360 
Summation wattmeters, 157 
Surnpner iron-cored dynamometer, 100 
Test on transformer, 222 
Supply meters, 157 
Surges, 558 
Suscoptance, 34, 508 
Synametrical components, 124 
Synchronizing alternators, 295 
current, 415 
power, 410 
torque, 417 

Synchronous condenser, 526 
Synchronous frequency changers, 478 
Synchronous impedance of alterna- 
tor, 288 

Synchronous induction motor, 413 
Synchronous motors — 

Ampero-tum diagrams, 400 
Armature reaction, 407 
Hunting, 408 
Load angle, 405 
Overload capacity, 408 
Power factor, 406 
Self-synchronizing, 412 
Speed, 396 
Starting, 410 
Torque, 397 
V-curves, 405 
Vector diagram, 399, 403 
Synchroscopes, 297 
a, 365, 373, 375, 387 

T-connection of transformers, 199 
Tanks, transformer, 195 
Tap changing in transformers, 199 
Tapping coils in transformers, 193 
Temperature rise of alternators, 314 
of induction motors, 385 
of transformers, 237 
Tertiary winding, transformer, 200 
Thermal converters, 148 
Thermo-gal vanoraoter, Duddell, 100 
Thermo- junction amrnotors and volt- 
meters, 148 

Third harmonic in three-phase 
system, 127 

Three-ammeter method of power 
measurement, 42 

Three-phase rotating field, 133, 579 
Series motor, 511 
Shimt motor, 513 
System, 112 


Three-phase rotating field (contd .) — 
System, starting transient in, 579 
Wattmeters, 154 

Threo-voltmetor method of power 
measurement, 40 
Throe-wire motor converters, 458 
Rotary convertors, 437 
Thyratron, 475 
Thyrito arrester, 561 
Time base, 167 
Time constant, 574 
Tirrill regulator, 275 
Torque of induction motor, 329, 345, 
370 

of repulsion motor, 501 
of series motor, 488 
of synchronous motor, 397 
Transformers — 

All-day elliciency, 22 1 
Auto-transfonners, 2()2, 496 
Back-to-back regulation test, 215 
Boosting, 209 
Breathers, 195 
Bushings, 197 
Cascade eonuoctions, 200 
Connections for mercury arc recti- 
fier, 464 

Connections for six -phase rotary 
convertor, 435 
Conservators, 195 
Cooling, artiticial, 194, 190 
Copper losses, 218 
Copper space factors, 233 
Coro losses, 236 
Coro type, 180, 189, 231 
Current, 21 1 
Current densities, 232 
Current rushes when switching on, 
582 

Delta (J) connections, 198 
Design, 230, 240 
Efticioneios, 237 
Elliciency test, 221 
End turns, electrical stresses on, 194 
Etpiivalont circuits, 180 
Equivalent resistance and react- 
ance, 217 

Five limb cores, 189 
Flux densities, 233 
Heal tests, 226 

Interconnected windings, 199 
Iiiternhnso, 467 

Iron losses, effect of wave form on, 
214 

Kapp’s reflation diagram, 220 
Load sharing, 228 
Magnetic leakage, 179, 191 
Mechanical strossos on windings, 
192 

Mesh connection, 198 
No-load current, 211, 238 
Oil, 196 

Parallel running, 201 
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Transformers (continued ) — 

Phase shifting, 208 
Polyphase, 185, 198 
Quadrature, 208 
Ratio, equality of, 216 
Regulation, 214, 219, 239 
Scott system of transformation, 
201 

Series motor with, 496 
Shell.type, 188, 190, 231 
Short-circuit test, 218 
Star connection, 198 
Stresses on windings, 192, 194 
Sumpner’s test, 222 
T-connoctions, 198 
Tanks, 195 
Tap changing, 199 
Tapping coils, 193 
Temperature rise, 237 
Tertiary winding, 200 
V -connections, 199 
Vector diagram, 181 
Windings, 190, 232 
Y-connections, 198 
Zigzag connections, 199 
Triple-frequency welding, 483 
Tuning, 61 

Tuning fork for slip measurement, 
361 

Turbo -alternators, 248, 256, 309 
Two-phase rotating field, 133 
System, 110 
Wattmeters, 154 

Two-wattineter method of power 
measurement, 118 

Unbalanced three-phase circuit, 123 
V-councction of transformers, 199 


V-curves of synchronous motor, 
406 

Vector diagram, 30 

Phase advancer, 639 
Repulsion motor, 502 
Schrage motor, 617 
Series motor, 489 
Synchronous motor, 399, 403 
Transformer, 181 

Ventilating ducts, alternator, 251, 

310 

Induction motor, 379 
Ventilation of alternators, 258 
Vibration galvanometer, 161 
Voltage regulators, automatic, 275 
Voltage transformers, 206 
Voltmeters, 144 

Walker phase advancer, 636 
Wattmeters, 151 
Wavemotcr, 171 
Wave length, 592 

Windings, armature, alternator, 260, 

311 

Armatiue, rotary converter, 434 
Field, alternator, 256, 316 
Rotor, induction motor, 328 ^ 
Stator, induction motor, 327-^ 
Transformer, 190, 232 
Winter-Eichberg motor, 506 
Wound rotors, induction motor, 327, 
383, 385 

Y -connection of transformers, 198 
Y-connections, 114 

Zero power factor characteristic of 
alternator, 292 
Zigzag connections, 199 
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